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Resumo 
!
H!<,/A/1D4!.)-K?<+!4!I,4J+<4!.+!?:/!,+.+!:+<,4*)O,)/!/<,/*P-!.+!?:!:4.+14!.+!C,/>4-Q!(4!M?/1!4-!*P,<)K+-!
-34!+-</ER+-!?()./-!I4,!<,+KD4-!.+!1)(D/-!,+I,+-+(</.4-!I4,!/,+-</-@!"+>)(+9-+!?:!C,/>49-?I4,<+!I1/(/,!
<,)/(C?1/.4!K4:4!4!?()*+,-4!./-! /1<+,(/<)*/-!.+! 1)C/ER+-!+(<,+! +-</ER+-!+! -+!I,4K?,/:!K4A+,<?,/-!.4!
K4(J?(<4!.+!*P,<)K+-!I4,!K4(J?(<4-!.+!I+,K?,-4-!+1+:+(</,+-!?()(.4!I/,+-!.+!*P,<)K+-!I+,)>P,)K4-@!':/!
,+-<,)E34!.+!C,/?!:OS):4!T!I/,/!4!C,/>4!I/,K)/1!/--):!4A<).4!P!/.4</./!(?:!I,):+),4!:4:+(<4@!H!C,/>4!P!
*/14,/.4!I4,!./.4-!.+!K?-<4!.+!K4(-<,?E34!+!.+!.+:/(./!.+!I/--/C+),4-@!$I,+-+(</9-+!?:/!D+?,U-<)K/!
)(<+,/<)*/Q!/I4)/./!(+--/!A/-+! <+V,)K/Q!.+-+(*41*)./!K4:!4!I,4IV-)<4!.+!K4(<,)A?),!I/,/!4!I,4J+<4!+!/!
K,U<)K/!.+!,+.+-!:+<,4*)O,)/-@!':!+S+:I14Q!A/-+/.4!(4!:+<,W!.4!6)4!.+!5/(+),4Q!P!.)-K?<).4!(4!<,/A/1D4@!
!
Palavras-chave:!<,/(-I4,<+!?,A/(4Q!:+<,WQ!C,/>4-@!
!
!

Abstract 
!
%D+!X4,Y!.)-K?--+-!<D+!.+-)C(!4>!/!:+<,4!(+<X4,Y!<D,4?CD!/!C,/ID9<D+4,+<)K/1!:4.+1!XD+,+!<D+!*+,<)K+-!
K4,,+-I4(.! <4! -</<)4(-! /(.! <D+! +.C+-! <4! 1)(+! -+K<)4(-!A+<X++(! -</<)4(-@!$! <,)/(C?1/<+.!I1/(/,! -?II4,<!
C,/ID! )-! <D+! ?()*+,-+! 4>! I4--)A1+! K4((+K<)4(! /1<+,(/<)*+-! A+<X++(! <D+! -</<)4(-! /(.! X+!X)11! 144Y! >4,!
*+,<+S9-+<!K4*+,)(C-!AZ!-+<-!4>!+1+:+(</,Z!I/<D-!A+<X++(!I/),-!4>!I+,)ID+,)K/1!*+,<)K+-@![(!/!>),-<!:4:+(<!
X+!/.4I<!/!K4(-<,/)(<!4>!:/S):?:!.+C,++!T!>4,!<D+!-I/(()(C!-?AC,/ID!<D?-!4A</)(+.@!%D+!C,/ID!)-!*/1?+.!
AZ!A?)1.)(C!/(.!I/--+(C+,!.+:/(.-@!$(!)(<+,/K<)*+!D+?,)-<)K!-?II4,<+.!AZ!<D)-!<D+4,+<)K/1!A/-)-!)-!.+-)C(+.!
<4!/).!:+<,4!I,4J+K<!.+*+14I)(C!/(.!K,)<)K)-:@!$(!+S/:I1+!A/-+.!4(!6)4!.+!5/(+),4!:+<,4!)-!.)-K?--+.@!
!
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1. Introdução 

1.1 O transporte metroviário 

H!:+<,W! <+:!-+!:4-<,/.4Q! +:! <4.4!4!:?(.4Q! K4:4!/!:+1D4,! -41?E34!I/,/!4! <,/(-I4,<+!.+!
I/--/C+),4-! +:! C,/(.+-! K)./.+-Q! -+(.4! K4:?:! /! -?/! I,+-+(E/! (/! :/)4,)/! .+1/-! \5/(+]-Q!
^__`aQ!(34!-V!I+1/!+S)-<N(K)/!.+!K4,,+.4,+-!.+!/1</!.+:/(./Q!:/-!</:AP:!I4,!4>+,+K+,!?:!
-+,*)E4!I4<+(K)/1:+(<+!/<,/<)*4!I/,/!?-?O,)4-!.+!4?<,/-!:4./1)./.+-Q!K4:4!W()A?-!+!K/,,4Q!
,+<),/(.4!*+UK?14-!./-!*)/-!IbA1)K/-@!c+--+! -+(<).4Q!K4(<,)A?)!I/,/!:+1D4,/,!4!.+-+:I+(D4!
.4! <,O>+C4! +! :)():)d/,! -?/-! +S<+,(/1)./.+-Q! K4:4! 4-! K4(C+-<)4(/:+(<4-Q! /K).+(<+-! .+!
<,e(-)<4!+!.+C,/./E34!/:A)+(</1@!$I+(/-!/-!+S<+,(/1)./.+-!:4(+</,)/:+(<+!M?/(<)>)KO*+)-!+!
/--4K)/./-!/4-!K4(C+-<)4(/:+(<4-!.+,)*/.4-!.4!+SK+--4!.+!*+UK?14-!(/-!*)/-!?1<,/I/--/:!/!
K/-/! .+! ?:! A)1D34! .+! .V1/,+-F/(4Q! -+C?(.4! +-<?.4-! ,+/1)d/.4-! +:! .)*+,-/-! :+<,VI41+-!
/:+,)K/(/-!+!+?,4IP)/-! \[G"%Q!^__fa@!c34!K4(</,!K4:!?:/! ,+.+!/.+M?/./!.+-<+! -+,*)E4!P!
K4(.+(/,! /! K)./.+! /! K4(*)*+,! K4:! -P,)4-! I,4A1+:/-! (4! <,e(-)<4! +! K4:! A/)S4! (U*+1! .+!
M?/1)./.+! .+! *)./Q! .+-4,.+:! +! I41?)E34Q! I4.+(.4! KD+C/,! /4! K41/I-4@! &--+! K41/I-4! I4.+!
,+-?1</,Q!/<PQ!(/!>?C/!.+!+:I,+-/-!.+!C,/(.+!I4,<+!I/,/!4?<,4-!14K/)-Q!(/!,+.?E34!.4!>1?S4!.+!
)(*+-<):+(<4-!I/,/!/!K)./.+Q!(/!,+<,/E34!.4!:+,K/.4!.+!<,/A/1D4!+!(/!K4(-+Mg+(<+!I+,./!./!
/,,+K/./E34! .+! ):I4-<4-! I+14! B4.+,! BbA1)K4! \#+<,W!6)4Q! hiiia@!H! -)-<+:/!:+<,4*)O,)4! -+!
K/,/K<+,)d/Q! +S/</:+(<+Q! I4,! <+,! ?:/! C,/(.+! K/I/K)./.+! .+! <,/(-I4,<+Q! (34! -+,! I41?+(<+! +!
?<)1)d/,!+(+,C)/! ,+(4*O*+1Q! -+(.4Q!+:!*)-</!.+--/-!K/,/K<+,U-<)K/-Q! )(.)K/.4!+:!K4,,+.4,+-!+!
O,+/-!/1</:+(<+!/.+(-/./-!+! K4:!+1+*/./-!.+:/(./-!.+!*)/C+(-@!$I+-/,!./!K/I/K)./.+!.+!
?:! -)-<+:/! :+<,4*)O,)4! .+I+(.+,! .+! )(b:+,4-! >/<4,+-Q! <)I)K/:+(<+! +1/! -?I+,/! 4-! ^f@iii!
I/--/C+),4-FD4,/F-+(<).4Q! I4.+(.4! +-<+! */14,! ?1<,/I/--/,! /! K/-/! .4-! ji@iii! \#+114Q! ^_klm!
%6nQ!^__fm!G/:I4-!o!2d/-dQ!^__jm!"]$C4-<4Q!^___a@!

&:!<4.4!4!:?(.4!-+!K4(</*/:Q!+:!^___Q!^il!-)-<+:/-!.+!:+<,WQ!.4-!M?/)-!^^!(/!$:P,)K/!
.4!2?1Q!-+(.4!j!A,/-)1+),4-!\n+14!p4,)d4(<+Q!n,/-U1)/Q!B4,<4!$1+C,+Q!6+K)>+Q!6)4!.+!5/(+),4!
+! 234! B/?14a@! c+-<+! <,/A/1D4! -+! )(K1?)! ?:! +S+:I14! .+! /I1)K/E34! ./! D+?,U-<)K/! /M?)!
/I,+-+(</./!/4!.+-+(*41*):+(<4!.+!?:/!I,4I4-</!.+!+SI/(-34!.4!-)-<+:/!:+<,4*)O,)4!.4!
6)4!.+!5/(+),4@!

c4!C+,/1!4A-+,*/9-+!M?+!4!I1/(+J/:+(<4!.+!,+.+-!.+!<,/(-I4,<+-Q!+:!I/,<)K?1/,!:+<,4*)O,)/-Q!
<+:!K4:4!K,)<P,)4! .+! /(O1)-+! I4<+(K)/1)d/,! 4! .+-+(*41*):+(<4! .4! +-I/E4! -VK)49+K4(W:)K4Q!
/<+(.+,!/!C,/(.+-!K4(<)(C+(<+-!.+!.+:/(./!+!:)():)d/,!K?-<4-!.+!):I1/(</E34F4I+,/E34!+!4-!
):I/K<4-! /:A)+(</)-! \$,,?./Q! ^_lim!6)A+),4Q! ^_lia@!H!I,4K+--4! <,/.)K)4(/1! .+!:4.+1/C+:!
?-/.4!P!K4(D+K).4!K4:4!q.+!M?/<,4!+</I/-r!.+(4:)(/./-;!C+,/E34!.+!*)/C+(-Q!.)-<,)A?)E34!
.+!*)/C+(-Q!+-K41D/!:4./1!+!/14K/E34!.4!<,O>+C4@!$!-?/!/I1)K/E34!+(*41*+!/1<4-!K?-<4-!+!?:/!
M?/(<)./.+! +S<,+:/:+(<+! +1+*/./! .+! ./.4-Q! (4,:/1:+(<+! (34! .)-I4(U*+)-! +:! I/U-+-! +:!
.+-+(*41*):+(<4@! H-! I,4C,/:/-! K4:I?</K)4(/)-! +S)-<+(<+-! (4!:+,K/.4! -34! D/A)<?/1:+(<+!
K/1)A,/.4-!I/,/!4?<,/-!,+/1)./.+-!+! <N:!?:/!K4(K+IE34!I4?K4! )(<+,/<)*/!K4:!4-!/(/1)-</-!+!
/<4,+-!)(<+,*+()+(<+-@!

