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ABSTRACT. Some recent results on Lie group analysis of the one and bi-dimensional Lane-Emden sys-

tems are revisited.
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1 INTRODUCTION

This work corresponds to the talk [4] given during the XXXIV CNMAC – XXXIV Congresso
Nacional de Matemática Aplicada e Computacional – September, 17-21 2012, Águas de Lindóia-

SP, Brazil, where the second author had the opportunity to discuss some recent contributions
from us [5, 6] concerning the Lie symmetry analysis of the two and one-dimensional Lane-
Emden systems, respectively. In that event, it was first discussed the Lie group classification of

the system {
uxx + uyy + vq = 0,

vxx + vyy + u p = 0,
(1.1)

which was first introduced, at least up to our knowledge, in [5]. Our main result proved there
was the following:

Theorem 1.1. For arbitrary value of p and q, a basis to the Lie point symmetry generators of
the Lane-Emden system is given by

L1 = ∂

∂x
, L2 = ∂

∂y
, L3 = y

∂

∂x
− x

∂

∂y
(1.2)
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166, Bairro Bangu, 09210-170 Santo André, SP, Brazil. E-mails: igor.freire@ufabc.edu.br; igor.leite.freire@gmail.com



�

�

“main” — 2013/11/8 — 18:45 — page 246 — #2
�

�

�

�

�

�

246 REMARKS ON LANE-EMDEN SYSTEMS

and

L p,q = x
∂

∂x
+ y

∂

∂y
+ 2

1 + q

1 − pq
u
∂

∂u
+ 2

1 + p

1 − pq
v
∂

∂v
. (1.3)

For some special choices of p and q, the Lie point symmetry group can be enlarged. Below we
list the special cases and the additional generators to (1.2).

1. For p arbitrary and q = 0, the generators are L p,0 and

Lψ = �ψ u
∂

∂v
+ ψ

∂

∂v
, (1.4)

where ψ satisfies the constraint�ψ = const .

2. For p arbitrary and q = 1, the generator is L p,1.

3. For p arbitrary and q = −1, the generator is L p,−1.

4. For p = 0 and q arbitrary, the generators are L0,q and

Lϕ = �ϕ u
∂

∂u
+ ϕ

∂

∂u
, (1.5)

where ϕ satisfies the constraint�ϕ = const .

5. For p = 1 and q arbitrary, the generator is L1,q .

6. For p = −1 and q arbitrary, the generator is L−1,q .

7. For p = 1 and q = −1 the generator is L1,−1.

8. For p = −1 and q = 1 the generator is L−1,1.

9. For p = −1 and q = 0 arbitrary, the generators are L−1,0 and (1.4).

10. For p = 0 and q = −1 arbitrary, the generators are L0,−1 and (1.5).

11. For p = q = −1 arbitrary, the generators are

V1 = x
∂

∂x
+ y

∂

∂y
+ 2u

∂

∂u
, V2 = x

∂

∂x
+ y

∂

∂y
+ 2v

∂

∂u
.

12. For pq = 1, q(q − 1)(q + 1) �= 0, the generator is

Dp = u
∂

∂u
+ pv

∂

∂v
. (1.6)

13. For p = q, q(q − 1)(q + 1) �= 0, the generator is

L p,p = x
∂

∂x
+ y

∂

∂y
+ 2

1 − p
u
∂

∂u
+ 2

1 − p
v
∂

∂v
.
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We recall that if x = (x1, . . . , xn) ∈ � ⊆ Rn and u = (u1, . . . , um) ∈ � ⊆ Rm are n and m

independent and dependent variables, respectively, u(l), 1 ≤ l ≤ p, denotes the set of lth order
derivatives of u with respect to the independent variables and

Fα = Fα(x, u(1), . . . , u(p)) = 0, α = 1, . . . , k

are either k partial or ordinary differential equations, a Lie point symmetry is a set of local one-
parameter group of transformations

x̄ i = x̄ i(x, u, ε) ≈ xi + εξ i + · · · , i = 1, . . . , n,

ūα = ūα(x, u, ε) ≈ uα + εηα + · · · , α = 1, . . . ,m,
(1.7)

acting on � × � ⊆ Rn × Rm ≈ Rn+m which preservs the equation. Given a transformation
(1.7), we can associate to it the linear operator

X = ξ i ∂

∂xi + ηα
∂

∂uα
, (1.8)

hereafter the summation over the repeated indices is presupposed. Such operator is called gener-
ator of the transformation (1.7) and it is said to be a Lie point symmetry generator if the following

condition, called the invariance condition, holds

X (p)Fα ≡ 0 (mod Fα = 0),

where X (p) is the p−th order prolongation of X .

