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ABSTRACT. We present two different proofs that positive polynomials on closed boxes of R? can be
written as bivariate Bernstein polynomials with strictly positive coefficients. Both strategies can be extended
to prove the analogous result for polynomials that are positive on closed boxes of R", n > 2.
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1 INTRODUCTION

The goal of this paper is to show that real polynomials that are strictly positive on closed boxes
have a representation with positive coefficients when written using Bernstein’s polynomial basis.
More specifically, we will prove the result for the unit box I = [0,1] x [0, 1], i. e. we present new
proofs for the following theorem:

Theorem 1.1. If p : R? — R is such that

ny ny

pxix) =Y Y ai; i) (1.1)
i=0 j=0
and, for every (x1,x2) € I, p(x1,x2) > 0, then there exist q1 > ny,q2 > np and C;j >0, (i, j) €
Q1 X Oy, such that

91 92

plxi,x) = Z Z Cijxi(1 —xl)’ﬂ*ixé(l —xp) 27|
i=0,=0

where Q1 = {0,1,...,q1} and Q> = {0,1,...,q2}. Furthermore, we constructively derive the
values of g1 and ¢>.

Theorem 1.1 is an extension of similar results obtained for positive polynomials on compact
intervals and multidimensional simplexes by, respectively, Bernstein [1], Hausdorff [4] and Pdlya
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510 POSITIVE POLYNOMIALS ON CLOSED BOXES

[6]. We are aware that, using a different proof strategy, Cassier [2] has proven a general result
from which a similar version of Theorem 1.1 follows. We discuss this more extensively at the
final section.

We provide two proofs of Theorem 1.1. The first one is supported by results for the univari-
ate version of Theorem 1.1, proved by Powers and Reznick [7]. The second proof extends the
approach in Garloff [3] and Rivlin [8].

The paper is organized as follows. Section 2 establishes notation and brings the relevant defini-
tions used in the paper. In Section 3 we present the auxiliary results. These results are used in
one of the proofs of Theorem 1.1, given in Section 4. Section 5 brings an alternative proof, based
on [3] and [8].

2 DEFINITIONS AND NOTATION
Definition 1. Let &2, be the linear space of polynomials of degree n, i.e.

Py={p:R—R, where Ja; e R,0<i<n:p(x)=Y" ax'}.

Definition 2. For any p € &2, we define its Goursat transform p by

o = 2p (* ‘x> |

X

Definition 3. Let ;" be the set of polynomials of degree n that can be written with non-negative

coordinates in the Bernstein basis,
Bf ={pe P,, where JA; > 0: p(x) =Y ,A; x'(1 —x)""'}.

Similarly, let B be the set of polynomials of degree n that can be written with positive
coordinates in the Bernstein basis,

B* ={pe P,, where IA; > 0: p(x) = Y1 A; x'(1 —x)" 1}

Definition 4. For every a = (ay,...,a,) € R", m>nand 0 <i<m, let

min(n,i) m—j
Ai,m(a) = Z (m— l->aj'
Jj=0
Definition 5. For every a = (ay,...,a,) € R", let

Bi(a) = (i7j)€N2:Zi_j=n_k (2"( 1) (;) ai> .
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DINIZ, STERN and SALASAR D11

Notice that By(a) is a linear combination of a.

Definition 6. For each 0 <i < nj and 0 < j < ny, let a;; € R. For each 0 <i < ny, define
ai:R—Ras

np .
ai(xy) = Z aiﬁjxé.
j=0

Also define a(x2) = (ap(x2), ... ,an, (x2)).

Definition 7. For each 0 <i < ny and 0 < j <ny, let a; j € R. For eachm > ny and 0 < k < ny,

define
min(ny,i) m_ i
biim(a) = Z ( J) aj k-

= \m—i

Also define bj u(a) = (boim(a),...,bn, im(a)).
3 AUXILIARY RESULTS
Lemma 3.1. If p € Py, p(x) =Y qa;x', then, for every m > n,
m . .
plx) =Y Aix(1—x)""
i=0
if and only if

Ai=Aim(a), a=(ai,...,an). (3.1

Proof. Applying the Binomial Theorem to the identity x' = x(1 —x+x)"", it follows that
, mm— i , .
X = Z ( ) .>x-’(1 —x)".
j=i \J 1

From this expression, we obtain that
mn . .
plx) = ZA,',m(a) x(1—x)""

i=0

The proof that the A;’s are unique follows from observing that, {x'(1 —x)""":0<i<m} is a
basis for Z2,,. O

The following theorem is a consequence of Theorem 6 in [7].