$1C?:/-!I+-M?)-/-!-4A,+!+-<+!<+:/!)(.)K/:!?:/!I,+4K?I/E34!:/)4,!K4:!4!.+-+(D4!.+!,+.+-!
/1):+(</./-! I4,! W()A?-! +! 4! +:I,+C4!.+! <PK()K/-! .+! I,4C,/:/E34!:/<+:O<)K/! .+! >1?S4! +:!
,+.+-Q!-)-<+:/-!.+!)(>4,:/E34!C+4C,O>)K/!+![(<+1)CN(K)/!$,<)>)K)/1!\/1C4,)<:4-!C+(P<)K4-aQ!(34!
<+(.4! -).4! +(K4(<,/./! (/! 1)<+,/<?,/! K4(-?1</./! /A4,./C+:! -):)1/,! s! I,4I4-</! .+-<+! /,<)C4!
\2D)D!et al@Q!^__lm!GD4)!o!5/(CQ!hiiim!2D,)*/-</*!o!"D)(C,/Q!hii^m!n,?(4!et al.Q!hiiha@!

H-! )(-<,?:+(<4-! +! K,)<P,)4-! /.4</.4-! (+-<+! <,/A/1D4! I+,:)<+:! ?:/! *)-34! I,+1):)(/,! ./!
+-<,?<?,/!.+!,+.+Q!?<)1)d/(.49-+!./.4-!.+!4A<+(E34!:/)-!-):I1+-!+!,OI)./@!H!I,4J+<4!,+-?1</(<+!
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I4.+,O!-+,!+:!-+C?)./!/*/1)/.4!I4,!<PK()K/-!:/)-!+1/A4,/./-Q!+</I/!+--/!M?+Q!(4!+(</(<4Q!(34!
P!K4(<+:I1/./!/M?)@!

!
1.2 Características do problema 

6+-41*+,! ?:! I,4A1+:/! /<,/*P-! .+! ?:! :4.+14! .+! C,/>4! ):I1)K/Q! K4:! >,+MgN(K)/Q! +:! ?:!
+->4,E4!I/,/!-?I1/(</,!.)>)K?1./.+-!.+!K/,O<+,!K4:A)(/<V,)4!/--4K)/./-!s-!K/,/K<+,U-<)K/-!.4!
I,4A1+:/Q! +-I+K)/1:+(<+! M?/(.4! -+! .)-IR+! .+! ?:! /:I14! ?()*+,-4! .+! /1<+,(/<)*/-!
,+1/K)4(/./-!+(<,+!-)Q!+:!:+)4!s-!M?/)-!-+!A?-K/!?:/!4<):)d/E34!/4!:+(4-!/I,4S):/./@!

H!I,4A1+:/!.4!I,4J+<4!./!,+.+!:+<,4*)O,)/!<+:!4?<,/!(/<?,+d/;!+--+(K)/1:+(<+!-+!<,/</!.+!?:!
I,4A1+:/! .+! I+,K?,-4-Q! K4:! ?:/! ,+-<,)E34! /.)K)4(/1! \(4! +(</(<4! K4(<4,(O*+1a! I/,/! 4! C,/?!
:OS):4! .4-! *P,<)K+-@! 2?/-! I,)(K)I/)-! K/,/K<+,U-<)K/-! -34! ?:/! 4,.+:! +:! C+,/1! :V.)K/Q!
+(*41*+(.4! K?-<4-! .+! I,4J+<4! +! .+! +S+K?E34! +S<,+:/:+(<+! +1+*/.4-! +! .+! +S+K?E34!
-+Mg+(K)/./!(4!<+:I4@!$!K4(-<,?E34!.+!?:!-)-<+:/!:+<,4*)O,)4!P!?:/!/<)*)./.+!M?+!4K4,,+!
/4! 14(C4!.+!?:!I+,U4.4!:?)<4!+S<+(-4Q!.),)C)./!I+1/-!(+K+--)./.+-!./!K)./.+!+!I+14-! -+?-!
I1/(4-! .+! .+-+(*41*):+(<4@! 0,+Mg+(<+:+(<+! -+! <,/A/1D/Q! +:! K/./! PI4K/Q! +:! ?:/! 1)(D/!
/I+(/-@!H! I,4J+<4! P! -?J+)<4! /! .)*+,-4-! <)I4-! .+! K4(.)K)4(/(<+-! ,+1/K)4(/.4-! s! +-<,?<?,/! ./!
,+.+Q!/1P:!.4-!>/<4,+-!.+K)-V,)4-!M?+!1+*/:!s!+-K41D/!.+!K/./!)<)(+,O,)4!/!-+,!+>+<)*/:+(<+!
K4A+,<4Q!</)-!K4:4!./.4-!.+!.+:/(./Q!M?+!>)C?,/:!+(<,+!4-!+1+:+(<4-!.+!:/)-!>OK)1!)(<+,/E34!
K4:! 4! I,4J+<)-</@! "+-</K/9-+Q! +(<,+</(<4Q! 4! K?)./.4! K4:! M?+! -+! .+*+! +-<?./,! 4!
K4:I4,</:+(<4! ./! .+:/(./! >?<?,/Q! I/,<)K?1/,:+(<+! (4! K/-4! A,/-)1+),4Q! (34! -V! I+1/-!
-)C()>)K/<)*/-! </S/-!.+!K,+-K):+(<4!?,A/(4!./-!I,)(K)I/)-!K)./.+-Q!K4:4!I4,! -+,+:!I4?K4-Q!
4?!)(+S)-<+(<+-!+:!:?)<4-!K/-4-Q!4-!)(-<,?:+(<4-!.+!K4(<,41+!.+!?-4!.4!-414Q!+!K4(-+Mg+(<+9
:+(<+!.4-!>1?S4-!.+!*)/C+(-@!

H! C,/>4! ,+I,+-+(</<)*4! .+! ?:/! ,+.+! .+!:+<,W! /I,+-+(</Q! +:! I,)(KUI)4Q! /! ,+-<,)E34! .+! C,/?!
:OS):4!TQ!/--4K)/./!s! ):I4--)A)1)./.+!.4!K,?d/:+(<4!+:!(U*+1!.+!.?/-! 1)(D/-@!$-!4IER+-!
I/,/! +--+! K,?d/:+(<4! -34Q! D/A)<?/1:+(<+Q! /! ./! K4(-<,?E34! .+! .4)-! /(./,+-Q! 4?! +(<34! /! ./!
?()34! ./-! .?/-! 1)(D/-! I4,! ?:! K4,,+.4,! ?<)1)d/.4! I+14-! I/--/C+),4-! I/,/! /! <,/(->+,N(K)/! .+!
?:/!1)(D/!I/,/!4?<,/@!&-<+!b1<):4!,+K?,-4!P!>,+Mg+(<+:+(<+!?<)1)d/.4Q!+:!*)-</!.+!I+,:)<),Q!(/!
I,O<)K/Q!M?+!?:/!+-</E34! ,+K+A/!M?/1M?+,!(b:+,4!.+! 1)(D/-@!#/(<P:9-+!/!.)-K?--34! )()K)/1!
A/-+/./! (/! ,+-<,)E34! .4! C,/?! +:! *)-</! .4!:+(4,! K?-<4! M?+! +1/! <,/dQ! D/A)<?/1:+(<+Q! I/,/! /!
K4(-<,?E34!./-!+-</ER+-m!(4!+(</(<4Q!/A,+9-+!/!I4--)A)1)./.+!.+!.+)SO91/!.+!1/.4!(/!,+-41?E34!
)(<+,/<)*/Q!K/-4!)--4!-+!:4-<,+!K4(*+()+(<+@!"+!>/<4Q!+:!K/./!+-</E34!P!?-?/1!M?+!(34!:/)-!.+!
.?/-! 1)(D/-! -+! K,?d+:Q! I4)-! K/./! 1)(D/! .+:/(./! ?:! /(./,Q! ,+-<,)(C)(.4! 4! +:I,+C4! .+!
+-</ER+-! K4:! :/)-! .+! .4)-! /(./,+-! +:! *)-</! .4! +1+*/.4! K?-<4@! G/./! /(./,Q! P! K1/,4Q!
K4(<,)A?),O!K4:!(4!:OS):4!.?/-!?()./.+-!.+!C,/?!\K4,,+-I4(.+(<+-!s!KD+C/./!+!s!-/U./!.+!
?:/!1)(D/aQ!4!M?+!<+(.+!/!1):)</,!/!T!4!C,/?!.+!?:!*P,<)K+!(4!C,/>4!,+I,+-+(</<)*4!./-!1)(D/-@!

&-</!,+-<,)E34!<4,(/!4!I,4A1+:/!(34!I41)(4:)/1@!B4,!4?<,4!1/.4Q!?:!)(-<,?:+(<4!+>)K)+(<+!(4!
-+(<).4! .+! /I,+-+(</,! I,4I4-</-! I/,/! ?:/! :/1D/! :+<,4*)O,)/! (34! .+*+,O! <+,! +1+*/./!
K4:I1+S)./.+! K4:I?</K)4(/1Q! (34! >/d+(.4! -+(<).4Q! I4,</(<4Q! /! +S+K?E34! .+! <+-<+-! .+!
+>)K)N(K)/! /*/1)/.4-! I+14! <+:I4! .+! +S+K?E34@! "+! M?/1M?+,! >4,:/Q! ?:/! D+?,U-<)K/! -+,O!
(+K+--O,)/!+:!*)-</!./-!.)*+,-/-!K4(-).+,/ER+-!/!-+,+:!K4(<+:I1/./-!(/!/(O1)-+!./!C+,/E34!
-?K+--)*/!./-!1)(D/-Q!4!M?+!*+:!/)(./!,+-41*+,!4!I,4A1+:/!./!K4:I1+S)./.+@!H!M?+!):I4,</Q!
.+!>/<4Q!P!/!K/I/K)./.+!.+--/!D+?,U-<)K/!.+!1)./,!K4:!/-!)(J?(ER+-!/!-+,+:!1+*/./-!+:!K4(</!
(+--+! I,4K+--4@! c+-<+! I4(<4Q! +S/</:+(<+Q! P! I,+K)-4! M?+! 4! I,4K+--4! -+! <4,(+! )(<+,/<)*4Q!
I+,:)<)(.4! /4! I,4J+<)-</Q! -+J/! /! K/./! 1)(D/! C+,/./! 4?! /4! >)(/1Q! )(<,4.?d),! (/! -41?E34! /! -?/!
*)-34!.4!I,4A1+:/@!
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1.3 A heurística e sua construção 

H!<,/A/1D4!>4)!.+.)K/.4!/4!.+-+(*41*):+(<4!.+!?:/!>+,,/:+(</!K4:I?</K)4(/1!A/-+/./!+:!
?:/!<PK()K/!D+?,U-<)K/!)(<+,/<)*/Q!).+/1)d/./!K4:!4!4AJ+<)*4!.+!/?S)1)/,!4!I,4J+<4!+!/!K,U<)K/!
.+! ,+.+-! :+<,4*)O,)/-! +! ./,! ,+-I/1.4! /4-! I1/(+J/.4,+-! .4! -)-<+:/! .+! M?+! 4! I,4J+<4! >)(/1!
/<+(.+! /4-! )(<+,+--+-! -4K)/)-! +! +K4(W:)K4-! +! </:AP:! ,+-I+)</! /-! ,+-<,)ER+-! )(+,+(<+-! /4!
I,4A1+:/@! $! D+?,U-<)K/! >4)! +1/A4,/./Q! +(<34Q! I/,/! 4>+,+K+,! /4! I,4J+<)-</! I,4I4-</-! JO!
-+1+K)4(/./-! +:! /K4,.4! K4:! /-! M?+-<R+-! .+! +-<,?<?,/Q! I/,/! M?+! +1+! /-! /I+,>+)E4+! I+1/!
)(<,4.?E34!.4-!.+:/)-!+1+:+(<4-!.+!/*/1)/E34@!

