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ABSTRACT. Black and Litterman proposed a portfolio selection model that blends investor’s views on as-
set returns with market equilibrium concepts to construct optimal portfolios. However, the model efficiency
relies on the performance of investors’ views regarding tradable assets, which is challenging in practice.
Venturing to improve Black-Litterman practical application, this work provides new insights based on views
about macroeconomic factors, which are largely available, though not directly tradable. The main advantage
is that market players usually provide predictions on these factors publicly. We present a case study based
on the information disclosed by the Brazilian Central Bank to validate the proposed framework. The out-
of-sample, risk-adjusted returns obtained incorporating the players’ macroeconomic expectations applying
the proposed framework outperformed the traditional mean-variance model as well as the Brazilian stock
index benchmark.

Keywords: portfolio optimization, Black-Litterman, factor investment, macroeconomic subjective views.

1 INTRODUCTION

The goal of a portfolio manager is to pursue maximum returns while minimizing risks. Despite
presenting an intuitive framework for handling the risk-return relationship, the model proposed
by Markowitz (1952) is often avoided in practice due to estimation errors (Michaud (1989),
Michaud et al. (2013) and Idzorek (2002)). Robust optimization (Soyster, 1973; Ben-Tal & Ne-
mirovski, 1998, 1999; Bertsimas & Sim, 2004; Fernandes et al., 2016) and Black Litterman
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(Michaud, 1989; Michaud et al., 2013) are different alternatives to handle estimation errors on
selecting a reliable portfolio. In particular, the Black-Litterman approach is very appealing for
practitioners since it incorporates the subjective views into the optimal allocation; i.e., it selects a
portfolio that conjugates investors’ beliefs with the risk-return tradeoff characterized by historical
returns.

The Black-Litterman framework (Black & Litterman, 1992) makes it possible for investors to
blend their subjective views on securities returns with market equilibrium returns using a simple
formula to achieve balanced portfolios, see Cheung (2009)) and Meucci (2010) for further de-
tails. Avramov & Zhou (2010) interprets the model as a Bayesian portfolio allocation since the
investor’s view is a posterior update to the market information. Fabozzi et al. (2010); Stefanescu
(2016); Kim et al. (2017) point out its robust characteristics due to shrinkage, which is further
explored in the extension proposed by Bertsimas et al. (2012). Bessler et al. (2017) presents a
case study where the Black-Litterman model stands out compared to other allocation approaches.

Notwithstanding the simplicity and practical appeal of the Black-Litterman model, the literature
raises critical issues for its practical usage: (i) being insensitive to historical data; and (ii) lack-
ing an organized framework for setting the investors’ views, in particular, to handle views on
non-tradable factors. To address (i), Zhou (2009) proposes mixing historical returns with Black-
Litterman while Michaud et al. (2013) proposes an alternative model to reduce estimation errors.
To partially address the issue (ii), Fernandes et al. (2018) proposes the use of historical returns
and fundamentalist data to set securities views, and Cheung (2013) proposes views derived from
a linear factor model that explains securities returns. To the best of our knowledge, no previ-
ous works propose a framework to select the optimal portfolio based on subjective views over
non-tradable factors.

In this paper, we propose novel a Macrofactor Black-Litterman model (MBL) that enables the use
of subjective views on non-tradable factors to tilt optimal allocation of tradable assets. This novel
approach is broadly applicable since there exist an abundance of subjective views (opinions) on
future values of non-tradable macro-eonomic factors (e.g., inflation, GDP, etc) that can be har-
nessed to enhance portfolio performance. Our approach completely bypasses a factor modeling
step since we use the Black-Litterman (Bayesian) update to directly compute the expectation
vector and covariance matrix as functions of the subjective views on non-tradable factors. Ad-
ditionally, circumvents the absence of non-tradable market values by avoiding the use of Black-
Litterman traditional parameters τ and δ 1. Following the work of Zhou (2009) we use historical
averages to estimate prior expected returns for both factors and tradable securities, which enables
us to avoid the use of δ , τ . We summarize the three main contributions of this paper:

1. A novel framework to directly incorporate views on (non-tradable) macroeconomic factors
into the portfolio optimization via factor-assets correlations;

1τ is the constant of proportionality between assets returns covariance matrix and assets expected returns covariance
matrix and δ is the risk aversion parameter defined in the CAPM.
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2. The setup of views based on macroeconomic indicators available on the Brazilian Central
Bank (BCB) database.

3. An empirical backtesting study for the Brazilian financial market. The results suggest that
the MBL model generates greater out-of-sample risk-adjusted returns when compared to
the selected benchmarks.

