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We provide a pedagogical calculation of the first two spacing distribution for a spin-1/2 XX chain in the
presence of an external magnetic field. The results obtained from analytical expressions are compared with those
from extensive quantum Monte Carlo simulations. The results obtained for the spacing distributions are used
to describe the magnetic behavior of the system and contrasted with the standard analysis based on quantities
such as the average energy, magnetization, and susceptibility. Finally, the equivalence between the analytical
expressions for the spacing distributions provided by the second quantization formalism and those from the
inter-particle distribution method is illustrated. As shown, the spacing distributions can be used as pedagogical
examples of the use of the second quantization formalism in introductory courses of quantum statistical mechanics.
Additionally, these distributions can be calculated easily from quantum Monte Carlo simulation and, therefore,

can be used to illustrate this numerical method.
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1. Introduction

Two of the main tools presented in courses on quantum
statistical mechanics to deal with interacting many-
particle quantum systems are the second quantiza-
tion formalism and the quantum Monte Carlo (QMC)
method [IHIT]. Thus, one of the challenges in teaching
this topic is finding physical systems where these tools
can easily be applied, and therefore, can be used as
examples [1H8], [12, [13]. From a pedagogical perspective,
an example must illustrate the nature, usefulness and
scope of the methods but at the same time be accessible
for an upper-level introductory course.

The XX spin chain in the presence of a magnetic field h
is an integrable system and one of the simplest quantum
systems displaying long-range correlations along with
the associated large fluctuations. It clearly has the mini-
mal dimensionality and number of continuous degrees of
freedom per site. Therefore, it is a good starting point
to begin the study of quantum interacting many-particle
systems [14HI9]. The XX spin chain is described by the
Hamiltonian

N N
H=73 (8557,+ 8080, ) 20y 55, (1)
j=1 j=1

where J is the coupling constant between adjacent spins,
h is an external magnetic field and N the total number
of spins (lattice sites). As usual, S is an operator that
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gives the projection of the spin in direction i = =,y and
z for the lattice site j.

From the partition function of the XX spin chain,
many physical quantities can be calculated analytically,
such as the free energy, magnetization, susceptibility,
and heat capacity [IH3| [I4]. The magnetic behavior
of the system can be understood from the analysis of
these macroscopic quantities. Thus, it is not surprising
that the XX spin chain is often chosen to illustrate
the useful of the second quantization formalism and the
QMC method [111, [14] 20H22]. Besides the macroscopic
quantities mentioned above, there are other quantities
that can also be used to describe the behavior of
spin chain and to illustrate the scope of these tools.
One of them is a special correlation function called
Emptiness Formation Probability (EFP), E,, which is
the probability of finding an up-string with length n

wlif))

where I is the identity operator. A major advantage
of E, is that, from its distribution one can calculate
the scaled domain-length distribution function, p(® (¢)
[I5HI9]. The magnetic behavior of the spin chain can
be understood via the results obtained for p(®(¢). It is
well known [I4HI6] that an interesting regime appears
as 2 h approaches J from below: consecutive domains of
spins parallel to the field are separated from each other
by a single spin pointing in the opposite direction. In
this regime, it is useful to map the spin system into an
equivalent system of interacting particles. In this analogy
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the minority spins are represented by particles, while the
spins parallel to the field by empty sites. In the context
of classical systems of interacting particles, F,, is the
probability to find an empty segment (without particles)
of length n. We can define another quantity that also
provides information about the structure formed by the
domains, the probability p™ (¢). By definition p*(¢) is
the probability to find two consecutive domains sepa-
rated by a single spin in the opposite direction; thus, ¢ is
the sum of two domain lengths plus one additional lattice
site. This probability is less studied than p(®)(¢) but can
also be calculated analytically for the spin-1/2 XX chain
albeit not be expressable in terms of F,, [23] 24].