H!<,/A/1D4Q!M?+!+(*41*+?!>/-+-!/1<+,(/./-!.+!K4(-<,?E34!+!.+!<+-<+-Q!?-4?!,+K?,-4-!.+!C,/>4-!+!
I,4K+.):+(<4-! ./! C+4:+<,)/! K4:I?</K)4(/1Q! +-<+-! b1<):4-! (/! C+,/E34! .+! C,/>4-9-?I4,<+!
.+-<)(/.4-!/4-! <+-<+-!M?+!I+,:)<),/:!4!/I+,>+)E4/:+(<4!./!D+?,U-<)K/@!&*).+(<+:+(<+Q!+--+!
:+-:4!I,4K+--4!I4.+,O!1+*/,!/!:+1D4,)/-!+!/I,):4,/:+(<4-!?1<+,)4,+-@!

$4!-+!K4(-<,?),!?:!C,/>49-?I4,<+!I/,/! <+-<+-Q!I/,<)?9-+!.+!?:!K4(J?(<4!.+!*P,<)K+-!C+,/.4-!
/1+/<4,)/:+(<+! +:! ?:/! O,+/! 1):)</./! .4! I1/(4Q! I/,/! +:! -+C?)./! 4A<+,9-+! ?:! C,/>4! I1/(/,!
<,)/(C?1/.4@!c+-<+!:4:+(<4! -+! <,/A/1D4?!K4:!K/-K/-!K4(*+S/-! -?K+--)*/-Q!I/,<)(.49-+!.4-!
*P,<)K+-!:/)-!.)-</(<+-!.4)-!/!.4)-Q!C+,/(.4!K4:!+1+-!?:!K)K14!+!I,4K+.+(.4!)<+,/<)*/:+(<+!
./! :+-:/! >4,:/! K4:! 4-! *P,<)K+-! <4</1:+(<+! .+-K4(+S4-! /)(./! +S)-<+(<+-@! $4! >)(/1Q! I4.+!
4K4,,+,! M?+! ,+-<+:! /I+(/-! .4)-! *P,<)K+-! /4! K+(<,4m! (+-<+! K/-4Q! +1+-! -+,)/:! -):I1+-:+(<+!
K4(+K</.4-!I4,!?:/!/,+-</@!

&:! -+C?)./! K/./! K)K14! :/)-! +S<+,)4,! P! 1)C/.4! /4! ):+.)/</:+(<+! )(<+,)4,! I4,! /,+-</-! .+!
K4:I,):+(<4!:U():4Q!+:!(b:+,4!-?>)K)+(<+!I/,/!M?+!-+!4A<+(D/!?:/!<,)/(C?1/E34!14K/1@!2+!
/!,+C)34!K+(<,/1!.4!K4(J?(<4!K4(<)*+,!/I+(/-!?:!*P,<)K+Q!+1+!-+,O!?().4!/!<4.4-!4-!*P,<)K+-!.4!
K)K14! )(<+,)4,! \?-/(.4!Y!/,+-</-Q! -+!Y! >4,!4!(b:+,4!.+!*P,<)K+-!.+--+!K)K14m! JOQ! -+! +S)-<),+:!
.4)-! *P,<)K+-Q! /! <,)/(C?1/E34! 14K/1! +S)C),O! Y!t!h! /,+-</-! +! (+-<+! K/-4! -+! ?<)1)d/! /)(./! ?:!
K,)<P,)4! .+! +-K41D/! ./! :+(4,! /,+-</a@! H-! .+</1D+-Q! A+:! K4:4! ?:! +S+:I14Q! +-<34! (4!
$IN(.)K+@!

&-</!<PK()K/!>4)!J?1C/./!I,+>+,U*+1!s!<,)/(C?1/E34!.+!"+1/?(/Z!\*+,Q!I4,!+S+:I14Q!B,+I/,/</!o!
2D/:4-Q!^_lfa@!&-</!K4(D+K)./!<PK()K/!.+!8+4:+<,)/!G4:I?</K)4(/1!P!.+!>OK)1!?-4!+!?<)1)d/!
?:!K,)<P,)4!.+!I,4S):)./.+!+(<,+!I4(<4-Q!4!M?+!/!/I4(</,)/!K4:4!).+/1!I/,/!/!/I1)K/E34!/M?)!
.+-+(*41*)./@!c4!+(</(<4Q!+1/!(34!C/,/(<+!?:/!+-<,?<?,/!.+!K4:I,):+(<4!:U():4Q!/!(34!-+,!
M?/(.4!-+!?<)1)d/:!.)-<e(K)/-!+?K1).)/(/-;!+Q!+S/</:+(<+Q!(4!I,4A1+:/!+:!+-<?.4Q!/-!/,+-</-!
.4! C,/>49-?I4,<+! I4--?+:!?:/! */14,/E34! +:! <+,:4-! .+! K?-<4! M?+! .+I+(.+! (34! /I+(/-! ./!
.)-<e(K)/!:/-!/)(./!.+!.)*+,-/-!4?<,/-!M?+-<R+-@!&(>):Q!/!<PK()K/!?<)1)d/./!1):)</!/!A?-K/!.+!
:+(4,+-! /,+-</-! s-! 1)C/ER+-! +(<,+! 4-! K)K14-! -?K+--)*4-Q! 4! M?+!.+*+! >/*4,+K+,! /! C+,/E34! .+!
1)(D/-!:/)-!.),+</-!?()(.4!*P,<)K+-!I+,)>P,)K4-@!

$!.+>)()E34!.4!K4(J?(<4!.+!*P,<)K+-!.4!C,/>49-?I4,<+!\+-</ER+-!M?+!>/,34!I/,<+!./!,+.+aQ!+:!
?:/!/I1)K/E34!,+/1!./!D+?,U-<)K/Q!(34!>/d!I/,<+!.4!+-K4I4!.4!<,/A/1D4@!H-!*P,<)K+-!.+*+:!-+,!
+-</A+1+K).4-! a priori! I+1/! +S)-<N(K)/! .+! ?:/! .+:/(./! M?+! J?-<)>)M?+! /! K,)/E34! .+! ?:/!
+-</E34! (/M?+1+! I4(<4Q! 4?! I+14! )(<+,+--+! +:! -+! .+-+(*41*+,! .+<+,:)(/./! O,+/! ?,A/(/! I+1/!
4>+,</! .+! ?:! <,/(-I4,<+! IbA1)K4! .+! :/)4,! K/I/K)./.+@! B/,/! 4! K/-4! .4!:+<,WQ! ?:! :P<4.4!
I,4I4-<4! I/,/! +-K41D/! .+! +-</ER+-! P! /I,+-+(</.4! I4,! 5?(M?)1D4! \^_l^a! +! -+! A/-+)/! (/!
:/S):)d/E34! .4! A+(+>UK)4! 1UM?).4Q! +SI,+--4! K4:4! /! +K4(4:)/! .+! K?-<4! .+! *)/C+:! .4-!
I/--/C+),4-!\:+.)./!I+14!<+:I4!.+!*)/C+:a!+!4-!K?-<4-!+(*41*).4-!(/!K4(-<,?E34!+!4I+,/E34!
.4!-)-<+:/@!
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2. Descrição da Heurística 

2.1 Considerações iniciais 

$!Heurística de Geração de Linhas (HGL)! <+:!K4:4!I,4IV-)<4!K4(<,)A?),!(4!I,4K+--4!.+!
+1/A4,/E34!.+!?:!I,4J+<4!.+!:+<,W!M?+!,+-I+)<+!/! ,+-<,)E34!.+!C,/?! )(+,+(<+!/4!I,4A1+:/!+!
M?+!I+,:)</!/!K/./!+</I/!/!)(<+,/E34!K4:!/!+M?)I+!,+-I4(-O*+1!I+14!I,4J+<4@!B/,<)(.4!.+!?:!
C,/>49-?I4,<+!GQ! 4AJ+<)*/9-+!C+,/,! 1)(D/-!M?+!:)():)d+:!4! K?-<4! <4</1! .+! K4(-<,?E34@!B/,/!
)--4Q!I,4K?,/:9-+!4-!K/:)(D4-!.+!:+(4,!K?-<4!+(<,+!4-!*P,<)K+-!I+,)>P,)K4-@!

':!I4(<4!):I4,</(<+!(+-<+!I,4A1+:/!+-<O!(4!>/<4!.+!M?+!4!:4.+14!.+!C,/>4!(34!P!-?>)K)+(<+Q!
+-<,?<?,/1:+(<+Q!K4:4!?:/!A/-+!.+!./.4-!,+I,+-+(</<)*/!.4!-)-<+:/!:+<,4*)O,)4@!u!I,+K)-4Q!
</:AP:Q!M?+!-+!<+(D/!)(>4,:/E34!-4A,+!M?/)-!-34!/-!1)(D/-!K4(-).+,/./-Q!4?!-+J/Q!I4,!4(.+!
I/--/:!/-!K4:I4-)ER+-@!

H! C,/>4! >)(/1!H, 4A<).4! I+1/! /I1)K/E34! ./! D+?,U-<)K/! .+! C+,/E34! .+! 1)(D/-Q! -+,O! ?:! C,/>4!
I/,K)/1! .+! G >4,:/.4! I+1/! ?()34! .+! <4./-! /-! 1)(D/-Q! ,+-I+)</(.4! /-! ,+-<,)ER+-! .+! K?-<4!
:U():4!.+!K4(-<,?E34!+!.+!C,/?Q!4?!-+J/Q!M?+!(34!<+(D/:!*P,<)K+-!K4:!C,/?!-?I+,)4,!/!TQ!4?!
K4:!C,/?!(?14!\M?+!-+,)/:!+-</ER+-!(34!/<)(CU*+)-!I+1/!,+.+a@!

$!p8v!P!/I1)K/./!/<,/*P-!.+! <,N-!+</I/-Q! -+(.4!M?+!/!I,):+),/!+S+K?</!?:!I,4C,/:/!I/,/!
C+,/,!caminhos candidatos! \4?!-+J/Q!K/:)(D4-!M?+!/I,+-+(</:Q!+:!I,)(KUI)4Q!K4(.)ER+-!.+!
-+,+:!-+1+K)4(/.4-!K4:4!1)(D/-a!+!/-!.?/-!b1<):/-!-34!+</I/-!M?+!/(/1)-/:!+!-+!(+K+--O,)4!
:4.)>)K/:!+-<+-!K/:)(D4-!/<,/*P-!.+!K,)<P,)4-!I,P9.+>)().4-Q!I/,/!M?+!I4--/:!+*+(<?/1:+(<+!
-+,! -+1+K)4(/.4-@! &-</-! +</I/-! -34! +S+K?</./-! /<,/*P-! ./! )(<+,>/K+! K4:! 4! I1/(+J/.4,! .4!
-)-<+:/Q! M?+! /--):! )(<+,*P:! (4! I,4K+--4Q! )(<,4.?d)(.4! (4! I,4J+<4! /-! +-I+K)>)K)./.+-! .4!
K4(<+S<4!.+!/I1)K/E34!.4!:+<,W@!

!

