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ABSTRACT. The simulation of terrestrial ecosystem processes, using numerical biosphere-atmosphere
models that can be coupled to the Atmospheric Models, assist in a better diagnosis and forecast of climate
and weather. To be able to represent a particular region, biome or ecosystem, the model parameters need to
be fitted for local conditions. This work aims to assess the Luus-Jaakola (LJ) method in the optimization
of the parameters in a two-stream radiative transfer model applied to a vegetation canopy. Solar radiation
components (incident, S↓, and reflected, S↑) were measured above a sugarcane crop in a Tropical region
from February 17 to 24, 2006. Among the combinations of internal and external iterations evaluated for
Luss-Jaakola method, 60/30 (external/internal) iterations presented more precise albedo (α = S↑/S↓) sim-
ulated (r2 = 0.7386) and, for the accuracy of the simulated α , even though the 60/40 combination had the
smallest percentual error (6.40%), the 60/30 combination was 0.03% higher. The precision and accuracy
of S↑ was greater with the parameters obtained by the inverse problem with the combination of 60/30 (ex-
ternal/internal) iterations respectively. In general, the behavior of simulated S↑ at the top of the canopy was
underestimated compared to the observed S↑, especially in the early morning. For the simulated α at the top
of the canopy, the model’s overestimation was observed at the lowest values of albedo. When the largest
albedos are observed, only at the beginning of the day the model underestimated the values. As shown by
the tests result, the parameters optimized by Luus-Jaakola method have an adequate representation of the
observed data.
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1 INTRODUCTION

The simulation of terrestrial ecosystem processes, using numerical biosphere-atmosphere mod-
els that can be directly coupled to the Atmospheric General Circulation Models (AGCM) and
Regional Atmospheric Models, assists to a more accurate diagnosis and prognosis of climate and
weather. These models describe the interaction processes with the atmosphere and the transient
changes, that occur in vegetation composition, and structure.

Therefore, the constant and current need to improve the understanding and representation of
these processes is identified due to the fact that the Brazilian territory, as a whole, has presented
different transformations in the spatial pattern of land use and land cover in the last decades
[6]. Specially, the solar radiation module of the biosphere-atmosphere models is relevant when
considering dynamic models because it is the main mechanism of energy contribution to an
ecosystem.

To be able to represent a particular region, biome, or ecosystem, the model parameters are fitted
for specific local conditions. These fits receive the name of calibration, which is a set of simu-
lations aiming to optimize the values of the model coefficients so that, if physically consistent,
the model describes what is observed. Calibration allows to study each case in detail, so that the
models are improved according to the identified needs and available resources [12].

There are several ways of approaching the environmental system in order to obtain the short wave
balance, canopy models that link the terrestrial biosphere to the atmosphere can be categorized
as multi-layer or big-leaf models. Models such as the big-leaf [4, 8, 9, 15, 22, 23] are simpler
and map the properties of the entire surface, vegetation + soil, treating as a unique leaf. In this
set of models, the albedo calculation can be simpler as a unique albedo or more complex as
variable hourly albedos and also calculated from theoretical or empirical models. Examples of
simpler albedo calculations are the medium or median albedo and of a more complex albedo
are, as proposed by Yang (2006 apud [1]) for large plains in the American Southwest and the
islands of Manus and Nauru in the tropical Pacific region, the albedo that varies according to the
zenith angle as well as the one described by Orsini et al. (2000 apud [1]) for extreme conditions
in Reeves Neve Glacier, Antarctica that varies with solar elevation [1]. The multi-layer models,
as the two-stream proposed by Coakley and Chýlek [16], are more elaborate and discretize the
surface in different homogeneous layers, integrating the flows of each one of them to obtain the
total flow.

In this work, the two-stream radiative transfer model applied in a plant canopy, [3, 8] was con-
sidered. The two-stream model is based on two ordinary differential equations (ODE) solved
simultaneously, which estimate radiation flux downward (atmosphere to soil) and upward (soil
to atmosphere) in a plant canopy. The model considers in its formulation the attenuation and scat-
tering of radiation in the canopy and treats the spectrum (visible and infrared) and the geometry
(diffuse and direct) of radiation separately.

The Shooting Method along with the Euler Method, was used to solve the Ordinary Differential
Equations (ODE) system in the Scilab mathematical modeling environment. Before applying

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Inverse Problems techniques to obtain the parameters, the sensitivity analysis of the proposed
problem solving model was performed for each of the input parameters. This analysis allowed
the identification of the parameters that could be estimated [14].