Typically, the structure and behavior of many-particle
systems are usually described in terms of pair distribu-
tions and density correlation functions. Equivalently, the
spacing distributions can be used to describe the statis-
tical behavior of one-dimensional many particle systems
[2, 25H29]. Therefore, it is not surprising that they have
been used to extract information in different contexts
such as reaction diffusion systems, epitaxial growth,
traffic flow, and random matrices. For instance, p(®) (¢)
can be used to extract information about the interaction
potential between particles in classical one-dimensional
many-particle systems [25] [30]. In the context of random
matrices, the structure formed by the eigenvalues is
described by the spacing distributions, allowing one to
characterize the different ensembles according to the
functional form of those distributions [27]. Furthermore,
there is evidence [28] that several different systems can
share the same p(®)(f) even thought their statistical
behaviors are not equivalent. Therefore, the finest details
of their behavior are contained in the higher-order
spacing distributions.

We stress the methods presented here have pedagog-
ical value. For instance, they can fruitfully supplement
specialized books devoted to the study of exactly solv-
able one-dimensional systems [IT], 14}, [31]. Such books
seek to illustrate the exact calculation of several quan-
tities for complex systems. The spacing distributions of
the XX spin chain are an example of these quantities
which usually is not considered. Our discussion can com-
plement the standard material presented in the books
dedicated to spin chains [14] 32, [33], the spacing distri-
butions discussed here can provide another approach to
the description of the behavior of the XX spin chain.
Additionally, F, is the basis of a method called inter-
particle-distribution function (IPDF), widely used in the
context of reaction-diffusion systems [23] [24]. Our work
exemplifies how second-quantization tools are related
to the IPDF method, serving as the motivation and
the starting point for the use of quantum-field-theory
methods in the study of reaction-diffusion systems.

This paper is organized as follows: In the second
section, we briefly present the model and the transfor-
mation used to diagonalize the Hamiltonian. A brief
discussion of the magnetic behavior of the system is
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provided through results for the average energy, mag-
netization, and susceptibility. In the third section we
calculate p(®) (¢) and p) (¢) for the XX spin chain. In the
fourth section, we compare the analytical and numerical
results for p(®(¢) and p™)(£) produced by the second-
quantization formalism and QMC, respectively. Finally,
we use our results for the spacing distributions to discuss
the magnetic behavior of the spin chain, as well as the
pedagogical value of these calculations.

2. Model Description

Consider a chain along the 2z axis of N spins-1/2 with
nearest-neighbor interactions in the presence of an exter-
nal magnetic field h parallel to this z axis. The system is
described by the Hamiltonian given in Eq. . Periodic
boundary conditions are imposed, i.e., 5’5\,“ = $ with
j = x,y or z. It is well know that this Hamiltonian
can be diagonalized by using the Jordan-Wigner (JW)
transformation [34], see Appendix A. Note well that
the JW transformation maps the spin system onto an
equivalent system of free fermions. The diagonalized
form of the Hamiltonian is

H=> ecleg—hN, (3)
q

where the dispersion relation is given by ¢, = 2h —
J cos(q); ¢, and &} are fermionic annihilation and cre-
ation operators, respectively. The density of fermions
(down-spins) on the lattice is given by p = Np/N =
cos™1(2h/J)/m. 1t is illustrative to plot €, for different
values of h. As shown in Fig. [I] for » = 0 the Fermi
wavevector is given by kp = 7/2. However, as h increases
kp decreases, implying that the number of fermions
decreases. For h > J/2 the Fermi sea disappears; the
absence of fermions means that all spins are parallel to
the field.

The energy of the ground state per particle, i.e., the
average energy per particle at T' = 0, is given by

&y = (gs|Hlgs)
™™
dg (2h — Jcosq)