2.2 Primeira etapa da HGL: Geração de caminhos candidatos 

$!I,):+),/!+</I/!K4(-)-<+!(/!+S+K?E34!.+!?:!I,4K+.):+(<4!M?+!<+:!K4:4!+(<,/./!/!:/<,)d!
.+!*/14,+-!./-!/,+-</-!.4!C,/>49-?I4,<+@!H!I,4K+.):+(<4!/I1)K/!4!/1C4,)<:4!.+!014Z.!\014Z.Q!
^_jha!+!A?-K/Q!(/!:/<,)d!.+!.)-<e(K)/-!M?+!.+1+!,+-?1</Q!K/:)(D4-!K/(.)./<4-!/!I/,<)K)I/,+:!
./-!1)(D/-!.4!-)-<+:/!:+<,4*)O,)4@!H!I,4K+--4!.+!A?-K/!.+!K/:)(D4-!K/(.)./<4-!P!)<+,/<)*4!+!
K4(-)-<+!+:!-+!4A<+,Q!./!:/<,)d!.+!.)-<e(K)/-!*)C+(<+!/!K/./!)<+,/E34Q!/!:/)4,!.)-<e(K)/!+(<,+!
I/,+-! .+! *P,<)K+-Q! >/d+,! 4! ,+<,/E/:+(<4! .4! I+,K?,-4! K4,,+-I4(.+(<+! +! d+,/,! /! .)-<e(K)/! (/!
:/<,)d@!2+!D4?*+,!(+-<+! )<)(+,O,)4!I+14!:+(4-!?:!*P,<)K+!/)(./!(34!?<)1)d/.4Q! K4(-).+,/9-+!
+-<+!K/:)(D4!K4:4!K/(.)./<4!/!I/,<)K)I/,!.+!?:/!1)(D/!.4!-)-<+:/@!H!I,4K+--4!)<+,/<)*4!.+!
A?-K/!.+!K/:)(D4-!K/(.)./<4-!<+,:)(/!M?/(.4!<4.4-!4-!*P,<)K+-!.4!C,/>4!I+,<+(K+,+:!/!I+14!
:+(4-!?:!K/:)(D4@!B4,</(<4Q!4!/1C4,)<:4!+S+K?</,O!H\(a!)<+,/ER+-!I41)(4:)/)-@!

H-! I,4K+.):+(<4-! +S+K?</.4-! +-<34! )(.)K/.4-! /! -+C?),Q!:/-! (34! +-<34! .+</1D/.4-! (4! <+S<4!
?:/! *+d! M?+! -+! <,/</! .+! )(-<,?:+(</1! I/.,34! ./! <+4,)/! .4-! C,/>4-@! H-! .+</1D+-Q! /!
(4:+(K1/<?,/!+!/!(4</E34!+-<34!+:!n4/*+(<?,/!c+<<4!\hiiha@!

w! B,4K+.):+(<4! inicialização;! 1N! .+! ?:! /,M?)*4! .+! +(<,/./! 4-! ./.4-! ./-! :/<,)d+-! .+!
.)-<e(K)/!+!/.J/KN(K)/!.4!C,/>49-?I4,<+!C+,/.4@!

w! B,4K+.):+(<4 floyd;! +S+K?</! 4! /1C4,)<:4! .+! 014Z.Q! C+,/(.4! K4:4! -/U./! /! :/<,)d! .+!
.)-<e(K)/-!M?+!K4(<P:!4-!*/14,+-!.4!:+(4,!K/:)(D4!\!)Ja!+(<,+!K/./!I/,!.+!*P,<)K+-!\)QJa!+!
/!:/<,)d!.+!,4<+/:+(<4!>)(/1!\0/,A+Z!et al@Q!^_jkm!v/(.!o!2</),-Q!^_jka@!
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w! B,4K+.):+(<4 retraçamento (i,j);!>/d!4!,+<,/E/:+(<4!.4!K/:)(D4!:U():4!+(<,+!4!I/,!.+!
*P,<)K+-!\)QJa!?<)1)d/(.4!/!:/<,)d!.+!,4<+/:+(<4!>)(/1!4A<)./!/IV-!/!/I1)K/E34!.4!/1C4,)<:4!
.+!014Z.@!

w! B,4K+.):+(<4 maior distância;!A?-K/!(/!:/<,)d!.+!.)-<e(K)/-!>)(/1!4A<)./!I+1/!/I1)K/E34!
.4! /1C4,)<:4! .+! 014Z.! /! I4-)E34! "xJQYy! M?+! I4--?)! 4! :/)4,! */14,Q! /,:/d+(/(.4! /-!
I4-)ER+-!.4!I/,!.+!*P,<)K+-!\JQYa!(/-!*/,)O*+)-!J:.!+!Y:.Q!I4-<+,)4,:+(<+!d+,/!/!I4-)E34!
.xJ:.QY:.yQ! I/,/! M?+! (/! I,VS):/! +S+K?E34! .+-<+! I,4K+.):+(<4! -+! +(K4(<,+! /! I,VS):/!
:/)4,!.)-<e(K)/@!

c/!.+-K,)E34!/!-+C?),Q!/-!*/,)O*+)-!,+>+,+(K)/./-!<N:!4!-+C?)(<+!-)C()>)K/.4;!

w! nvi;! */,)O*+1! )(<+),/! M?+! /,:/d+(/! 4! (b:+,4! .+! *P,<)K+-! JO! I+,<+(K+(<+-! /4-! K/:)(D4-!
K/(.)./<4-!C+,/.4-m!

w! nca;!(b:+,4!.+!K/:)(D4-!C+,/.4-m!
w! mca[j,k];!:/<,)d!M?+!/,:/d+(/!4-!K/:)(D4-!K/(.)./<4-m!
w! nvca;!*/,)O*+1!M?+!/,:/d+(/!4!(b:+,4!.+!*P,<)K+-!I+,<+(K+(<+-!/4!K/:)(D4!C+,/.4!/!K/./!
)<+,/E34m!

w! vnca;!*/,)O*+1!M?+!/,:/d+(/!4!(b:+,4!.+!*P,<)K+-!(4*4-!(4!K/:)(D4Q!4?!-+J/Q!4!(b:+,4!
.+!*P,<)K+-!M?+!+-<34!I/,<)K)I/(.4!I+1/!I,):+),/!*+d!.+!?:!K/:)(D4@!

!
procedimento  caminhos_candidatosm!

início 
executar  inicializaçãom!
nvi  " im  nca " im 
executar!!>14Z.m!
enquanto!!\(*)!z!(a!!faça!

início 
(K/!"!(K/!t!^m!
executar  maior_distânciam!
executar  retraçamento\J:.QY:.am!
se!!\(K/!{!^a!!então!

início 
vnca!"!nvca; nvi!"!nvi!t!vnca;!

fimm!
senão 

início 
se!!\vnca #!ia!então!

nvi!"!nvi!t!vnca;!
senão 

nca!"!nca – 1;!
fim;!|-+(34}!

fim;!|+(M?/(<4}!
fim.!!|procedimento!caminhos_candidatos}!
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2.3 Segunda etapa da HGL: Análise e modificação do conjunto de caminhos 
candidatos para eliminar trechos de caminhos com sobreposição de trechos 

c34!P!K4(*+()+(<+Q!+:!I,)(KUI)4Q!M?+!.?/-!1)(D/-!<+(D/:!<,+KD4-!\/,+-</-a!+:!K4:?:;!)-<4!
):I1)K/,)/! (/! K4(-<,?E34! .+! ?:! -?I4,<+! .+! .):+(-34! .4A,/./Q! -+J/! +:! -?A<+,,e(+4! \<b(+1!
1/,C4aQ!-+J/!+S<+,(4!\+1+*/.4Q!4?!s!-?I+,>UK)+!.4!-414a@!$!-+C?(./!+</I/!./!p8v!K4(-)-<+!(/!
/I1)K/E34!.+!K,)<P,)4-!.+!/(O1)-+!+!:4.)>)K/E34!.4!K4(J?(<4!.4-!K/:)(D4-!K/(.)./<4-Q!I/,/!
M?+! +1+! I/--+! /! <+,! 4! :+(4,! (b:+,4! I4--U*+1! .+! K/:)(D4-! +! .+! :4.4! M?+! (34! D/J/!
-?I+,I4-)E34!.+!<,+KD4-!.+!1)(D/-@!

H-!K,)<P,)4-!.+!/(O1)-+!+!:4.)>)K/E34!.4-!K/:)(D4-!K/(.)./<4-!-34;!

w! /! :/)4,! .)-<e(K)/! +(<,+! I/,+-! .+! *P,<)K+-! .4! C,/>49-?I4,<+! )()K)/1! P! I,)4,)<O,)/! I/,/!
+-K41D/m!

w! .4)-!K/:)(D4-!M?+!<)*+,+:!+S/</:+(<+!?:!*P,<)K+!I+,)>P,)K4!+:!K4:?:!-34!K4(-).+,/.4-!
K4:4!?:/!b()K/!1)(D/m!

w! -+! D4?*+,! :/)-! .+! .4)-! K/:)(D4-! K/(.)./<4-! K4:! ?:! :+-:4! *P,<)K+! I+,)>P,)K4! +:!
K4:?:Q! I,4K?,/9-+! >/d+,! /! ?()34! .4-! .4)-! K/:)(D4-! M?+! J?(<4-!:/I+/,+:!:/)4,! O,+/!
,/.)/1!4?!<,/(-*+,-/1m!

w! -+!.4)-!K/:)(D4-!.+!</:/(D4!k!<)*+,+:!(k – 1)!*P,<)K+-!+:!K4:?:Q!.)>+,)(.4!/I+(/-!I4,!
?:! .4-! *P,<)K+-! I+,)>P,)K4-Q! +-<?./9-+! /! *)/A)1)./.+! .+! ?()914-! /<,/*P-! .+! ?:!
I,4K+.):+(<4!A/-+/.4!+:!.+-)C?/1./.+-!<,)/(C?1/,+-Q!K4:4!+S+:I1)>)K/.4!/!-+C?),;!

Exemplo:!G4(-).+,/(.4!4-!K/:)(D4-!K/(.)./<4-!!^!{!\S^Q!SjQ!SkQ!S_a!+!!h!{!\S^Q!SjQ!SkQ!SfaQ!
4(.+!!^!P!4!K/:)(D4!.+!:/)4,!K4:I,):+(<4Q!*+,)>)K/9-+!-+!(4!C,/>49-?I4,<+!)()K)/1!+S)-<+!/!
/,+-</! \_Qfa@! G/-4! +S)-</Q! >/d9-+! /! ?()34! .4-! .4)-! K/:)(D4-! K414K/(.49-+! (4! K/:)(D4!
,+-?1</(<+! 4-! \Y!7!^a! *P,<)K+-! K4:?(-Q! -+C?).4-! .4-! *P,<)K+-! >)(/)-! .4! :+(4,! +! .4! :/)4,!
K/:)(D4Q!,+-?1</(.4!4!K/:)(D4!\S^Q!SjQ!SkQ!SfQ!S_a@!2+!(34!+S)-<),!/!/,+-</!\_QfaQ!+1):)(/9-+!4!
-+C?(.4!K/:)(D4@!&-<+!I,4K+.):+(<4!I4.+!-+,!?-/.4!K4:!M?/)-M?+,!I/,+-!.+!K/:)(D4-!M?+!
.)>),/:!.+!/I+(/-!?:!*P,<)K+@!G/-4!(34!-+J/!I4--U*+1!/!?()34Q!+1):)(/9-+!4!:+(4,!K/:)(D4!
\Figura 1a@!

!

~j!

~k!

~^!

~j!

~k!

~^!~^!

~j!

~k!

~_!
~f ~f!~_!

!
 !^! !h! !^!$!!h!

Figura 1!7!'()34!.+!K/:)(D4-!!^!+!!hQ!M?+!.)>+,+:!I4,!/I+(/-!?:!*P,<)K+-!I+,)>P,)K4!