We direct the interest reader to consult [1, 2, 8, 13] for further details on this subject.

The knowledge of symmetries allows us to construct solutions to the equations under considera-
tion. If fact, from the symmetries, it is possible

• to construct special solutions, known as invariant solutions, or

• from an known solution, it is possible to construct another solution, by acting on the known
solution with the symmetry group.

In this review paper we will have the opportunity to illustrate both facts.

It is easy to observe that the invariance under the translational symmetry in y of the system (1.1),

corresponding to the generator L2, leads us to the one-dimensional Lane-Emden system{ −u′′ = vq ,

−v′′ = u p.
(1.9)

The Lie point symmetries of the system (1.9) were studied in [6] and they can be summarized in
the following

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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Theorem 1.2. For arbitrary p and q, a basis to the Lie point symmetry generators of the Lane-

Emden system (1.9) is given by the translation

X = ∂

∂x
(1.10)

and the dilation

X p,q = (1 − pq)x
∂

∂x
+ 2(1 + q)u

∂

∂u
+ 2(1 + p)v

∂

∂v
. (1.11)

If p = q = −3, in addition to (1.10) and (1.11) we have the generator

X̃ = x2 ∂

∂x
+ xu

∂

∂u
+ xv

∂

∂v
. (1.12)

If p = q = −1 the Lie point symmetry group is generated by (1.10) and

Y = x
∂

∂x
+ 2u

∂

∂u
,

Z = x
∂

∂x
+ 2v

∂

∂v
.

(1.13)

We observe that the connections between Lie symmetries and the Lane-Emden systems have
begun with the paper [3], where the Lie symmetries of the radial form of the Lane-Emden systems
in Rn ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
u′′(x)+ n − 1

x
u′(x)+ v(x)q = 0,

v′′(x)+ n − 1

x
v′(x)+ u(x)p = 0

were studied.

After this result, some authors have been researching in this field, such as [9, 10, 11]. However,
up to our knowledge, the first work dealing with Lie symmetries of non-radial forms of the Lane-

Emden system was [5], where we considered the system (1.1). In this paper we revisit our main
results regarding this field. We assume that the reader is familiar with the Lie symmetry theory.
For further details, we recommend [1, 2, 8, 13].

The paper is organized as the follows. In the next section we investigate which of the Lie point

symmetries of the systems (1.1) and (1.9) are Noether symmetries. Then the corresponding con-
served quantities are found. Next we construct exact solutions to the one-dimensional Lane-
Emden system (1.9). This allows us to construct exact solutions to the bi-dimensional Lane-

Emden system (1.1) taking the rotational symmetry into account. In some parts the exposition
follows that of our papers [5] and [6].

2 NOETHER CLASSIFICATION

First of all, it is easy to observe that the systems (1.1) and (1.9) are the Euler-Lagrange equations
of the following Lagrangians

L = uxvx + uyvy − F(u)− G(v), (2.14)

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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and

L = u′(x)v′(x)− F(u)− G(v), (2.15)

respectively, where

F(u) =

⎧⎪⎨
⎪⎩

1

p + 1
u p+1, if p �= −1,

ln |u|, if p = −1,

G(u) =

⎧⎪⎨
⎪⎩

1

q + 1
vq+1, if q �= −1,

ln |v|, if q = −1.

We recall that a Lie point symmetry generator (1.8) determines a Noether symmetry of the Lane-

Emden (1.1) system if the equation

X (1)L + L(Dx ξ
1 + Dyξ

2) = Div(A) (2.16)

holds for some function A = (A1 , A2) depending on x, u, v,∇u,∇v, where ∇ is the gradient
operator. With respect to the system (1.9), equation (2.16) is rewritten as

X (1)L + LDxξ = Dx A,

where the potential A now is a scalar function depending on x, u, v, u′, v′.

The vector field X is called variational symmetry if equation (2.16) holds with A = 0. A Noether

symmetry which is not a variational symmetry is called divergence symmetry.