1
= —h+ —
2 J .,

= —h(1—2p) — %sin (mp), (4)

where |gs) = Hgi_kF é:g |@) and |@) is the vacuum state.
In Eq. (4) we use the fact that, in the thermodynamic
limit (N, Ny — oo with p = Ny /N finite and fixed), the
sum over ¢q; can be replaced by an integral over ¢q accord-
ing to (1/N)>", — [dg/(27). From Eq. at T =0,
for h > J/2 we have p = 0 and £, = —h. In contrast,
for h - 0, p — 1/2, &, — —J/m and the number of
spins up and down are equal. For non-zero temperature
the thermal fluctuations must be considered. In order to
do that, we must calculate the partition function of the
system in the canonical ensemble, Zx(5). The details of
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Figure 1: Behavior of ¢, for different values of h with J = 1.
Here and henceforth we take kg = 1 and J = 1 for the
numerical evaluation of all quantities. The Fermi wavevector
tends to zero as h gets close to J/2 implying the disappearance
of the “down” spins.
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Figure 2: Energy as function of T for different values of h.
Continuous lines corresponds to Eq. @ while dots to the results
obtained from QMC. For T' = 0 the internal energy reduces
to Eq. while for large T the energy takes the form U =
—B(h* + J?/8).

the calculation are shown in Appendix B. The explicit
form of Zx(f) is

Zn(8) = 2~ N2 ﬁ (1 n Zef(q)) ’ (5)

=1

with ¢ = 27l/N. As usual, in the thermodynamic limit
the average energy per spin, U, can be obtained from
[1H8, [14]

B ™ dq e(g)e <)

For T' = 0, the internal energy coincides with the ground
state energy &£;, and as 1" increases, U approaches zero,
see Fig. . In the limit of high temperatures (kg T >
J—2h), the parameter £ is small and the internal energy
reduces to U ~ —B(h% + J?/8).
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Figure 3: Magnetization as function of T for different values
of h. Continuous lines correspond to Eq. (7)) while dots to the
results obtained from QMC. For h = 0 the magnetization is
zero for all T'. In the case h > 0 the magnetization is not zero
for finite T" but tends to zero as T' — oc.

For the QMC simulation we follow the algorithm pro-
posed by Sandvik based on a stochastic series expansion
with operator-loop update [20H22]. In the simulation
500,000 MCS were used to reach equilibrium, with N =
512, kg = 1 and J = 1. In all figures, continuous lines
correspond to the analytic expression while dots to the
numerical results obtained from a QMC simulation.

The free energy per site can be calculated straight-
forward from Zx(5) and can be used to calculate the
magnetization per spin

™ dg eBJ cos(q)
M = 1_[W?626}z+66Jcos(q) (7)

The numerical and analytical results for M are shown
in Fig. 3] As expected, for h = 0 the magnetization is
zero for any value of T. For T = 0 and h > 0.5 the
magnetization is equal to one because all the spins are
parallel to the field. For T'= 0 and 0 < h < 0.5 the
magnetization is smaller than one due to the existence
of down spins. Naturally, for T' > 0, the magnetization
decreases due to the thermal fluctuations, see Fig. [3]
In fact, from Eq. @ it is easy to see that for large T,
M =~ hB. For h = 0, M = 0 regardless the value of T
because p = 1/2, and the number of spins up and down
are equal.

From the above discussion, at T = 0 we can expect
interesting behavior as 2h approaches to J from below.
Note that in this regime small changes in h lead to large
changes in M. The susceptibility per spin, yx, gives the
response of the magnetization to changes of the magnetic
field. Therefore, by definition x can be calculated from
the magnetization as follows

Qeﬁ(2h+J cos(q))

= d
X [77 qﬂ'k’BT (eQﬂiz+€ﬂJcos(q))2

(8)
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Figure 4: Susceptibility as function of T for different values of h.
Continuous lines correspond to Eq. while dots to the results
obtained from QMC. For large T the susceptibility decreases and
does not depends on h. For 7= 0 and h = 0.5 an interesting
behavior is found, x diverges suggesting the presence of a critical
behavior.

As seen in Fig. , for h = 0.5 the susceptibility
diverges at T = (0. This fact suggests the existence of
critical behavior associated with the crossover from the
organized state M =1 (2h > J) to a disorganized state
M < 1 (2h < J). The magnetic behavior described
in this section can be also understood in terms of the
spacing distributions.