!
H-! K,)<P,)4-! .+! /(O1)-+! +! :4.)>)K/E34! .4-! K/:)(D4-! K/(.)./<4-! .+*+:! -+,! /I1)K/.4-! (34!
/I+(/-! M?/(.4! 4-! K/:)(D4-! .+! </:/(D4! k! .)>+,+:! I+14! *P,<)K+! I+,)>P,)K4! :/-! </:AP:!
M?/(.4!.)>+,+:!+:!/I+(/-!?:/!./-!k!I4-)ER+-@!
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w! 2+!.?/-!1)(D/-!-+!K,?d/,+:!+:!:/)-!.+!?:!*P,<)K+Q!+-<?./9-+!/!I4--)A)1)./.+!.+!.+)S/,!4!
:+(4,!(b:+,4!.+!K,?d/:+(<4-!I4--U*+1@!

w! H-! <,+KD4-! (34! /(/1)-/.4-! M?+! <)*+,+:! /,+-</-! +:! K4:?:! K4:! /-! .+! K/:)(D4-! JO!
.+>)().4-! K4:4! 1)(D/-!.+*+:! <+,! +-</-! /,+-</-! ,+<),/./-@!2+! 4! <,+KD4! ,+-</(<+! <)*+,! I+14!
:+(4-! <,N-! /,+-</-! K4(-+K?<)*/-! I4.+! -+,! K4(-).+,/.4! K4:4! ?:! K/:)(D4! K/(.)./<4Q!
.+*+(.4!-+,!/(/1)-/.4!/<,/*P-!.4-!K,)<P,)4-!/(<+,)4,+-@!

$IV-! /I1)K/E34! .+-<+-! K,)<P,)4-! .+! /(O1)-+! +! 4A<+(E34! .+! ?:! (4*4! K4(J?(<4! I,4I4-<4! I/,/!
1)(D/-! .4! -)-<+:/Q! K?J4-! K/:)(D4-! (34! <N:! (+(D?:/! /,+-</! +:! K4:?:Q! <+:9-+! ?:! C,/>4!
I/,K)/1!H!>4,:/.4!I+1/!?()34!./-!/,+-</-!I+,<+(K+(<+-!s-!1)(D/-!C+,/./-@!

!
2.4 Terceira etapa da HGL: Verificação dos graus dos vértices do grafo H e aplicação 

de operações corretivas, estudo de circuitos e eliminação de trechos paralelos 

2+J/!H! 4!C,/>4!I/,K)/1!M?+! ,+-?1</!./! -+C?(./! +</I/!./!p8v@!$! <+,K+),/! +</I/! K4(-)-<+!(/!
*+,)>)K/E34!.4-!C,/?-!.4-!*P,<)K+-!.+!HQ!+!,+-41*+,!4-!I,4A1+:/-!+S)-<+(<+-Q!M?+!I4.+:!-+,!.+!
.4)-!<)I4-;!

w! �P,<)K+-!(34!K4(<+:I1/.4-!K4:!1)(D/-Q!4?!-+J/Q!M?+!<+(D/:!C,/?!d+,4m!
w! �P,<)K+-!K4:!C,/?!-?I+,)4,!/!TQ!4?!-+J/Q!M?+!I+,<+(E/:!/!:/)-!.+!.?/-!1)(D/-@!

c4-!.4)-!K/-4-Q!-+!I,4K?,/,O!,+-41*+,!4!I,4A1+:/!+S/:)(/(.4!4!K4(J?(<4!.+!*)d)(D4-!%8\xa!
.4!*P,<)K+!x +:!/(O1)-+@!

c4!I,):+),4!K/-4Q!/1C?:!*P,<)K+!x!(34!P!/<+(.).4m!I,4K?,/:9-+!+(<34!/-!)(<+,-+ER+-!.+!%8\xa!
K4:!/-!1)(D/-!K4(-<,?U./-!+:!A?-K/!.+!/1C?:!*P,<)K+!y!<+,:)(/1!.+!1)(D/Q!4?!.+!.4)-!*P,<)K+-!
K4(-+K?<)*4-!.+!?:/!1)(D/!(+--+!K4(J?(<4m!+:!/:A4-!4-!K/-4-Q!I4.+!-+,!>+)</!/!)(-+,E34!.+!x@!

2+!4!I,4A1+:/!(34!I?.+,!-+,!,+-41*).4!.+--/!>4,:/Q!.+*+:!-+,!,+<),/./-!.4!C,/>49-?I4,<+!G!
/-! /,+-</-! M?+! >/d+:! I/,<+! ./-! 1)(D/-! 4A<)./-! /<P! 4! :4:+(<4! +! +S+K?</.4! (4*/:+(<+! 4!
/1C4,)<:4!.+!014Z.Q!,+/I1)K/(.4!4!I,4K+--4!s!I,4K?,/!.+!?:/!1)(D/!M?+!I/--+!I4,!x@!

B4.+!/)(./!-+,!+-<?././!/!I4--)A)1)./.+!./!)(<+C,/E34!K4:!4?<,/!:4./1)./.+!.+!<,/(-I4,<+Q!
I/,/! -/<)->/d+,!/!.+:/(./!+S)-<+(<+!(+-<+!I4(<4;!.+-</! >4,:/Q!x!(34!-+,)/!K4(-).+,/.4!I/,/!
K4(-<,?E34!.+!?:/!+-</E34@!

H!-+C?(.4!I,4A1+:/!P!:/)-! K4:I1+S4;! P!I,+K)-4!M?+!(34! -+!K,)+:!(4*4-!*P,<)K+-!.+!C,/?!
-?I+,)4,! /! T! +:! HQ! /4! -+! >/d+,! <,4K/-! +:! 1)(D/-@! $1P:! .)--4Q! .+(<,+! /-! .)*+,-/-!
I4--)A)1)./.+-Q! .+*+9-+! +-K41D+,! /! .+! :+(4,! K?-<4! .+! K4(-<,?E34@! B/,/! ,+-41*+,! +--+!
I,4A1+:/Q!.+*+:!-+,!/(/1)-/./-!.?/-!I4--)A)1)./.+-;!

w! 2+!?:!*P,<)K+!<)*+,!C,/?!+(<,+!f!+!l!+:!HQ!K,)/,!?:!(4*4!*P,<)K+!,+I,+-+(</<)*4!.+!?:/!
)(-</1/E34!I,VS):/Q!:/(<+(.49-+! .?/-! 1)(D/-! I/--/(.4! I+14! *P,<)K+! .+! 4,)C+:! +! .+-*)/(.4!
/\-a!,+-</(<+-\-a!I/,/!4!(4*4!K,?d/:+(<4@!"+*+9-+!K4(-).+,/,!+-</!4IE34Q!-+!(?:!,/)4!./!
4,.+:! .+! `ii:! \K4(*+()+(<+! I/,/! <,e(-)<4! /! IPQ! K4(>4,:+! 4A-+,*/.4! (/! I,O<)K/! I/,/!
<,/(->+,N(K)/!.+!I/--/C+),4-a!D4?*+,!I4--)A)1)./.+!.+!K4(-<,?E34!.+--/!(4*/!)(-</1/E34@!

w! c34!D/*+(.4!/!I4--)A)1)./.+!.+!K,)/E34!.+!?:!K,?d/:+(<4!I,VS):4!s!+-</E34!K4:!C,/?!
-?I+,)4,!/!M?/<,4Q!-+,O!I,+K)-4!/*/1)/,!/-!I4--)A)1)./.+-!.+!K4(<4,(/,!x!I4,!?:!K4(J?(<4!
.+! <,4K/-! .+! /,+-</-! M?+! >4)! KD/:/.4Q! +:! C+,/1Q!operação contorno@! 2+! ?:/! 4I+,/E34!
K4(<4,(4!+(*41*+,!?:!*P,<)K+!.+!C,/?!T!I4.+9-+!K/),!+:!-+C?)./!(/!B4--)A)1)./.+!^!+!-+!
,+-41*+,!4!I,4A1+:/!.+!/K4,.4!K4:!/!<PK()K/!.+-K,)</@!



Carmo et al. – Uma heurística interativa para geração de caminhos em grafos com restrição de grau: aplicação ao projeto de sistemas metroviários 

Pesquisa Operacional, v.22, n.1, p.9-36, janeiro a junho de 2002 17 

Possibilidade de linhas circulares:!4A-+,*/,Q!I/,/!4-!*P,<)K+-!<+,:)(/)-!.+!K/./!1)(D/!!)>Q!-+!
(4! C,/>49-?I4,<+! )()K)/1! +S)-<+! /! /,+-</! \S)Q! S>am! K/-4! +1/! +S)-</Q! -?C+,+9-+! 4! +-<?.4! ./!
*)/A)1)./.+!./!K4(-<,?E34!.+-</!1)C/E34Q!M?+!<,/(->4,:/,)/!/!1)(D/!+:!K),K?1/,@!

Eliminação de trechos paralelos:! I4.+! 4K4,,+,! M?+! .4)-! <,+KD4-! .+! 1)(D/! +-<+J/:! :?)<4!
I,VS):4-!(4!C,/>4!HQ!?:/!*+d!M?+!4-!*P,<)K+-!I4--?+:!I4-)ER+-!.+>)()./-!(4!I1/(4!K/,<+-)/(4Q!
P!):I4,</(<+!M?+!-+!+-<?.+!/!+1):)(/E34!.+!?:!.4-!<,+KD4-@!�+,!4!+S+:I14!/!-+C?),@!

!
2.5 Exemplo de aplicação da HGL 

B/,/! +S+:I1)>)K/,! /! /I1)K/E34! ./! D+?,U-<)K/Q! C+,4?9-+! ?:! C,/>49-?I4,<+! I1/(/,! <,)/(C?1/.4!
K4:!^f!*P,<)K+-!\Figura 2a@!
!
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k!

^i!^^!
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f!
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^h!

j

l!

!
Figura 2!7!8,/>49-?I4,<+!I1/(/,!<,)/(C?1/.4!?<)1)d/.4!(4!+S+:I14 

!
$IV-! /! /I1)K/E34! ./! D+?,U-<)K/Q! >4)! >+)</! ?:/! /(O1)-+! ./-! 1)(D/-! M?+! I4.+,)/:! -+,!
<,/(->4,:/./-! +:! K),K?1/,+-Q! K4:4! ?:/! -?C+-<34! .+! ,+/1)d/E34! >?<?,/! K/-4! D/J/! (/! ,+C)34!
.+:/(./!M?+!J?-<)>)M?+!</1!)(*+-<):+(<4@!

$!+S+K?E34!.4!I,4K+.):+(<4!caminhos_candidatosQ!<+(.4!K4:4!+(<,/./!/!:/<,)d!.+!*/14,+-!
./-!/,+-</-!.4!C,/>4!./!Figura 2Q!C+,4?!K4:4!-/U./!4-!-+C?)(<+-!./.4-;!

w! :/<,)d!.+!K/:)(D4-!K/(.)./<4-!/!I/,<)K)I/,+:!./-!1)(D/-!.4!-)-<+:/!\#G$am!
w! *+<4,!K4:!4-!</:/(D4-!.+!K/./!K/:)(D4!K/(.)./<4!\%G$am!+!
w! :/<,)d!.+!*P,<)K+-!I+,)>P,)K4-!\#�Ba!.+!K/./!K/:)(D4!K/(.)./<4@!
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H!I,4K+.):+(<4!C+,4?!k!K/:)(D4-Q!K4,,+-I4(.+(<+-!/4-!+1+:+(<4-!(34!(?14-!+:!K/./!1)(D/!
./!:/<,)d!#G$@!

c/! -+C?(./! +</I/! ./! D+?,U-<)K/Q! >4,/:! /I1)K/.4-! 4-! K,)<P,)4-! .+! /(O1)-+! +!:4.)>)K/E34! .4-!
K/:)(D4-!K/(.)./<4-!./!-+C?)(<+!>4,:/;!

w! H!I,):+),4!K/:)(D4!,+K+A+?!?:/!1)(D/!.4!-)-<+:/Q!?()(.4!4-!*P,<)K+-!I+,)>P,)K4-!h!+!^Tm!

w! H!M?/,<4!K/:)(D4!<+:Q!+:!K4:?:!K4:!4!I,):+),4Q!/I+(/-!?:!*P,<)K+!\I+,)>P,)K4am!+(<34!
-+!>+d!/!?()34!.+--+-!.4)-!K/:)(D4-Q!4A<+(.49-+!|^TQ!^`Q!lQ!`Q!hQ!kQ!^iQ!^^}Q!M?+!I/--4?!/!
-+,!/!I,):+),/!1)(D/!.4!-)-<+:/m!

w! &1):)(/,/:9-+! /-! /,+-</-! .4-! 4?<,4-! K/:)(D4-! K/(.)./<4-! K4)(K).+(<+-! K4:! /-! ./!
I,):+),/!1)(D/!/.4</./;!)-<4!1+*4?!s!,+<),/./!./!/,+-</!\kQ^ia!.4!-+S<4!K/:)(D4@!G4:4!+1+!
I/--4?! /! <+,! :+(4-! .+! <,N-! /,+-</-! K4(-+K?<)*/-Q! .+)S4?! .+! K4(>)C?,/,! K4:4! K/:)(D4!
K/(.)./<4@!H!K4(J?(<4!*)C+(<+!.+!K/:)(D4-!K/(.)./<4-!I/--4?!/!-+,;!