We organize the paper as follows. In Section 2 we describe the proposed model. In Section 3
we present a case study using Brazilian financial market data, where we set views using BCB
information. We present the conclusion in Section 4.

2 THE PROPOSED MBL MODEL

Throughout this paper, we use capital boldface to indicate matrices (Σ,Ω, ...), boldface to indicate
vectors (µ,π, ...) and regular text for scalars numbers (τ,n, ...). Vectors and matrices dimensions
are shown in brackets ([n× 1], [n× n], ...). We use the accents hat and tilde to denote estimates
and random variables, respectively. We use Black-Litterman notation presented in Satchell &
Scowcroft (2000) and Cheung (2009), where the subscript t indicates time. We assume the port-
folio investment decision is taken before knowing the values taken by uncertain parameters. For
instance, let m̂t denote the vector of expected returns of the securities on the investment universe
between step time t and t +1; it is based on the information available up to time t.

We consider a daily allocation on one-period step in a rolling horizon scheme. Let wt denote the
allocation vector made at the beginning of day t. Let us consider m̂t (which is a one-step ahead
forecast) for maximizing the portfolio return wT

t m̂t . Afterwards, we test this allocation in a one-
step-ahead out-of-sample analysis. Let also rt denote the realized return on time step t. Figure 1
shows the time frame diagram.

Figure 1 – Time frame diagram.
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2.1 Incorporating Macroeconomic Views

We propose an MBL model where investors’ views on factors affect securities’ expected returns
and covariance matrix due to its intrinsic relation with such securities, even when those factors
are not explicitly linked to the securities by any factor model.

Let us split the n securities within the views’ universe in s tradable securities and f factors, such
that n = s+ f . Let ỹt [n×1] denote the returns of our views’ universe, where

ỹt =

[
r̃S

t

r̃F
t

]
(1)

Considering separate views for tradable securities and non-tradable factors2, we could sort
the model inputs: Σ̂t [n×n], π̂ t [n×1], Pt [k×n], q̂t [k×1] and Ωt [k×k] in tradable and non-tradable
components

Σ̂t =

[
Σ̂

S
t Σ̂

SF
t

Σ̂
FS
t Σ̂

F
t

]
(2)

π̂ t =

[
π̂

S
t

π̂
F
t

]
(3)

Pt =

[
PS

t 0
0 PF

t

]
(4)

q̂t =

[
q̂S

t

q̂F
t

]
(5)

Ωt =

[
Ω

S
t 0

0 Ω
F
t

]
(6)

where k is the total number of views and k = kS + kF .

Using equilibrium and views for both securities and factors, we devise the Black-Litterman
output estimates

m̂t =
[
Σ̂t

−1
+Pt

T
Ωt

−1Pt

]−1 [
Σ̂t

−1
π̂t +Pt

T
Ωt

−1q̂t

]
, (7)

and
V̂ t =

[
Σ̂t

−1
+Pt

T
Ωt

−1Pt

]−1
, (8)

2The model also allows the use of combined security/factor views, but it is more practical for investors to set separate
views.
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to extract posterior means and covariances for the tradable securities. For that, the mean vector

m̂t =

[
m̂S

t

m̂F
t

]
(9)

and covariance matrix

V̂ t =

[
V̂ S

t V̂ SF
t

V̂ FS
t V̂ F

t

]
(10)

are decomposed into their securities and factor counterparts. Finally, we set a volatility target σ2

and solve the optimization model

max
wt

wT
t m̂S

t (11)

s.t. wT
t V̂ S

t wt ≤ σ
2 (12)

wT
t 1 = 1 (13)

wt ≥ 0 (14)

build upon the posterior (Black-Litterman) mean vector m̂S
t and coveriance matrix V̂ S

t , associated
only with tradable securities. By using m̂S

t and V̂ S
t , as opposed to π̂

S
t and Σ̂

S
t , we ensure that wt is

a product of investors’ views. The conceptual workflow is:

1. Choose the tradable securities and obtain prior parameters;

2. Select the macroeconomic factors related to tradable securities;

3. Set views regarding the macroeconomic factors returns (may include views on securities
returns);

4. Set further model parameters and obtain posterior assets parameter;

5. Run optimization; and

6. Compare the out of sample risk adjusted returns results to selected benchmarks.

2.2 Assessing Performance Using Historical Data

Following the work of Zhou (2009) we use historical averages to estimate prior expected returns
for both factors and tradable securities, which enables us to avoid the use of δ , τ . By using
public survey we avoid the heuristic that estimates Ω. These are the issues most criticized on
Black-Litterman literature (see Fusai & Meucci (2003) and Michaud et al. (2013)).