Theorem 3.2. Let p € &, be such that p(x) > 0 for all x € [0,1]. Let A = min,[ ) p(x) and e;

2n2man le;]

be such that p(x) =Y ye;x/. If g >3n+ — "+ L thenpe @;.
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512  POSITIVE POLYNOMIALS ON CLOSED BOXES

Lemma 3.3. Let p € &, be such that p(x) > 0 for all x € [0,1]. Let A = min,c[o 1 p(x) and e;

be such that p(x) = Y" se;x/. Let ¢ =3n+ [m
Then, for every g* > 2q, p € 93;’*.

Proof. It follows from Theorem 3.2 that there exist A; > 0 such that

q .
x)=Y Ax'(1—x)7"
i=0

Note that
q
p(x) = ZA,-x’(l —x)4!

i=0
9 . . %

= ZA,-x’(l —x) T (x+1—-x)7 71
i=0
q A9 g g\ —

= ZA,-x’(l —x)? Z <q . q)x’(l —x)? ]
i= j=0 J

:i< milﬁk) (qk* ;I)Al>xk(l—x)‘fk.

k=0 \/=max(0,k+g—g*)

Observe that, for every &, ):;mr:nax Okta—qt) (q]::lq)A, > min(Ag,A4) >0, since Ag =

Ay = p(1) > 0. Therefore, p € %’; .

Lemma 3.4. If p(x) = Y yaix' and a = (ay,...,ay), then

p(x) = zn: B (a)x*
k=0

Proof.

px) = (22)"p (1 "‘)

X

_ (2x)”izn;‘)ai (1 ;x>i
= iZ"a,-(l —x)

i=0

k=0

‘1+1 where [y] =min{n € N:n > y}.

p(0) >0and

0
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4 PROOF OF THEOREM 1.1

The main idea behind this proof is to use twice the positive representation result for univariate
polynomials (Lemma 3.3). For every fixed value in one of the coordinates of a bivariate poly-
nomial, the function of the free coordinate is a univariate polynomial. This polynomial admits
a positive Bernstein representation. Furthermore, the coefficients of this representation are uni-
variate polynomials on the coordinate that was fixed, allowing another application of the positive
Bernstein representation theorem for univariate polynomials. As a result of both applications, a
positive Bernstein representation for the bivariate polynomial is obtained. This strategy can be
extended by induction to arbitrary n-variate polynomials.

Proof. For a given x, € [0, 1], obtain from definition 6 that
Px, (x1) = p(x1,x2) Zaz x2)xi,

Thus, px, € Py, and py,(x1) > 0 for all x| € [0,1]. From this observation, one can obtain two

facts. First, since I is compact, then A = inf( yer? p(x1,x2) >0 and

X1,X2

Ay, = inf py,(x1) > A >0. 4.1
XIE[O,I]

Second, it follows from Lemma 3.4 that

pxz xl ZB

Since each B; is a linear combination of the elements of a(x;) and each element of a(x;) is a
polynomial on x, B;(a(x2)) is a polynomial on x,. Since [0, 1] is compact, there exists L < oo
such that
sup max |B;(a(xy))| = L. 4.2)
x€[0,1]
Therefore, it follows from Lemma 3.3 and Equations (4.1) and (4.2) that, taking g; =

2n? sup,, i|Bi . *
2 <3n1 + [ il Sprzglo’l]max‘ <a§x2))—‘ —|—1), one obtains that, for all x, € [0,1], py, € %’;rl’ .

mt()c1 el pxp,x0
Therefore, it follows from Lemma 3.1 that, for all x, € [0, 1],

p(x17x2 pAz -xl ZAlql .X2 xl l_xl)ql i (43)

where A; 4, (a(x2)) > 0. Notice that

Aigy (a(x2)) = Z

J=0 k=0
n, (minlnd) 7o "
:Z < - )aj’k xé_zbklﬂh(a)xéegznz
k=0 j=0 q1—1 =0
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514  PosITIVE POLYNOMIALS ON CLOSED BOXES

2 o B (b
It follows from Lemma 3.3 that, taking ¢o = 2 (3n2 + max; [W’(b’ql({m-‘ + 1), one

infy,erAig, (a(x2))
obtains that

e , _
Aig (a(x2)) = Z Cij xé(l —x)0<i<q 4.4)
=0

where C; ; > 0. By applying Equation (4.4) to Equation (4.3), one obtains
q1 92

p(x1,x2) ZZCJ X (1 =) J(l x2)927,
i=0j=0

5 ALTERNATIVE PROOF

We consider, as before, the bivariate polynomial p given in (1.1) and 4 = inf(, )7 p(x1,%2).
For q1,q> > 1, let us define the bivariate polynomial

b ) = (4 k1 x4 ()b -y 5.