^4!7!|kQ!TQ!`Q!^f}! ! h4!7!|^Q!`Q!TQ!k}Q! ! `4!7!|fQ!_Q!^`Q!^i}! ! T4!7!|jQ!`Q!TQ!k}m!

w! $.4<4?9-+!4!K/:)(D4!|kQ!TQ!`Q!^f}!K4:4!/!-+C?(./!1)(D/!.4!-)-<+:/m!

w! &1):)(4?9-+!/!/,+-</!\`Q!Ta!.4!-+C?(.4!+!M?/,<4!K/:)(D4-!K/(.)./<4-Q!I4,!K4)(K).),!K4:!
?:/!/,+-</!./!-+C?(./!1)(D/!/.4</./@!G4:4!+--+-!K/:)(D4-!I/--/,/:!/!<+,!:+(4-!.+!<,N-!
/,+-</-!K4(-+K?<)*/-Q!+1+-!.+)S/:!.+!I+,<+(K+,!/4!K4(J?(<4!.+!K/:)(D4-!K/(.)./<4-Q!M?+!
I/--4?!/!<+,!/I+(/-!4!K/:)(D4!|fQ!_Q!^`Q!^i}m!

w! $.4<4?9-+!+(<34Q!4!K/:)(D4!|fQ!_Q!^`Q!^i}!K4:4!/!<+,K+),/!1)(D/!.4!-)-<+:/m!

w! G4:4!4!K4(J?(<4!.+!K/:)(D4-!K/(.)./<4-!.+)S4?!.+!+S)-<),Q!I/--/9-+!/!>/d+,!/!*+,)>)K/E34!
.4-!*P,<)K+-!.4!C,/>4!H!4A<).4!/<,/*P-!./-!1)(D/-!/.4</./-!M?+!>4,/:;!

!^!{!|^TQ!^`Q!lQ!`Q!hQ!kQ!^iQ!^^}Q! !h!{!|kQ!TQ!`Q!^f}! +! !`!{!|fQ!_Q!^`Q!^i}@!

H!C,/>4!I/,K)/1!H!>4,:/.4!I+1/-!1)(D/-!.4!:+<,W!/IV-!/!+S+K?E34!./-!.?/-!I,):+),/-!+</I/-Q!
I4.+!-+,!*)-?/1)d/.4!/<,/*P-!./!Figura 3@!

!
!

^!
h!

k!

^i!^^!

^T!

^f!

`!

T!

f!

_!^`!

^h!

j!

l!

!
!
!
!
!
!
!
!
!
!
7!v[cp$!^;!
7!v[cp$!h;!
7!v[cp$!`;!
!
!

Figura 3!7!8,/>4!I/,K)/1!pQ!1)(D/-!.4!-)-<+:/!/IV-!/!-+C?(./!+</I/!
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$-! 1)(D/-!^!+!`! <N:!.4)-!K,?d/:+(<4-! \(4-!*P,<)K+-!^`!+!^iaQ!:/-!P!I4--U*+1!+1):)(/,9-+!4!
-+C?(.4!K,?d/:+(<4Q!JO!M?+!4!*P,<)K+!^i!P!<+,:)(/1!./!1)(D/!`@!&(<34!-+!,+<),/!/!/,+-</!\^`Q^ia!
+!/!<+,K+),/!1)(D/!I/--/!/!-+,!|fQ!_Q!^`}@!

$!*+,)>)K/E34!.+!C,/?-! )(.)K/!M?+!(34!DO!*P,<)K+-! K4:!C,/?! -?I+,)4,! /!TQ!:/-!M?+!DO! <,N-!
*P,<)K+-!K4:!C,/?!(?14!\*P,<)K+-!^Q!j!+!^ha@!H-!K4(J?(<4-!.+!*)d)(D4-!.+--+-!*P,<)K+-!-34;!

%8\^a!{!|hQ!`Q!^f}m!
%8\ja!{!|`Q!lQ!^hQ!^f}m!
%8\^ha!{!|jQ!lQ!^`Q!^TQ!^f}@!

HA-+,*/9-+!M?+;!

w! 4!*P,<)K+!^!I4.+!-+,!1)C/.4!/4!*P,<)K+!<+,:)(/1!./!1)(D/!h!/<,/*P-!./!/,+-</!\^Q^fam!
w! 4!*P,<)K+!^h!I4.+!-+,!1)C/.4!/4!*P,<)K+!<+,:)(/1!./!1)(D/!`!/<,/*P-!./!/,+-</!\^hQ^`am!
w! 4!*P,<)K+!j!(34!I4--?)!*P,<)K+-!<+,:)(/)-!(/!-?/!*)d)(D/(E/Q!:/-!-):!/-!+S<,+:)./.+-!.+!
\lQ`a!\/,+-</!./!1)(D/!^a;!+(<34!+1+!I4.+!-+,!)(K1?U.4!(/!1)(D/!^Q!/<,/*P-!./!-?A-<)<?)E34!./!
/,+-</!\lQ`a!I+1/-!/,+-</-!\lQja!+!\jQ`a@!

&(>):Q!/-!/,+-</-!\TQka!+!\hQka!-34!:?)<4!I,VS):/-;!K4:4!k!I+,<+(K+!s!1)(D/!^Q!\TQka!I4.+!-+,!
+1):)(/./!+!/!1)(D/!h!>)K/!K4:!/I+(/-!T!*P,<)K+-@!

$-!1)(D/-!I/--/,/:!/!-+,;!

w! v)(D/!^;!|^TQ!^`Q!lQ!jQ!`Q!hQ!kQ!^iQ!^^}m!
w! v)(D/!h;!|^Q!^fQ!`Q!T}m!
w! v)(D/!`;!|^hQ!^`Q!_Q!f}@!

$!Figura 4!:4-<,/!/-!(4*/-!1)(D/-;!I4.+9-+!4A-+,*/,!M?+!<4.4-!4-!*P,<)K+-!I+,<+(K+:!/!I+14!
:+(4-!?:/!1)(D/!+!(34!+S)-<+:!*P,<)K+-!K4:!C,/?!-?I+,)4,!/!T@!
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$!/(O1)-+!./!I4--)A)1)./.+!.+!1)(D/-!K),K?1/,+-!:4-<,/!M?+;!

w! $! 1)(D/! ^! I4.+! -+,! <,/(->4,:/./! >/K)1:+(<+! +:! ?:/! 1)(D/! K),K?1/,Q! I4)-! -+?-! *P,<)K+-!
I+,)>P,)K4-Q!^T!+!^^Q!-34!+S<,+:)./.+-!.+!?:/!/,+-</!(4!C,/>49-?I4,<+!)()K)/1m!

w! $! 1)(D/! h! (34! 4>+,+K+! I4--)A)1)./.+! .+! <,/(->4,:/E34! +:! K),K?1/,Q! I4)-! 4-! *P,<)K+-!
I+,)>P,)K4-! +-<34! :?)<4! .)-</(<+-! +! I/,/! 1)CO914-! -+,)/! (+K+--O,)4! ?-/,! /,+-</-! M?+! JO!
I+,<+(K+:!/!4?<,/!1)(D/m!

w! $! 1)(D/! `! I4--?)! -+?-! *P,<)K+-! I+,)>P,)K4-! (/! *)d)(D/(E/! .4! *P,<)K+! l! +! I4.+! +(<34! -+,!
<,/(->4,:/./!+:!K),K?1/,!I4,!I/--/C+:!/<,/*P-!.+1+@!

H!,+-?1</.4!.+--/-!:4.)>)K/ER+-!I4.+!-+,!4A-+,*/.4!(/!Figura 5Q!M?+!K4:I1+</!4!+S+:I14@!

!

^!
h!

k!

^i!^^!

^T!

^f!

`!

T!

f!

_!^`!

^h!

j!

l!

!
!
!
!
!
!
!
!
!
!
7!v[cp$!^;!
7!v[cp$!h;!
7!v[cp$!`;!
!
!
!

Figura 5!7!8,/>4!p!K4:!I,4I4-</-!.+!1)(D/-!K),K?1/,+-!

!
3. Uma Aplicação: Proposta de Sistema Metroviário para a Região Metropolitana do 

Rio de Janeiro 

3.1 Considerações iniciais 

c+-<+!)<+:!P!/I,+-+(</.4!?:!+S+:I14!.+!/I1)K/E34!./!D+?,U-<)K/!.+!C+,/E34!.+!1)(D/-!.)-K?<)./!
(4! <,/A/1D4Q! /<,/*P-!.+!?:/! -):?1/E34!.4!I1/(+J/:+(<4!.+! ?:! -)-<+:/!:+<,4*)O,)4! I/,/! /!
,+C)34!:+<,4I41)</(/!.4!6)4!.+!5/(+),4@!$!)(<+(E34!.+-<+!+S+,KUK)4!P!:4-<,/,!/!+S+Mg)A)1)./.+!
.4!I,4K+.):+(<4!I,4I4-<4!+!>4,(+K+,!?:!C?)/!M?+!I4--/!-+,!b<)1!I/,/!>?<?,/-!/I1)K/ER+-@!

$I+-/,! .+! -+! <+,! ?:! K4:I,4:)--4! K4:! /! ,+/1)./.+Q! /! I,+K)-34! +! K4(>)/(E/! (4! ,+-?1</.4!
/1K/(E/.4! (4! I1/(+J/:+(<4! .+! ?:/! ,+.+! .+! :+<,W! +-<34! *)(K?1/./-! s! M?/1)./.+! +! s!
-?>)K)N(K)/!.4-!./.4-!?<)1)d/.4-;!4,/Q!J?-</:+(<+!/-!+-</<U-<)K/-!+S)-<+(<+-!-34!K4:!>,+MgN(K)/!
.+>)K)+(<+-Q! +:! I/,<)K?1/,! (4! -+<4,! .+! <,/(-I4,<+-Q! 4! M?+! -+! ,+I,4.?d! (4! -)-<+:/! :+<,49
>+,,4*)O,)4!./!,+C)34!:+<,4I41)</(/!.4!6)4!.+!5/(+),4!+!+:I,+-/-!+(*41*)./-@!c+:!<4.4-!4-!
./.4-!(+K+--O,)4-!+-<34!.)-I4(U*+)-Q! </)-!K4:4!I4--U*+)-!+-</ER+-!M?+!>/,)/:!I/,<+!./!,+.+Q!
K?-<4-!.+!K4(-<,?E34!./-!+-</ER+-!+!.+!K/./!?:!.4-!I4--U*+)-! <,+KD4-Q!:/<,)d!.+!.+:/(./-!
+(<,+!I/,+-!.+!+-</ER+-!+!K?-<4!.+!4I+,/E34!.4-!<,+KD4-!.+!1)(D/-@!
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B4,!4?<,4!1/.4Q!/!4A<+(E34!.+-<+-!./.4-!P!I4,!-)!-V!?:!C,/(.+!I,4J+<4!+Q!K4:4!</1Q!.+I+(.+!.+!
.+K)-R+-!M?+!<,/(-K+(.+:!/!K/I/K)./.+!+!4!K4(<+S<4!.+!/<?/E34!/--4K)/.4-!/4!I,+-+(<+!<,/A/1D4@!

c/!K4(-<,?E34!.4!C,/>49-?I4,<+!?<)1)d/.4Q!<4:4?9-+!K4:4!A/-+!?:!+-<?.4!./!G4:I/(D)/!.4!
#+<,4I41)</(4!.4!6)4!.+!5/(+),4!\#+<,W!6)4Q!hiiiaQ!M?+!<,/E/!?:!I1/(4!.+!+SI/(-34!I/,/!4!
:+<,W!.4!6)4!/<P!4!/(4!hihi@!