3. Spacing Distributions

In general, the spacing distributions contain information
about the structure of one-dimensional systems and pro-
vide insights into the nature of the interaction between
the particles. Therefore, they are often used to describe
one-dimensional many-particle systems [28H30, [35], [36].
As explained earlier, the XX spin chain can be mapped
onto an equivalent free fermion system, and its spacing
distributions can be used to obtain information about
the behavior of the spin chain.

As usual, P(") (L) is the probability that for a particle
at the origin we find another particle at a distance L,
with the condition that there are n additional particles
inside the gap between them. It is convenient to use the
scaled spacing ¢ = L/ (L), with (L) the average of L.
The scaled spacing distributions, p(™(£), are given by

p™(0) = (L) PM(L(L)). 9)

Note that we use lower case for the scaled distribu-
tions and uppercase for the unscaled ones. From their
definition, it is clear that the spacing distributions
are related to the pair correlation function according
to g(¢) = Y07 p™(f). The easiest distributions to
calculate analytically for the XX spin system are p(®) (¢)
and g(¢) [15}, [I7, 19, B0]. One of the objectives of the
present paper is to show that p(*)(¢) can also be easily
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calculated analytically and numerically; therefore, it can
be used in courses of quantum statistical mechanics as
an illustrative example. In order to accomplish this, we
briefly present the standard method used to calculate
p©@(¢) and then we extend it to p)(¢). In the free
fermion picture of the spin chain, each lattice site is
either empty (o) or occupied (e). Let Pc(C) be the
probability of a given configuration C. The probabilities
of both configurations for a given lattice site satisfy

Pc(e) +Pec(o) = 1. (10)

Similarly, the probabilities of the configurations of two
consecutive sites are given by

P(o#) + Pe(00) + Pe(os) + Pe(o0) = 1. (11)

For an isotropic system as in this paper Pc(eo) =
Pc(oe). The key quantity required to calculate the
spacing distribution p(o)(ﬂ) is the emptiness distribution
Ey, which is the probability to find ¢ consecutive empty
lattice sites. Thus, by definition Es = P¢(00). On the
other hand we have P¢(00) 4+ Pe(e0) = Pe(0), implying
that, Pc(e0) = E; — E,. Thus, using these results in
Eq. shows that

PC(OQ) =1- 2E1 + EQ. (12)
Analogously, if we consider all the configurations of L. 41

consecutive sites with the L —1 intermediate sites empty,
one finds [23, [24]

Ei .y = 7’0('6'{\'\

—|—'Pc(oo ce

which leads to

p(O)(L) —

= Pc(eo---Ce)
= Er1 —2E, + Ep_q, (14)

|
&
—~
<—
—
—
<—
S~—

-1

where we have used Pc(omo) = FEp — FEry1.
This method is well known in the context of reaction-
diffusion systems as the inter-particle distribution func-
tion method (IPDF) [24, [35]. Comparing Egs. and
we conclude that Ey = 1. Note that in order
to calculate P(O)(L) it is only necessary to find E,,.
Additionally, it is important to realize that Eq. can
be written equivalently by using the second quantization
approach as the following average value

PO(L <ATA Héji) eher > (15)
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where 6; (B;r) and ¢; (b;) are the fermionic (hole) creation
and annihilation operators at position j, respectively.
These operators are related according to é;r = b; and
¢j = l;; Taking this into account and using the fermionic

commutation relations to eliminate the particle opera-
tors in Eq. we find

PO(L) = <ﬁz;;aj> . <H a;5j> . <ﬁz;;aj>

j=1 j=1 7=0
L
+ <H }bj> (16)
§=0

Comparing Egs. and we can conclude that, the
first term on the right side of Eq. corresponds to
Er_1, the next two to Er and the last one to Er4;.
By using the Wick’s theorem, Fj can be written as a
determinant

L L
= (10 )~ [(88)]) - 0

Note that Egs. and are equivalent. The calcu-
lation of E,, can be done by Fourier transforming the
particle operators