where k € Q) and [ € Q5. The set of polynomials {b,(:_]ll‘”)(xl ,x2),k € Q1,1 € 0p} are the Bern-
stein polynomials of degree ¢q; and ¢» and form a basis for the linear space of all bivariate
polynomials of the form (1.1) with n; = g1 and np = ¢».

Lemma 5.1. If i € Q| and j € Q», then

B (1, x2), (52)

where it is assumed that (':1) = 0 for integers m and v such that m < v.
Proof. The result follows by applying the Binomial Theorem to the identity x’ixé = xi1 (1—x;+
xp)d— Ix (1—)(24—)62)(]2 g d

Henceforth, we shall consider ¢ > n1,¢2 > ny. Then, it follows from Lemma 5.1 that p(x;,x;)
given in (1.1) can be rewritten as

p(x1,x2) Z Zcql qzb q"qz (x1,%2), (5.3)

where

i ny ny (1)
el = =) Z“u/ @) (5.4)
J

i=0j=0
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DINIZ, STERN and SALASAR D15

The c,((ql' ) are the Bernstein coefficients and (5.3) is the Bernstein form of p(xj,x2). In the

sequel, we denote by

@) - min ¢ (‘]Zl 42)

(k,1)€Q x Q>

the smallest Bernstein coefficient of p(x1,x2).

Theorem 5.2. If p is given by (1.1), then

A — ) >0, 5.5

Proof. Since b(ql’qZ)(xl,xz) > 0 for all (x1,x) € I, then
a1 @ @1a0)
clana) — Z Zc(qth)bk(,{ll ) (x) x7)
—01=0

& NE (g1.2) . (41,42)
< Z ch,zh 2by " (x,x2)
k=01=0

= p(x1,x2),

for all (x1,x2) € I, which implies the assertion. 0

Theorem 5.3. If p is given by (1.1), g1 > ny and g» > ny, then

A — ) < (g1 —1) (2—1)

’}/ +7 > ’
‘]1 q5
where
ny np ny n
ZZ|011| (i—1), ZZ‘“IJUJ_l
z 0,j=0 1 0,j=0

Proof. For any real function f(x,x;), define its Bernstein approximation on I by
a @ )
By, 4> (f3x1,x2) Z Z < ) qll 2 (x1,x2). (5.6)
=01=0

For 0 <i<njand 0 < j<mp, let §1%(i, ), (k,I) € Q1 X O, be the Bernstein coefficients of

the polynomial By, 4, (xix);xi,x) — xix), ie.,
P a2
By (xll)‘é;xl?)62 x1x2 Z Z 5@1 “( thqu) (x1,%2). (5.7)
Then, from Lemma 5.1 and (5.6) , it follows that
aql (12( ]) <k>l(l)j
q1 q2

Tend. Mat. Apl. Comput., 20, N. 3 (2019)
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516 POSITIVE POLYNOMIALS ON CLOSED BOXES

ke Q1,l€ 0.

For any fixed 0 <i <nj and 0 < j < ny, we can prove that

Y —\ili=1)  (a2=1)j(=1)
< §41:92 < q1 .
08 (w)( 7 ) 5 +( - ) 5 (59)

forall k € Q; and [ € Q. In order to prove (5.9), it suffices to show that

N C1\iGi—1
Og(pg](i)<ql> ég))g(%q% >’(12 ) forallke g, (5.10)

N (L TN (i1
Og(pIqZ(j):(qZ) _(qu)g(‘”q% )](’2 ) forallie @ (.1

Since (5.11) is essentially the same as (5.10), we only present the proof of (5.10). Notice that
(5.10) clearly holds for i =0,i =1, k =0 and k = g;. Thus, let us consider 1 <k <g; —1 and
i>2.

If k < i, then

o= (=) () (5) (5

If k > i, then oo (kY () RN B ()
' () = <q1> NN (m> {lll(l—r/‘h)]

Since 0 < (1—r/k) < (1—r/q1) <1forall r =0,...,i— 1, it follows that

0< ofl(i) < (;)i[l—;nl(p;)} (5.12)

Using the fact that, for any zi,...,z, € [0, 1], we have

m m
[[a-z)=>1-Y z
i=1

i=1

it follows from (5.12) that

aon (KNiG=1) (kN1 _ (@ —1\il—1)
0<<pk'(z)<(q]) T b i R CAE)

which finishes the proof of (5.10) and consequently proves (5.9).