The Inverse Problem formulation adopted consists on minimizing the functional given by the
summation of the squared residues between the calculated values and experimental data, in order
to determine the unknown parameters that are present in the direct problem model. There are
several techniques to do this, [25], but we will use the Luus-Jaakola method, [18, 24], which
showed good results in the previous works [11, 19].

2 FIELD EXPERIMENT

Solar radiation components (incident and reflected) were measured by a net radiometer (CNR1,
Kipp and Zonen, The Netherlands) at the 0.5 m height above a sugarcane canopy. The net ra-
diometer was connected to a datalloger (CR10X, Campbell Scientific Inc., USA), which mea-
sured every 10 s and stored the average at every 10 min. These data were collected from February
17 to 24, 2006 [10].

Radiative flux in the top of canopy was considered equally divided in the solar radiation spectrum
between visible (50%) and infrared (50%), and ultraviolet radiation was disregarded, due to the
small fraction at earth surface [15]. Diffuse radiation was estimated by an empirical model based
in the relationship between atmospheric transmissivity - kt (ratio between global solar radiation
and extraterrestrial radiation) and the diffuse radiation fraction - kd (ratio between diffuse ra-
diation and global solar radiation). The empirical model was previously fitted by Krieger [17],
with experimental data of diffuse and solar radiation from the study area measured by Souza et
al. [26].

3 MATHEMATICAL MODEL

In this section will be presented the equations that model the solar radiation phenomena. This
model is used to prescribe upward and downward radiation fluxes.

3.1 Upward and Downward diffuse radiative fluxes: Two-Stream

The model used in this work is based on the two-stream approximation method applied to the
radiative transfer equation to obtain a two-fluxes model in plant canopies. All calculations were
solved separately for two wavelengths: visible (0.4 to 0.7 µm) and near infrared (0.7 to 4.0 µm).

Within each layer, the upward and downward radiation fluxes [3, 9, 21, 28], respectively, are
described by

−µ̄
dS↑

dL
+(1− (1−β )ω)S↑−ωβS↓ = ωβ0µ̄

G
µ

D0e−GL/µ , (3.1a)

µ̄
dS↓

dL
+(1− (1−β )ω)S↓−ωβS↑ = ω(1−β0)µ̄

G
µ

D0e−GL/µ , (3.1b)

Trends Comput. Appl. Math., 22, N. 2 (2021)
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where, S↑ and S↓ are the upward and downward diffuse radiative fluxes per unit of area (W/m2),
respectively, L is the leaf area index (LAI = leaf area/ground area) plus the stem area index
(SAI = stem area/ground area) increasing in the downward direction (m2/m2), µ̄ is the average
inverse diffuse optical depth per unit of dL (m2/m2), µ is the cosine of the incident direct beam
radiation (cosine of the zenith angle) and D0 is its intensity (W/m2), G(µ) is the relative projected
area of leaf and stem elements in the direction cos−1 µ , ω is the scattering coefficient, and β and
β0 are the up scatter parameters for diffuse and direct beam radiation, respectively [21]. The
intensity of the direct radiation beam within the layer is given by D0e−GL/µ .

3.1.1 Boundary conditions

The required boundary conditions were, for the top of the canopy, where L = 0, the value of
S↓(0) = S↓0, which consist on the downward diffuse solar radiation at the top of the canopy, ob-
tained through an empirical model based on the atmospheric conditions (atmospheric transmis-
sivity), see Figure 1. For the upward radiation, which occurs under the canopy, where L = Lb =

LAI+SAI, the value of S↑ was given by the equation S↑(Lb) = S↑Lb
=αD(µ)D0e−GLb/µ +αIS↓, in

which, αD(µ) and αI are the albedo of the soil for direct radiation in the direction µ and diffuse
radiation, respectively.

3.2 Direct Problem Solution

To solve the ODE system, eq. (3.1), the Euler (advanced difference) scheme of the Finite Differ-
ences Method (FDM) was used, whose computational mesh was divided into a finite number of
layers within the canopy as outlined in Figure 1.

4 INVERSE MODELING

In order to minimize the modelling error for the upward radiative flux S, the residue between the
calculated and the experimental quantity is given by

R = S↑c −S↑e , (4.1)

where R = (R1, . . . ,RM)T ∈ IRM represents the residue, M is the amount of experimental data, the
subscript c indicates the value of S↑ calculated computationally and the subscript e indicates the
value of S experimentally obtained in the field, S (W/m2), at the top of the canopy for each simu-
lation time. This method aimed to get a residue as small as possible. Hence, this is a minimization
problem.