A 1 ik At _ —ijkt

cjz—Ze]Ck and ¢ = Z TECL, (18)
VN 4 \F

where k = 27r/N with —Np/2 < r < Np/2. In this

way, the average value <32LBJ> can be written as

(blhs) =

where ng(8) = 1/(1+exp(—fF€x)) is the average number
of fermions in state k. The simplest case for the Eq.
is found at T = 0 because in that case the integral can
be calculated exactly. At T'= 0 we have

- = Zelk(l Dy (B (19)

<1§}13j> —1-p, (20)

and

<IA)T1A)I> _ sin(2mw(j — 1)(1 — P)) (21)

7 m(j —1)

However, for T' > 0 the integrals involved must be cal-
culated numerically To calculate p(© (6) ﬁrst Eqgs.
and . (or and | 1) for T = are used to
calculate Ep,. Then Eq. (16]) is used to evaluate PO(L).
Finally, the scaled distribution, p( )(¢ (¢), is calculated
from P(©)(L) using Eq.
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By definition, the next spacing distribution, P (L)
can be calculated from the following expression

m

L—1 A
PUO(L) = Y P11

m=1 %L’_/
L—1 m

= mz_:l’Pc(oo---ooLo---oo)
L—-1

= Z K co(’)m La TCmOm+ICEéL>}7 (22)
m=1

where we have defined O™ = [[7" i=n b;’b The sum in

Eq. (22) considers that the inner particle can be at any
position inside the gap. Writing the particle operators in
terms of the corresponding hole operators we find

All the terms in Eq. can be interpreted as the
probabilities associated with a given configuration. For
instance,

(24)

and

(25)

Defining the second-order emptiness distribution, £y, .,
by

B = <Om 1Om+1> (26)

one can write Eq. in the following form

P(l) ZEL 2,m—1 " EL 1,m — EL 1,m—1
m=1
+ Epm —Ery1 — Ep—1 +2EL].  (27)

The determinantal representation of Ky, is given by

By = det [ {81,bs, )] ll:jzl : (28)

Wherexl:lforl§m+1andxl:l+1forl>m—|—1.
The evaluation of p(!)(¢) is analogous to that of p(®)(¢).
First, we evaluate £y, ,, using Eq. . then Eqgs. (27)
and @) are used to calculate p(™(¢).
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Another distribution that can be used to describe the
system is the probability of two consecutive domains
with a total length L

L l L—1
QL) =Y Pe(l 4111
1=
L1 l L—1
= ZPC AT ooo)

L
= Z <53@0(911 QZL+1bTL+1bL+1> ) (29)

=1

where Q1L+1 = HJ i1 ]cj Unfortunately, Q(L) cannot
be evaluated as easily as the distributions p(®)(¢) and
p(M(¢) except for the trivial high-temperature regime.
In the next section we use the spacing distributions to
describe the magnetic behavior of the XX spin chain.

4. Results

As explained in Section II, at 7' = 0 and h > 0.5 we
have M = 1 in such way that there is a single domain
formed by spins parallel to the magnetic field. In this
case, PO)(L) = 4y n. For arbitrary values of T' and
h =0, the domain distribution of spins up and down
are equivalent.

At high temperatures, it is reasonable to expect
that the spins behavior is dominated by the thermal
fluctuations. In this regime it is possible to neglect the
correlations between adjacent sites. Thus, Eq. can

be written as
() 1 () (e

=p (1 _p)L7 (30)

PO (L)

Q

where we have used <c cj> = p and <ZA)IZA)]> =1-p
Similarly, the probability Q(L) can be approximated as

follows

L—1
QL) ~ (1-p)> p1=p"'p
l

=1

~(p=Dp((p—=1)p" +p(1 = p)")
= T . (31)

As seen in Fig. (5)), Egs. and reproduce
PO(L) and Q(L) for h = 0 and T = 10. However,
for low temperatures, quantum fluctuations are relevant,
and the spacing distributions cannot be approximated
by Egs. and ; see dotted-lines in Fig. . In
fact, for high temperatures the spacing distributions
decay monotonically which does not occur for low
temperatures, indicating that consecutive domains are
correlated. At T = 10 the most probable length of a
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Figure 5: Spacing distributions for 7' = 0.0025 and T = 10
with h = 0. For high temperatures (kg T > J — 2 h) thermal
fluctuations dominate and the correlations between adjacent
sites are negligible. However, Egs. and do not describe
the behavior of the system for low temperatures (kg1 <
J—2h).
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(a) Spacing distributions at T' = 0.0025 and h = 0.48.