Considering the form (1.1) of p(x;,x) and the Bernstein approximation (5.6), we obtain

n np

B‘Il»’ﬁ (p;xlaXZ) - p(x17x2) = Z Z aij,j |:B‘117’12 (xlixﬁ;xla)Q) xilx£:| )
i=0j=0
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which implies, using (5.7),

0/=0 \ i=0i=0

q1 92 np np
By, 4, (p3x1,%2) — p(x1,%2) Z ) (ZZM,]@?}’”(LJ)) b (x1,%2). (5.14)
Now, considering the form (5.3), we have

q1 492
By, 4, (P3x1,x2) — p(x1,x2) Z Y ( <Q1 q2> —cZ},’%)bZ}l’qz(xl,xg). (5.15)

0/=0

Equating the Bernstein coefficients of expressions (5.14) and (5.15), and using (5.9), we conclude
that

k I o &
_ ’117‘12 qu qz /)
P\ — ¢k, + ai, 5 (i)
<C11 o@ > ,252 7
j=
ny np
qu2+ZZ|a”|5q qz )
i=0j=0
1—1 —1
SCZ?I’q“r%(q _ )"H/z(q . )’
q] q5
from which follows the result. O

From Theorems 5.2 and 5.3, it follows that claa2) 5 A as g1 — oo and g — oo and, therefore,
Theorem 1.1 follows as a corollary.

6 CONCLUDING REMARKS

The representation of polynomials that are positive on the unit interval or any compact subset of
R” is an important subject with direct applications related to moment problems. See [5] for more
on this relation. The authors searched for the proof of Theorem 1.1 precisely to prove that the
moment problem on the unit square has a solution—i.e. there is a finite representing measure for
a sequence of moments—if and only if there is a positive linear functional for all polynomials
that are nonnegative on the unit square. Not being aware of the work of Lasserre [5], where
the result similar to the one we wanted to prove is demonstrated, we used the univariate results
from Bernstein [1] and Hausdorff [4] as a stepping stone to build the proof for the unit square as
described in Section 4.

Once our proof was concluded, we have found references [3] and [8], which provided a demon-
stration for a similar result. Eventually we came across the book by Lasserre [5], where we found
a theorem that is similar to Theorem 1.1, proved by Cassier [2]. We briefly present such result,
giving the formulation of [5]. Let R[x] =R[xy,...,x,] be the ring of real multivariate polynomials
and K be a basic semi-algebraic set, subset of R"

K:={xeR":g;j(x)20,j=1,...,m}, (6.1)

Tend. Mat. Apl. Comput., 20, N. 3 (2019)



518 POSITIVE POLYNOMIALS ON CLOSED BOXES

where g;(x) € Rx|, j=1,...,m. Cassier [2] has proven the following theorem.

Theorem 6.1. Let g j(x) € R[X] be affine for every j=1,...,m and assume that K, as defined by
(6.1), is compact with nonempty interior. If f € R[X] is strictly positive on K then

f=Y cagl" g,

aeN™
Sor finitely many nonnegative scalars (cq)-

If x = (x1,%2) € R?, g1(x) = x1, g2(x) = 1 —x1, g3(X) = x2 and g4(x) = 1 —xp, then K = [0, 1] x
[0,1] = 1. When f is a positive polynomial on K the theorem applies and there are nonnegative
c¢ such that

flx1,x) = Z caxllxl(l fxl)azxg‘%(l —xp)%.

oeN?

The main difference between the above Theorem and Theorem 1.1 is that the latter constructively
derives the positive integers g; and g, the degrees of the Bernstein representation.

Both strategies developed in Sections 4 and 5 can be generalized to prove similar theorems for
polynomials that are positive over arbitrary hypercubes.

RESUMO. Apresentamos duas demonstragdes, por métodos diferentes, de que polindmios
positivos em caixas fechadas no R? podem ser escritos como polindmios de Bernstein bi-
variados com coeficientes estritamente positivos. Ambas as estratégias de demonstragao
podem ser estendidas para provar o resultados andlogo para polindmios que sdo positivos
em caixas fechadas no R", n > 2.

Palavras-chave: polindmios positivos, hipercubo unitario, polindmios de Bernstein.
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