It is important to estimate an appropriate length for the rolling window estimation, weighting
the tradeoff between using a bigger sample to reduce the estimation error, and avoiding using
older data as the distribution changes over time. Thus, these optimal lenghts may be different
for mean and variance estimation (Luenberger (2014)). We achieve the proper window length
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for mean and variance estimation through successive out-of-sample evaluations, using different
combinations for expected returns estimation length lr and covariance matrix estimation length
lc. We understand that using different windows is important since the effect of estimation errors
in covariances might be greater than the ones in expected values (see Chopra & Ziemba (2013)).
Figure 2 is the flowchart used to optimize the estimation window’s lengths.

Figure 2 – Flowchart for backtesting and optimizing estimation windows lengths.

3 CASE STUDY

We analyze the performance of the MBL model in a daily investment strategy that sets views
using data collected from BCB3. We perform the study with daily data from March 2010 to
October 2018 (due to data availability).

BCB has on its system predictions of several factors from many institutions. Aiming to improve
the results, we use predictions available from the Top 5 predictors (which is also disclosed in
the system). The views are set using the median of these Top 5 predictors estimates for: (i) The
Brazilian monthly inflation rate (BIR); (ii) The Real to US Dollar exchange rate, end of the

3Brazilian Central Bank holds a system called Market Expectations System to gather data from market players.
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month (BRLUS) and; (iii) The target Brazilian interest rate (Selic). These factors are chosen for
the impact they have on asset returns. The works of Bernanke & Kuttner (2005) and Jiménez et al.
(2014) are examples of empirical studies that show how macroeconomic factors and monetary
policies have a strong influence on asset prices and returns. With this information we set Pt and
q̂t . We use the variances of the predictions to set Ωt . Table 1 shows the securities available for
investment, Table 2 presents their correlations and Figure 3 presents their cumulative return.

Table 1 – List of available investment securities.

Security Ticker
US Dollar BRLUS

Brazilian stock index IBOV
Interbank deposit rate CDI

Brazilian inflation-linked bonds with constant duration of 3 years iDkA I3
Brazilian fixed income bonds with constant duration of 3 years iDkA P3

Table 2 – Securities correlation (full sample period).

CDI BRLUS IBOV iDkA I3 iDkA P3
CDI 1.000 -0.009 0.001 0.040 0.030

BRLUS -0.009 1.000 -0.340 -0.232 -0.330
IBOV 0.001 -0.340 1.000 0.256 0.313

iDkA I3 0.040 -0.232 0.257 1.000 0.831
iDkA P3 0.030 -0.330 0.313 0.831 1.000

As discussed, in the absence of market weights for the securities or macroeconomic factors, we
use historical averages (instead of using CAPM to estimate the value of π̂ t ). The windows lengths
for mean (π̂ t ) and covariance (Σ̂t ) estimation were 60 and 90 business days, chosen as presented
on Section 2.

Once with Σ̂t , π̂ t , Σ̂π, t , Pt , q̂t and Ωt , we could use the Black-Litterman formulas (Cheung (2009))
to obtain m̂t and V̂ t and then, with m̂s,t and V̂ s,t , run the optimizer. The optimization given by
(11) is carried out setting a 5% target for annualized portfolio volatility. This value represents a
common benchmark for Brazilian hedge funds4. The constraint wi,t ≥ 0 was used to avoid short
selling.

We consider six portfolios as described below5:

1. Mean-variance optimization using historical data (MVO);

2. MBL model considering BCB views on BRLUS, BIR and Selic (MBL BCB);

4This portfolio volatility is standard deviation of a portfolio consisting of 20% IBOV and 80% CDI
5Perfect t+1 views mean we set the views at time t predicting the return of the security as the t+1 return of the security,
for all the time interval.
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Figure 3 – Securities cumulative returns (March 2010 to October 2018).

3. MBL model considering perfect t+1 views on BRLUS, BIR and Selic (MBL PV), used to
evaluate the effect of perfect views on the returns;

4. MBL model considering perfect t+1 views on BIR and Selic (MBL PV -BRLUS), used to
evaluate the effect of perfect views on macroeconomic factors on the returns as BRLUS is
also a security available for investment;

5. MBL model considering BCB views on BIR and Selic (MBL PV -BRLUS), used to
compare the effects of BCB views only on macroeconomic factors;

6. Invested in interbank deposit rate (CDI).

Table 3 shows the out-of-sample results for the optimized portfolios, its annualized returns,
annualized volatility, maximum drawdown and Sharpe ratio, from July 2010 to October 2018.