Therefore, the functional of the square residuals to be minimized is written as

Q(X) =
1
2

M

∑
i=1

(S↑ci
−S↑ei

)2 , (4.2)

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 1: Spatial mesh for the ODE system resolution.

where X = (αIR ,αVis ,χ,ρIR ,ρVis ,τIR ,τVis) represents the parameters to be estimated [25], α is the
albedo, ρ is the reflectivity and τ is the transmissivity; and the subscript Vis means visible and
IR means infrared; and finaly χ is the leaf orientation.

4.1 The Luus-Jaakola Method

R. Luus and T. H. I. Jaakola, [18], developed a simple optimization procedure to solve nonlinear
programming problems. The procedure is based on minimizing the functional given by eq. (4.2).
For that, the restrictions on the search domain for the parameters were defined according to the
existing literature

MINX < X < MAXX . (4.3)

This is a minimization problem with restrictions. The Luus-Jaakola method is described in the
algorithm below.

1. An initial random estimate is generated, X0, within the restrictions. The amplitude of the
search interval r0 = MAX(X0)−MIN(X0) is denoted;

2. The residue Q0 according to eq. (4.2) is calculated;

3. The number of times (external iterations) that r0 will be reduced is defined;

Trends Comput. Appl. Math., 22, N. 2 (2021)
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4. A number of times (internal iterations) that random solution candidates will be generated
is also defined (parameters to be determined);

5. Random numbers are generated (Z) between −0.5 and +0.5 for each of the parameters;

6. The random numbers from step (5) are taken and assigned to the new X, given by

X = X∗+Z · r , k = 1, . . . ,#(X) . (4.4)

where X∗ is the best solution of the previous iteration, and #(X) is the number of
parameters to be estimated;

7. The restrictions imposed for X are tested;

8. The solution of the eq. (3.1) is calculated with the new candidates for the Inverse Problem
solution (parameters);

9. The new residue is calculated QN(X) according to eq. (4.2);

10. If QN < Q0, then Q0 = QN . Otherwise, the new values for X are discarded;

11. The amplitude of the search interval is reduced by a percentage pre-defined in the
algorithm, called ε (for example 0.05), ri = (1− ε)ri−1 0 < ε < 1;

12. Thus, return to the step (5) until the maximum reduction of r0;

13. At the end of the procedure, the best X minimizes the functional Q(X).

5 STATISTICAL ANALYSIS

The Root Mean Square Error (RMSE), eq. 5.1, was used to assess the S↑ estimates after the
coefficients optimization. The RMSE represents the average deviation between observed and
estimated values. The estimated values obtained with two-stream model were also evaluated
using a simple linear regression analysis (Y = Λ0 +Λ1X), where X is the observed S↑ and Y
represents the estimated values. Moreover, the determination coefficient (r2) was calculated using
eq. 5.2. Two hypotheses were tested with the Students t test (p < 0.05), H0 : Λ0 = 0; H1 : Λ0 6= 0
and H0 : Λ1 = 0; H1 : Λ1 6= 0 for Y = X .

RMSE =

[
∑

n
i=1(Pi−Oi)

2

n

]0.5

, (5.1)

r2 =
∑

n
i=1(Pi−O)2

∑
n
i=1(Oi−O)2 , (5.2)

where Pi is the value estimated by the model; Oi is the observed value; O is the mean value of
the observed values, and n is the number of observations. r2 varies from 0 to 1, where 0 (zero)
indicates null precision and 1 (one) represents ideal precision.

Trends Comput. Appl. Math., 22, N. 2 (2021)
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6 SENSITIVITY ANALYSIS

In order to analyze the sensitivity of the model to each of the parameters, we used the sensitivity
coefficients in eq. 6.1, [7, 20]. In [20] is the sensitivity analysis for radioactive transfer problems
with integral-differential models.

The scaled sensitivity coefficients are given by

Wi = Xi ·
∂S↑

∂Xi
i = 1,2, . . . ,N , (6.1)

where N is the total number of problem parameters, and the subscript i indicates the i-th pa-
rameter. The derivative in the equation (6.1) was calculated using the upward approximation
(S↑(Xi +∆Xi)−S↑(Xi))/∆Xi.