2.1 Noether symmetries of the bi-dimensional Lane-Emden system

It is a straightforward calculation to show that the invariance under translations in x and y and
rotations in the x y plane provides a Noether symmetry.

Taking (1.3) into account, it is obtained

L (1)p,q = L p,q + 1 + (p + 2)q

1 − pq
ux

∂

∂ux
+ 1 + (p + 2)q

1 − pq
uy

∂

∂uy

+ 1 + (q + 2)p

1 − pq
ux

∂

∂ux
+ 1 + (q + 2)p

1 − pq
uy

∂

∂uy

and

L (1)p,qL + LDiξ
i = 2

2 + p + q

1 − pq
L, (2.17)

where L is given by (2.14). Then the dilational symmetry L p,q provides a Noether symmety, for

any value of p and q , if and only if p + q + 2 = 0.

Suppose p = −1 in (2.14). In this case, the Lane-Emden system is the Euler-Lagrange equations
of the Lagrangian (2.14) with F(u) = ln u or G(v) = ln v. Then

L (1)−1,qL+ L−1,q Diξ
i = 2L− 2

and it follows that L−1,q is not a Noether symmetry. The same argument proves that L p,−1

cannot be a Noether symmetry and, in particular, this holds for the generator L p,p.

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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2.2 Noether symmetries of the one-dimensional Lane-Emden system

The Noether classification to the system (1.9) was presented in [6]. To begin with, it is easy to
see that translation in x is a variational symmetry.

Now, considering the case p �= −1, q �= −1, a straightforward calculation shows that

X (1)p,q = (1 − pq)x
∂

∂x
+ 2(1 + q)u

∂

∂u
+ 2(1 + p)v

∂

∂v

+ (1 + 2q + pq)u′ ∂
∂u′ + (1 + 2 p + pq)v′ ∂

∂u′ .

Then

X (1)p,qL+ (Dxξ )L = [
3 + 2(p + q)+ pq

]
u′v′ − 3 + 2(p + q)+ pq

1 + p
u p+1

− 3 + 2(p + q)+ pq

1 + q
vq+1.

Hence X (1)p,qL + (Dx ξ )L = 0 if and only if 3 + 2(p + q)+ pq = 0.

Finally, considering

X̃ (1) = x2 ∂

∂x
+ xu

∂

∂u
+ xv

∂

∂v
+ (u − xu′)

∂

∂u′ + (v − xv′)
∂

∂v′

and

L = u′v′ + u−2

2
+ v−2

2

we obtain that
X̃ (1)L + (Dx ξ )L = Dx (uv). (2.18)

3 CONSERVATION LAWS AND FIRST INTEGRALS

A conservation law for partial differential equations is a vector field whose divergence vanishes
identically on the solution on considered system. Important physical quantities are given by con-
servation laws, such as conservation of energy or momentum. On the other hand, regarding to

ordinary differential equations, the analogous to conservation laws is a first integral, which is an
ordinary differential equation with a low order than the original equation.

Whenever an equation arises from the Euler-Lagrange equations, the celebrated Noether’s theo-
rem provides an elegant and efficient approach for finding conserved quantities. The main prob-

lem for finding conserved quantities employing the Noetherian method is to find the potential.
However, from our previous results, we have at our hands all necessary ingredients for invoking
this approach. Thus, firstly we establish the conservation laws for the bidimensional Lane-Emden

systems and next, the first integrals are obtained.

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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3.1 Conservation laws for the bidimensional Lane-Emden systems

According to the Noether’s theorem, given a Noether symmetry generator (1.8), associated with
it, the conserved field is given by

Ci = ξ iL+ ∂L
∂u j

i

(η j − u j
s ξ

s)− Ai . (3.19)

Then, taking the Lagrangian (2.14) into account, the following conservation laws are straightfor-

wardly obtained

• For the translational symmetry L1, the components of the conserved vector are

C1 = −uxvx + uyvy − F(u)− G(v),

C2 = −uxvy − uyvx .
(3.20)

• For the translational symmetry L2, the components of the conserved vector are

C1 = −uxvy − uyvx ,

C2 = uxvx − uyvy − F(u)− G(v).
(3.21)