Table 3 – Out-of-sample portfolios returns, volatility and maximum drawdown.

Ticker Ann. Ret. Ann. σ Max. Drawdown Sharpe Ratio
1. MVO 14.70% 6.99% 6.24% 0,63

2. MBL BCB 17.02% 6.92% 6.11% 0,97
3. MBL PV 40.41% 6.71% 6.21% 4,49

4. MBL PV -BRLUS 16.33% 6.86% 5.72% 0,88
5. MBL BCB -BRLUS 16.54% 6.86% 5.34% 0,91

6. CDI 10.31% 0.14% 0.02% 0.00

The higher cumulative returns for MBL PV reflect the use of the perfect view for the BRLUS,
which is a security in the investment universe. Although its results are not useful to validate the
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MBL model, the results show the impact of a perfect view of a security on the out-of-sample
cumulative portfolio returns.

All portfolios surpass the 5% target for annualized standard deviation, which is expected given
that results are out-of-sample and the covariances’ estimates change over time. As covariances
in V̂ t are greater than covariances in Σ̂t due to the model correction, the MVO portfolio which is
the only one that uses Σ̂t in its risk constraint has a higher standard deviation.

The use of perfect views on BIR and Selic6 (MBL PV -BRLUS) increases the return and lowers
the risk, compared to MVO even though there are not any known factor model that relates the
securities’ returns to such factors. The use of BIR and Selic views from BCB (MBL BCB -
BRLUS) provides very similar returns and using BRLUS views (MBL BCB) further increases
the overall outcome. Figure 4 presents the cumulative returns for the portfolios, compared to the
CDI.

Figure 4 – Cumulative returns of studied strategies.

One can notice that portfolios MVO, MBL PV -BRLUS and MBL BCB -BRLUS have a similar
profile and that portfolio MBL BCB, outperforms other portfolios on downfalls, implying that
BCB views on BRLUS are effective to avoid downfalls. The proposed model enhances regular
MVO using not only good views on the factors but also BCB views.

Figure 57 and Figure 6 present the dynamic asset allocation and cumulative returns for portfolios
MVO and MBL BCB respectively.

The MBL is more dynamic, since the views on returns and the views’ variances, which are
relevant, may change across time. For instance, the change in BRLUS view variance in May
2017 enabled the MBL BCB portfolio to avoid a downfall (Figure 7).

6The two macroeconomic factors considered in this study.
7RHS means the right hand side axis
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Figure 5 – Allocations and cumulative return for Portfolio MVO.

Figure 6 – Allocations and cumulative return for Portfolio MBL BCB.

Figure 7 – BRLUS view risk May 2017.
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4 CONCLUSIONS

Our proposed Macrofactor Black-Litterman model enables investors to improve their investments
using their views on macroeconomic factors while eliminating parameters (τ and δ ) and the
heuristic procedure for estimating Ω from the original model. Also, our framework does not
require investors to model securities returns. Finally, we developed a framework for setting views
on returns based on the information disclosed by BCB, which can be adapted to many other
sources of macroeconomic predictions.

Within the case study presented, using historical data, we blended BCB views on macroeconomic
factors and securities. As a result, the optimized portfolios outperformed the MVO portfolio on
every studied scenario, implying that the proposed model using macroeconomic factors views
generates superior outcomes.

Possible future extensions for the study could be: to incorporate transaction costs on the opti-
mization, to use more than the one-step-ahead prediction for the macroeconomic factors and to
consider a broader range of macroeconomic factors and securities.
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[17] JIMÉNEZ G, ONGENA S, PEYDRÓ JL & SAURINA J. 2014. Hazardous Times for Mon-
etary Policy: What Do Twenty-Three Million Bank Loans Say About the Effects of
Monetary Policy on Credit Risk-Taking? Econometrica, 82(2): 463–505. Available at:
https://onlinelibrary.wiley.com/doi/abs/10.3982/ECTA10104.

[18] KIM JH, KIM WC & FABOZZI FJ. 2017. Robust Factor-Based Investing. The Jour-
nal of Portfolio Management, 43(5): 157–164. Available at: https://jpm.pm-research.com/
content/43/5/157.

Pesquisa Operacional, Vol. 41, 2021: e232555



CAMILLO CANTINI, DAVI VALLADÃO and BETINA FERNANDES 13
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