"+-<+!I1/(4!>4)!.+-K4(-).+,/./!/! 1)(D/!`! \6)4!7!c)<+,V)aQ!././!/!/?-N(K)/!.+!-?/! )(<+,/E34!
K4:! /-! .+:/)-! 1)(D/-! >4,/! .+! ?:! I4(<4! b()K4! .+! K4(+S34@! G4:! ,+1/E34! s! 1)(D/! TQ! >4)!
K4(-).+,/./!/!*+,-34!.4!I,4J+<4!M?+!1)C/!/!n/,,/!/4!G+(<,4!)(.4!/<P!/!+-</E34!G/,)4K/Q!*)-<4!
M?+!/!/1<+,(/<)*/!.+!>)(/1!./!1)(D/!(4!:4,,4!.+!234!5434!.+)S/!-+:!+-</E34!/1C?:/!A/),,4-!.+!
+1+*/./! .+(-)./.+! .+! I4I?1/E34Q! </)-! K4:4! v/,/(J+),/-@! G4(-).+,4?9-+Q! /1P:! ./-! +-</ER+-!
K4(<+:I1/./-!(+-<+!I1/(4Q!/1C?:/-!4?<,/-!-)<?/./-!+:!I4(<4-!/--4K)/.4-!/!O,+/-!/.+(-/./-!
\K4:4!#+)+,Q!"+4.4,4Q!G/:I4!.4-!$>4(-4-Q!G)./.+!.+!"+?-Q!#/.?,+),/! +<K@aQ!4?!/!IV14-!
/<,/<)*4-! I/,/! :4,/.)/Q! 4?! I/,/! )(*+-<):+(<4-! \K4:4! n/,,/! ./! %)J?K/! +! 6+K,+)4! .4-!
n/(.+),/(<+-a@!&-</!K4(K+IE34!4>+,+K+?!/1<+,(/<)*/-!:/)-!/.+M?/./-!I/,/!/!:4.+1/C+:!+!4!
I1/(+J/:+(<4!.+!1)(D/-Q!K4(<,)A?)(.4!I/,/!:+1D4,/,!4!-+?!I/I+1!+-<,?<?,/.4,!.4!+-I/E4!-VK)49
+K4(W:)K4!+!)(<+C,/.4,!./-!.)>+,+(<+-!:4./1)./.+-!.+!<,/(-I4,<+-@!

$!p8v!(+K+--)</Q!.+-.+!/!:4.+1/C+:!.4!C,/>49-?I4,<+!/<P!/!/I1)K/E34!.+!-?/!b1<):/!+</I/Q!
-+,! .+-+(*41*)./! I4,! I1/(+J/.4,+-! .+! -)-<+:/-! :+<,4*)O,)4-! K4:! K4(D+K):+(<4! ./-!
K/,/K<+,U-<)K/-!C+4C,O>)K/-Q!./.4-!.+!.+:/(./!+!.+!K?-<4-!.+!K4(-<,?E34!+!4I+,/E34!.4!>?<?,4!
:+<,WQ! .+! :4.4! /! C/,/(<),! ?:/! /.+,N(K)/! -/<)->/<V,)/! s! ,+/1)./.+Q! K4:! ?:! A4:! (U*+1! .+!
4<):)d/E34@!&:!*)-</!.)--4Q!4-! ,+-?1</.4-!/M?)!/I,+-+(</.4-!I4.+:!+(*41*+,!K4(>)C?,/ER+-!
A/-</(<+!.)>+,+(<+-!./-!M?+!-+,)/:!4A<)./-!(?:/!-)<?/E34!,+/1!.+!I,4J+<4!M?+!K4(</--+!K4:!
:/)-!,+K?,-4-!+!?:!:+1D4,!-)-<+:/!.+!)(>4,:/ER+-@!

!
3.2 Construção do grafo-suporte 

c/!K4(-<,?E34!.4!C,/>49-?I4,<+!>4,/:!K4(-).+,/./-!/-!1)(D/-!^!+!hQ!JO!+:!4I+,/E34Q!+!/-!.+:/)-!
1)(D/-!.4!I1/(4!.+!+SI/(-34!.4!:+<,W!I/,/!4-!I,VS):4-!hi!/(4-Q!s!+SK+E34!./!1)(D/!`!K4(>4,:+!
JO!K)</.4!\#+<,W!6)4Q!hiiiaQ!(?:!<4</1!.+!Th!+-</ER+-Q!/1P:!.4-!14K/)-!/<,/<)*4-!JO!,+>+,+(K)/.4-!
(34! K4(<+:I1/.4-!(+--+!I1/(4Q! (?:! <4</1! .+!_! +-</ER+-! \,+I,+-+(</./-!I4,! KU,K?14! +:! <4:!
:/)-!K1/,4!(/!Figura 6a@!

$!+-K41D/!.+-<+-!I4(<4-!K4(<4?!K4:!/!K41/A4,/E34!.4!&(C+(D+),4!.+!%,/(-I4,<+-!v?)d!$(<4()4!
�+,(+KY!.+!G/,*/1D4!\./!G4:I/(D)/!.4!#+<,4I41)</(4!.4!6)4!.+!5/(+),4a@!B4,!4?<,4!1/.4Q!
:?)</-! /,+-</-! .+! ?:! I4--U*+1! C,/>4! <,)/(C?1/.4! (34! >4,/:! )(K1?U./-Q! I4,! K4(-).+,/ER+-!
.)*+,-/-!\4A-<OK?14-!(/<?,/)-!+!,+C)R+-!J?1C/./-!):I,VI,)/-!I/,/!K4(-<,?E34!.+!<,+KD4-a@!

H-!*P,<)K+-!,4<?1/.4-!.+!^!/!``!-34!+-</ER+-!M?+!(4!C,/>49-?I4,<+!<N:!C,/?!^!4?!:/)4,!M?+!h@!
H-!*P,<)K+-!,4<?1/.4-!.+!`T!/!f^!-34!.+!C,/?!hm!+1+-!K4,,+-I4(.+:!/!?:/!4?!:/)-!+-</ER+-!+!
.+*+,34!-+,!/<+(.).4-!I4,!/1C?:/!1)(D/!M?+!K4(+K<+!?:!I/,!.+!*P,<)K+-!.+!C,/?!:/)4,!M?+!h@!
H! (b:+,4! .+! /,+-</-! .4! C,/>4Q! K4(-<,?U.4! .+--/! >4,:/Q! \Figura 6a! P! .+! jk@! H-! */14,+-!
)(.)K/.4-!K4,,+-I4(.+:!/!K+(<U:+<,4-!-4A,+!4!:/I/!?<)1)d/.4@!

c/!Figura 6!(34!>4,/:!K4(<+:I1/./-!<4./-!/-!+-</ER+-!.4!I1/(4!4,)C)(/1;!4(.+!(+1+!+S)-<)/:!
*P,<)K+-! K4(-+K?<)*4-! .+! C,/?! hQ! +:! K+,<4-! K/-4-! >4,/:! -4:/.4-! 4-! */14,+-! ./-! /,+-</-!
K4(-+K?<)*/-!+!4-!*P,<)K+-! +(<,+! +1/-!.+-K4(-).+,/.4-;!I4,! +S+:I14!0,+C?+-)/98/1+34Q!K4:!
j!Y:Q!<+,)/!?:/!+-</E34!(4!G+(<,4!./![1D/Q!4!M?+!-)C()>)K/!M?+!+-<+-!j!Y:!-+,)/:!/!-4:/!.4-!
<,+KD4-!\0,+C?+-)/Q![1D/a!+!\[1D/Q!8/1+34a@!
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&S)-<+:! <,+KD4-! I+,<+(K+(<+-! s-! 1)(D/-! ^! +! h! M?+! JO! +-<34! +:! 4I+,/E34m! (+-<+-! K/-4-Q! /-!
/,+-</-!K4,,+-I4(.+(<+-!.4!C,/>49-?I4,<+!<N:!-+?!</:/(D4!,+/1@!%,+KD4-!(4*4-!<)*+,/:!-+?-!
*/14,+-!/I,4S):/.4-Q!<+(.4!-).4!K4(-).+,/./-!.)-<e(K)/-!+?K1).)/(/-!:+.)./-!+(<,+!I/,+-!.+!
*P,<)K+-Q!/!:+(4-!.+!<,+KD4-!K4:!4A-<OK?14-!+*).+(<+-Q!K4:4!:/,!+!/+,4I4,<4@!$-!:+.)./-!
./-!/,+-</-!(4*/-! >4,/:!4A<)./-!/<,/*P-!.+!?:!:/I/!\2#'FB#65Q!hiiiaQ!K4:!+-K/1/!.+!
^;fi@iii@!

B,4K?,4?9-+!(34!-4A,+I4,!4!C,/>49-?I4,<+!s!,+.+!>+,,4*)O,)/!+S)-<+(<+Q!.+!:4.4!/!*)/A)1)d/,!
?:!+-<?.4!>?<?,4!.+!)(<+C,/E34!+(<,+!4-!*O,)4-!:4./)-!.+!<,/(-I4,<+@!

!

3.3 Aplicação da heurística de geração de linhas 

c/!/I1)K/E34!./!p8vQ!/IV-!/!C+,/E34!.+!K/:)(D4-!K/(.)./<4-Q!>4)!4A<)./!/!-+C?)(<+!-/U./!.+!
./.4-;!

w! ':/! :/<,)d! K4:! ^T! K/:)(D4-! K/(.)./<4-! /! I/,<)K)I/,+:! ./-! 1)(D/-! .4! -)-<+:/!
:+<,4*)O,)4!/!-+,!I,4I4-<4!\#G$xJQYyQ!J!{!^Q!�Q!^TQ!Y!{!^Q!�Q!^lam!

w! ':!*+<4,!K4:!4-!</:/(D4-!.+-<+-!^T!K/:)(D4-!K/(.)./<4-!\%G$xJyQ! J!{!^Q!�Q!^Ta!K?J/!
?()./.+!.4-!./.4-!P!4!Y:Q!-+C?)(.4!/!+-K/1/!.4!:/I/!?<)1)d/.4!.+!^;fi@iiim!

w! ':/! :/<,)d! \#�BxJQYyQ! J! {! ^Q! �Q! ^TQ! Y! {! ^Qha! K4:! 4-! *P,<)K+-! I+,)>P,)K4-! .4-! ^T!
K/:)(D4-!K/(.)./<4-@!