• For the rotational symmetry L3, the components of the conserved vector are

C1 = xuxvy + xuyvx − yuxvx + yuyvy − yF(u) − yG(v),

C2 = −xuxvx + xuyvy − yuxvy − yuyvx + x F(u) + xG(v).
(3.22)

• For the dilational symmetry L p,q , with p + q + 2 = 0 and p �= q , the components of the
conserved vector are

C1 = 2

1 + q
uvx − 2

1 + q
vux + x

u−1−q

1 + q
− x

v1+q

1 + q

− xuxvx + xuyvy − yuyvx − yuxvy,

C2 = 2

1 + q
uvy − 2

1 + q
vuy + y

u−1−q

1 + q
− y

v1+q

1 + q

− xuxvy − xuyvx − yuyvy + yuxvx .

(3.23)

3.2 First integrals of the one-dimensional Lane-Emden systems

For ordinary differential equations, the analogous to the formula (3.19) is

C = ξL+ ∂L
∂u′ (η1 − u′ξ )+ ∂L

∂v′ (η2 − v′ξ )− A (3.24)

Thus, a straightforward procedure, and invoking equations (3.24) and (2.15), we construct the
following first integrals to the one-dimensional Lane-Emden systems (1.9)

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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• For the translational symmetry X :

C = u′v′ + F(u)+ G(v).

• For the dilational symmetry X p,q , with p �= −1, q �= −1 satisfying (2.17):

C = (1 − pq)xu′v′ − 2(1 + q)uv′ − 2(1 + p)u′v + (1 − pq)x

(
u p+1

p + 1
+ vq+1

q + 1

)
.

• With regard to the divergence symmetry (1.12), the potential function is A = uv. Then we
get:

C = −x2u′v′ + xu′v + xuv′ + x2

2
(u−2 + v−2)− uv.

4 INVARIANT SOLUTIONS

Here we employ the Lie symmetry theory to find some exact solutions to the systems (1.9) and
(1.1). We proceed in the following way:

• Firstly, we obtain solutions to (1.9) and

• in the following, using the invariance under rotational symmetry, we use the transformation
(x, y) 
→ (x cos ε − y sin ε, x sin ε + y cos ε) to construct a solution to (1.1).

The first invariant solution can be obtained using the scaling symmetry generator (1.11) for the
case p = q = −3. Then, from the invariance condition, we arrived at the following characteristic

system
dx

2x
= du

u
= dv

v
,

whose solution is
u = A

√
x, v = B

√
x .

Now, by substituting these functions into (1.9), it is obtained the solutions

u± = ±√
2x, v± = ±√

2x, (4.25)

to the one-dimensional Lane-Emden systems. Under the change

(x, y) 
→ (x cos ε − y sin ε, x sin ε + y cos ε),

it is constructed the following two one-parameter family of solutions

uε±(x, y) = ±√2(x cos ε − y sin ε),

vε±(x, y) = ±√2(x cos ε − y sin ε),
(4.26)

to the bidimensional Lane-Emden system{
uxx + uyy + v−3 = 0,

vxx + vyy + u−3 = 0.

Tend. Mat. Apl. Comput., 14, N. 2 (2013)
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5 FINAL REMARKS

Although it is common to find papers dealing with Lane-Emden systems, with respect to their
connections with Lie symmetries, the big part of the works deal with radial forms of these sys-

tems. Moreover, such papers also consider these systems in n−dimensional spaces, including
papers focused in other approaches.

As it has been already mentioned, the first paper dealing with the bidimensional Lane-Emden
systems, up to our knowledge, was the work [5]. Recently, a Noether symmetry classification of

the system (1.1), with a more general nonlinear term was obtained in [12].

With respect to the one-dimensional Lane-Emden systems (1.9), we have found in the literature
only the work [7]. However, from our previous results regarding the bidimensional Lane-Emden
systems (and it still holds to the multidimensional case), such a particular system naturally arise

as a special case of the bidimensional system with translational invariance with respect to the
variable y.

Last, but not least, we present some solutions to the considered Lane-Emdens which are obtained
using the Lie symmetry approach. This, up to our knowledge, has not been done before.

In conclusion, we point out that many interesting problems concerning the Lane-Emden system
and its generalizations remain to be investigated thoroughly.
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RESUMO. Alguns resultados recentes sobre simetrias de Lie de sistemas de Lane-Emden

uni e bidimensionais são revisitados.
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