0,1 1

1

40,1

40,01

H{1E-3

1E-4

(b) Log-log replot of panel (a).

Figure 6: Spacing distributions as functions of the scaled
distance ¢ for T' = 0.0025. Note that, for the parameters
selected, 3(J — 2h) = 16. Therefore, the system is in the low
temperature regime. As expected, the exact results coincide with
the numerical results obtained from the quantum Monte Carlo
simulations. The EWS provides and excellent approximation for
P (¢) and p™M(£), even for small and large values of /.

domain is one; thus it is very likely to find two con-
secutive spins in opposite directions. For T' = 0.0025 the
most probable length is two due the formation of dimers.
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(b) In a Log-log replot of panel (a) it is easier to see that
the behavior for small values of £ remains unaltered.
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(¢) On a log-linear replot, it becomes evident that the
behavior for large values of ¢ changes from Gaussian to
exponential.

Figure 7: Plots of spacing distributions p'®(¢) and p™"(¢)
with replots to highlight the behavior at small and at large .
At T = 0.01, the spacing distributions given by the QMC
simulations deviate from the EWS but still coincide with the
exact results. In this case, the parameters were selected in such
way that 8(J — 2h) = 4. Therefore, the energy associated with
thermal fluctuations is comparable with the interaction energy
and the system is not in the low temperature regime.

However, the most interesting behavior is found for
values of h smaller than but close to J/2. In this region,
the number of fermions is nearly to zero, i.e., domains of
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spins parallel to h form. The domain-length distribution
is given by the inter-particle distribution p(®)(¢). The
probability to find two consecutive domains of up spins
separated by a single down spin is given by p(Y)(£).
The behavior of the first two spacing distributions for
h =048, J =1and T = 0.0025 is shown in Fig. (@ The
continuous lines correspond to the analytic expressions
given by Egs. and (27)), dots to the QMC simula-
tions and the dash-dotted line to the extended Wigner
surmise (EWS) with 8 = 2, see Appendix C. Given the
complexity of the analytical expressions for the spacing
distributions p(®(¢) and p™)(¢) it is convenient to use
the approximate expressions provided by the EWS; see
Appendix C. Note the excellent agreement between the
QMC results and the ones given by Eqgs. and .
The logarithmic scale used in Fig. |§| (b) highlights the
behavior of the distribution for small and large values
of £.

As T increases, the thermal fluctuations randomize
the system, and the right tail of the distribution becomes
exponential rather than Gaussian, see Fig. . However,
the behavior for small values of ¢ remains unchanged.

5. Conclusions

The XX spin chain is an excellent illustrative example of
the rich behavior that can be found in interacting many-
particle systems. This system can be solved analytically
but can be used also to illustrate the numerical methods
such as the QMC. The domain distributions can be
easily obtained by using QMC from the configura-
tions of spins generated in the simulation. The spacing
distributions are not usually calculated in courses of
quantum statistical mechanics but as shown, they are
very revealing, allowing us to describe the magnetic
behavior of the spin chain in several regimes. The most
interesting behavior is found for 2h slightly less than J.
Thermal fluctuations change the functional form of the
right tail of p(®(¢) and p™(£). At T = 0 the spacing
distribution has Gaussian right tails but for 7 > 0
they are exponential. The left tail of the distributions
is not affected by thermal fluctuations. For large T" the
correlations between adjacent sites can be neglected, and
the spacing distributions can be calculated easily. In
fact, the probability to find two or more consecutive
domains can be obtained by using the independent-
interval approximation, where the required distribution
is written in terms of the convolution of single-domain
distributions. This approach can also be used to illus-
trate how the IPDF method can be represented using
second quantization formalism; thus, it can be used to
study reaction-diffusion systems.
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