The sensitivity coefficient rates are given by

W̃i j =
Wi

W j
, i 6= j, i = 1,2, . . . ,N . (6.2)

They are instrumental in the evaluation of possible correlations of the parameters to be deter-
mined with solution of the inverse problem. When two parameters are correlated, they are more
difficult to obtain simultaneously.

6.1 Sensitivity Results

This section presents the sensitivity analysis results of parameters. The parameters analyzed are
αIR, αVis, χ , ρIR, ρVis, τIR and τVis. Sensitivity analysis allows evaluating if given two distinct
parameter sets will have two distinct results. This idea of injectivity allows us to be sure that
distinct sets of data in the Luus-Jaakola algorithm will return different results in the presented
functional eq. 4.2.

The parameters αVis , ρIR and τIR had little sensitivity, see Figure 2. However, the mathematical
model is sensitive to all parameters. The correlation between the parameters can be seen in Figure
3.

Input parameters are uncorrelated. So we get all the parameters in the optimization process.

7 RESULTS AND DISCUSSION

All the tests of the external and internal iteration combinations in the inverse model, Luss-Jaakola
Method, returned values for the parameters with an error less than 10−4 between observed and
simulated data for the period used for the model fit. For each group of parameters obtained by the
inverse problem, the tests in the direct model presented results for the reflected solar radiation
(S↑) and albedo (α). Then, this was assessed for its precision, expressed by r2, and its accuracy,
represented here by the percentage RMSE (Figure 4).

Among the combinations of internal and external iterations tested, the one which resulted in sim-
ulated values of more precise albedo (r2 = 0.7386) was 60 and 30 external and internal iterations

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 2: Sensitivity coefficients Wi.

respectively. However, as for the accuracy of the combination, 60/40 presented smaller RMSE
(Figure 4). Yet, the difference for the 60/30 combination was in the second decimal place. While
the 60/40 combination had RMSE equal to 6.40%, the 60/30 combination had 6.43%.

The r2 and RMSE of S↑ were, respectively, higher and lower with the parameters obtained by the
inverse problem with the combination of 60 and 30 external and internal iterations, respectively
(Figure 4). The r2 obtained by this combination was 0.9934 while the others were below 0.9928.
The error, expressed by percentage RMSE was small for all combinations, but the lowest was
obtained with the 60/30 combination, it was equal to 3.54%. Also, comparing the results of
the parameters obtained with the ones found in the literature, the present values are physically
coherent.

The models using the parameters obtained with the inverse problem solution were tested in the
model in the days not used for the optimization (coefficient fits) to get the results for reflected
solar radiation and albedo.

The reflected solar radiation was assessed in relation to the established statistical indexes. Al-
though the tests result have an adequate representation of the observed data, in general, the S↑

estimated at the top of the canopy for this period (Figure 5) tended to underestimate the val-
ues of reflected solar radiation, especially in the early morning (< 7am). It is worth noting that
Cuadra [5], worked with a sugarcane crop with the period from 8am to 5 pm, whereas this study
used the period from 6 : 30am to 5 pm.

The overall performance of the model for the reflected solar radiation in relation to the observed
data is also evaluated in Figure 7c and 7d. On average, based on the slope coefficient of linear

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 3: Sensitivity coefficients rates W̄i j.

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 4: Precision (r2) (a) albedo and (b) S↑; and Accuracy (percentage RMSE) (c) albedo
and (d) S↑ of the test in the direct model with the parameters obtained considering different
configurations for the Luus-Jaakola method.

Figure 5: Evaluation of the model performance for the S↑ on the top of the canopy for each testing
day: a) 02/17/2006, b) 02/18/2006, c) 02/19/2006 and d) 02/20/2006.

Trends Comput. Appl. Math., 22, N. 2 (2021)
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regressions, the model resulted in the underestimation of solar radiation reflected by less than
1%.

Despite being evaluated a few days, Figure 6 showed that the largest errors occurred before 7 am.
This hour the sun is still low, with cosine of the zenith angle around 0.3, that is, with zenith angle
below 60o. In this case, there is a smaller amount of solar radiation arriving on the surface, due
to the longer optical path and greater chances of radiation scattering. So, although it had bigger
errors, there were being treated at these times smaller amounts of energy. Before 8 am, about
8.5% of total energy was observed for the days tested. For this reason, many works begin their
evaluations from 8 am, as in the case of Cuadra [5].

Also, comparing the results obtained using the parameters optimized with the ones found in the
literature, the present values are physically coherent. André et al. [2] developed his study with
data from an experiment in sugarcane crop installed in the city of Campos dos Goytacazes, Rio
de Janeiro, Brazil. In this case, the crop reached the Leaf Area Index (LAI) between 2 and 3 on
November 22, 2005 and showed that the peak of reflected solar radiation occurred between 10
and 10:30 am, local time, reaching 202.5 Wm−2.

The albedo calculated by S↑ estimated at the top of the canopy was also evaluated. In Figure
6, the model’s overestimation was observed at the lowest values of albedo on 17th and 20th of
February 2006, for the days beginning at 6 : 30am. At the beginning of the day, when the largest
albedos are observed, the model underestimated. However, at these times there is less energy
available. Yet, at the end of the day, when higher albedos are also observed, the model did not
have problems in estimating the values.

Regarding the albedo, Figure 7a shows that the model underestimated for higher albedo values
(> 0.16) mainly early in the day. Also, the model showed a tendency to overestimate albedo
values lower than 0.16. On average, based on the slope coefficient of linear regressions, the
model resulted in an underestimation of albedo of approximately 1.5%. When the analysis was
made from 8 am (Figure 7b), it was observed that the largest errors that occurred when having
high albedo values were no longer observed.

Figure 8, which presents the residue between the observed and estimated data, corroborates the
analyzes made. These showed that the biggest errors occurred early in the day, especially before 7
am. It was also confirmed that the largest errors occurred for zenith angle cosine of approximately
0.3, as previously seen.

Cuadra [5] presented the measured and simulated albedo values for his experiment in sugarcane
crop in São Paulo. At the beginning of the day, around 8 am, the measured albedo was approx-
imately 0.2, as well as those simulated for χ equal to -0.2 and -0.5. Around noon, the author
found the approximate value for the albedo of 0.16, when he used χ equal to -0.2, close to the
value of the observed data. However, he obtained albedo values close to 0.14 when he used χ

equal to -0.5. At the end of the day, around 5 pm, the simulated values with χ equal to -0.2 and
-0.5 as well as the values observed for the albedo were approximately 0.21.

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 6: Evaluation of the model performance for the albedo for each testing day: a) 02/17/2006,
b) 02/18/2006, c) 02/19/2006 and d) 02/20/2006.

Figure 7: Linear relationship between albedo (a and b) and reflected solar radiation (c and d)
observed and estimated by model starting at 6:30 am (a and c) or starting at 8 am (b and d).

Trends Comput. Appl. Math., 22, N. 2 (2021)
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Figure 8: Relation between residue (Wm−2), observed minus estimated data, of albedo (a and b)
and reflected solar radiation (c and d) for local time (a and c) and zenital cosseno (b and d).

André et al. [2] also presented the values found for the albedo on the day observed for the LAI
between 2 and 3. In this case, the albedo values varied between 0.23, around 1 pm, about 0.24
in the early morning and 0.28 at dusk. The mean daytime albedo value for this day was 0.23 ±
0.018.

Gomes et al. [13] obtained albedo values for their experiment also in sugarcane crop in the
municipality of Santa Rita do Passa Quatro, São Paulo, Brazil, of 0.18 and 0.20 for February 22
and July 16, 2005, respectively.

Yanagi [27] observed albedo data between 0.12 and 0.16 collected in the Biological Reserve
of Cuieiras, brazilian Amazon rainforest, between August and September. The RQME for the
albedo estimated by the model using optimized parameters was approximately 0.015 and 0.030.

8 CONCLUSIONS

Among the tests performed with the combinations of internal and external iterations in the Luss-
Jaakola model, the result of the most accurate fits obtained for S↑ and α , when fitting in relation
to S↑, occurs when using 60 external and 30 internal iterations. When tested for the days not
used for the optimization, the parameters obtained by this technique returned values physically
coherent, precise and accurate compared with the observed data.

For future studies, the radiative transfer model, as well as numerical methods and the inverse
problem method, should be applied to other periods of the year, that is, to use a more repre-

Trends Comput. Appl. Math., 22, N. 2 (2021)
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sentative database to assess the generalization of the model. Although the evaluations for its
generalization were not completed, this optimization provided the empirical coefficients.
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Viçosa, Viçosa, RJ (2006).

[28] S.N.M. Yanagi & M.H. Costa. Modeling radiative transfer in tropical rainforest canopies: Sensitivity
of simulated albedo to canopy architectural and optical parameters. Anais da Academia Brasileira de
Ciências, 83 (2011), 1231–1242.

Trends Comput. Appl. Math., 22, N. 2 (2021)