&
&
&
&
&
&
&
&
&
&
&
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&
&
&
&

'

(
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)
)
)
)
)
)
)
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)
)
)
)
)
)
)
)

*

+

,

iih^hih_hkThkT_``f^_Tl^i`l`k`j^h
iiiiiiiihfhl`h`ih_hi^_^k^f^j
iiiiiiihT`^T^`h`ih_hi^_^k^f^j
iiiiiiiiiiih`hhhi^_^k^f^j
iiiiiii^j^f^T`_^h`j`k`l^iTf
h``^T^`hhjhkThk`_``f^_Tl^i`l`k`j^h
ii^l^_hih_hkThkT_``f^_Tl^iTi`f^`
iiiifi_f^``T_kThhkh_hi^_^k^f^j
iii`_^h`j`k`l^iTTkTj`TfTThT`^
iiiiiiiTfTThjhkh_hi^_^k^f^j
iiiiii`T^^lkThhkh_hi^_^k^f^j
ii^k^_hih_hkThkT_``f^_Tl^iTi`f^`
iiiii^j^f^k^_hih_`i`hhljhT`^
iiiiii^j^f^T`_^h`j`k`l^iTi`f^`

#G$
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+

,

lh`f
_`f
_^`f
lf`j
`lTi
j`Ti
lTi
^^T^
fhT^
_T^
i_Th
^fTT
_Tf
hjT_
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*

+

,

h^^h
hf^j
hT^j
h`^j
^jf
h`^h
^l^`
fi^j
`_^
Tf^j
`T^j
^k^`
^j^
^j^`

#�B

!
!
G/./!1)(D/!./!:/<,)d!#G$!,+I,+-+(</!?:!K/:)(D4!K/(.)./<4Q!K/./!I4-)E34!.4!*+<4,!%G$xJy!
4!-+?!</:/(D4!\/M?)!+:!Y:a!+!K/./!1)(D/!./!:/<,)d!#�B!K4(<P:!4-!*P,<)K+-!I+,)>P,)K4-!.4-!
,+-I+K<)*4-! K/:)(D4-! K/(.)./<4-@!c4!M?+! -+! -+C?+Q! /-! +-</ER+-! -34! ,+I,+-+(</./-!I4,! -?/-!
-)C1/-@!

c/! -+C?(./! +</I/! ./! D+?,U-<)K/Q! >4,/:! /I1)K/.4-! 4-! K,)<P,)4-! .+! /(O1)-+! +!:4.)>)K/E34! .4-!
K/:)(D4-!K/(.)./<4-!/1P:!.+!<+(</,!,+-I+)</,!/!)(>,/9+-<,?<?,/!.4!:+<,W!JO!+S)-<+(<+@!

$! Tabela 1! :4-<,/! 4! ,+-?1</.4! ./! /(O1)-+! .4-! K/:)(D4-! K/(.)./<4-! (4! M?+! </(C+! /-!
)(<+,-+ER+-!.+!-+?-!K4(J?(<4-!.+!/,+-</-Q!4A-+,*/./!/!I,)4,)./.+!./!4,.+:!(?:P,)K/@!



Carmo et al. – Uma heurística interativa para geração de caminhos em grafos com restrição de grau: aplicação ao projeto de sistemas metroviários 

24 Pesquisa Operacional, v.22, n.1, p.9-36, janeiro a junho de 2002 

Tabela 1!7!6+-?1</.4-!./!/(O1)-+!.+!)(<+,-+E34!.4-!K/:)(D4-!K/(.)./<4-!

Análise de interseção dos caminhos candidatos 
(estações denotadas por siglas) 

Status final 

c4!^;!!!1 {!\v&nQ!8H2Q!n%0Q!G6GQ!v$6Q!2GvQ!5n%Q!8$�Q!5$HQ!$v�Q![%$Q!6&Ga@!$.4</.4!\1)(D/!^a!

c4! h;! \06&Q!8$vQ! 0'"Q! B&cQ!n6BQ! [65Q!�$GQ! v#GQ!#$"Q! %$�Q!$'%Q! [%$Q!
6&GaQ!4!<,+KD4!>)(/1!\[%$Q!6&Ga!K4)(K).+!K4:!/!1)(D/!^@!6+-</!+(<34!

!2!{!\06&Q!8$vQ!0'"Q!B&cQ!n6BQ![65Q!�$GQ!v#GQ!#$"Q!%$�Q!$'%Q![%$a@!$.4</.4!\1)(D/!ha!

c4!`;! <,+KD4-!\v&nQ!8H2Q!n%0Q!G6Ga!K4)(K).)(.4!K4:!/!1)(D/!^!+!\v#GQ!#$"Q!
%$�Q!$'%a!K4:!/!1)(D/!h@!6+-</!+(<34!

!3!{!\G6GQ!G%6Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q![cpQ!%HGQ!v#Ga@!$.4</.4!\1)(D/!`a!

c4! T;! <,+KD4-! \[%$Q! 6&Ga! K4)(K).)(.4! K4:! /! 1)(D/! ^Q! \[%$Q! $'%Q! %$�Q!#$"Q!
v#Ga!K4:!/!1)(D/!h!+!\v#GQ!%HGQ![cpQ!#"$a!K4:!/!1)(D/!`@!6+-</!+(<34!

!4 {!\#"$Q!#&[Q!2BcQ!'6'a@!$.4</.4!\1)(D/!Ta!

c4! f;! <,+KD4-! \6&GQ! [%$a! K4)(K).)(.4! K4:! /! 1)(D/! ^Q! \[%$Q! $'%Q! %$�Q!#$"Q!
v#Ga!K4:!/!1)(D/!hQ!\v#GQ!%HGa!K4:!/!1)(D/!`!+!\B&cQ!0'"a!(4*/:+(<+!K4:!/!
1)(D/!h@!6+-</!+(<34!\0'"Q!�[BQ!G$5aQ!M?+!<+:!/I+(/-!.?/-!/,+-</-@! &1):)(/.4!

c4!j;!<,+KD4-!\G6GQ!v$6Q!2GvQ!5n%Q!8$�Q!5$Ha!K4)(K).)(.4!K4:!/!I,):+),/!1)(D/!
+!\06&Q!8$vQ!0'"a!K4:!/!-+C?(./@!6+-</!+(<34!

!5!{!\0'"Q!�[BQ!G$5Q!6H"Q!2&�Q!B6#Q!G$2Q!G6Ga@!$.4</.4!\1)(D/!fa!

c4! k;! <,+KD4-! \6&GQ! [%$a! K4)(K).)(.4! K4:! /! I,):+),/! 1)(D/Q! \[%$Q! $'%Q! %$�Q!
#$"Q!v#Ga!K4:!/!-+C?(./!+!\v#GQ!%HGQ![cpQ!#"$Q!%68Q!#6GQ!2G6Q!&2$a!
K4:!/!<+,K+),/@!6+-<4?!/I+(/-!?:/!/,+-</@! &1):)(/.4!

c4! l;! <,+KD4-! \v&nQ!8H2Q! n%0Q! G6Ga! K4)(K).)(.4! K4:! /! I,):+),/! 1)(D/Q! \G6GQ!
G%6Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q! [cpQ!%HGQ!v#Ga!K4:!/! <+,K+),/! +! \v#GQ!
#$"Q!%$�a!(4*/:+(<+!K4:!/!-+C?(./!1)(D/@!6+-<4?!/I+(/-!?:/!/,+-</@! &1):)(/.4!

c4!_;! <,+KD4-! \v&nQ!8H2Q!n%0Q!G6Ga!K4)(K).)(.4!K4:!/!I,):+),/! 1)(D/!+! \G6GQ!
G%6Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q![cpQ!%HGa!K4:!/!<+,K+),/@!6+-</!+(<34!

!6 {!\%HGQ!�[GQ![65Q!Gc%Q!B�cQ!c[va@!$.4</.4!\1)(D/!ja!

c4!^i;! <,+KD4! \v&nQ!8H2Q!n%0Q!G6GQ!v$6Q!2GvQ! 5n%Q!8$�Q! 5$Ha!K4)(K).)(.4!
K4:! /! I,):+),/! 1)(D/@! H! K/:)(D4! \2$"Q! G$2Q! G6Ga! ,+-</(<+! <+:! /I+(/-! .?/-!
/,+-</-@! &1):)(/.4!

c4!^^;! <,+KD4-!\6&GQ![%$a!K4)(K).)(.4!K4:!/!I,):+),/! 1)(D/!+!\[%$Q!$'%Q!%$�Q!
#$"a!K4:!/!-+C?(./@!6+-</!+(<34!\#$"Q!"&HQ!c[va!K4:!/I+(/-!.?/-!/,+-</-@! &1):)(/.4!

c4! ^h;! <,+KD4-! \6&GQ! [%$a! K4)(K).)(.4! K4:! /! I,):+),/! 1)(D/Q! \[%$Q!$'%Q!%$�Q!
#$"Q!v#GQ!�$GQ! [65a! K4:! /! -+C?(./! +! \[65Q!Gc%Q! B�ca! K4:! /! M?/,</! 1)(D/@!
6+-<4?!/I+(/-!?:/!/,+-</@! &1):)(/.4!

c4!^`;! <,+KD4-!\6&GQ![%$a!K4)(K).)(.4!K4:!/!I,):+),/! 1)(D/!+!\[%$Q!$'%Q!%$�Q!
#$"Q!v#GQ!�$GQ![65Q!n6Ba!K4:!/!-+C?(./@!6+-<4?!/I+(/-!?:/!/,+-</@! &1):)(/.4!

c4! ^T;! <,+KD4-! \8$�Q! 5n%Q! 2GvQ! v$6Q!G6Ga! K4)(K).)(.4! K4:! /! I,):+),/! 1)(D/Q!
\G6GQ!G%6Q! &2$Q! 2G6Q!#6GQ!%68Q!#"$Q! [cpQ!%HGQ!v#Ga! K4:! /! <+,K+),/! +!
\v#GQ!#$"a!.+!(4*4!K4:!/!-+C?(./!1)(D/@!6+-<4?!/I+(/-!?:/!/,+-</@! &1):)(/.4!
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H!K4(J?(<4!.+!1)(D/-!M?+!>4,:/:!4!C,/>4!I/,K)/1!H!PQ!I4,</(<4Q!4!-+C?)(<+;!

w! v)(D/!^;! \v&nQ!8H2Q!n%0Q!G6GQ!v$6Q!2GvQ!5n%Q!8$�Q!5$HQ!$v�Q![%$Q!6&Gam!
w! v)(D/!h;! \06&Q!8$vQ!0'"Q!B&cQ!n6BQ![65Q!�$GQ!v#GQ!#$"Q!%$�Q!$'%Q![%$am!
w! v)(D/!`;! \G6GQ!G%6Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q![cpQ!%HGQ!v#Gam!
w! v)(D/!T;! \#"$Q!#&[Q!2BcQ!'6'am!
w! v)(D/!f;! \0'"Q!�[BQ!G$5Q!6H"Q!2&�Q!B6#Q!G$2Q!G6Gam!
w! v)(D/!j;! \%HGQ!�[GQ![65Q!Gc%Q!B�cQ!c[va@!

H!C,/>4!H!\4A<).4!/IV-!/!/I1)K/E34!./-!.?/-!I,):+),/-!+</I/-!./!p8va!I4.+!-+,!*)-?/1)d/.4!
(/!Figura 7@!

$(<+-! ./! /I1)K/E34! ./! <+,K+),/! >/-+! ./! p8vQ! >4)! )(K1?U./! ?:/! -P<):/! 1)(D/Q! .+! :4.4! /!
K4(<+:I1/,!?:!K),K?)<4!I,+*)-<4!(4!I1/(4!.+!+SI/(-34!.4!:+<,W@!&-</!:4.)>)K/E34!+(*41*+!
/! K,)/E34! .4! *P,<)K+! G�6! \&-</E34! ./! G,?d! �+,:+1D/a! K4:! /-! /,+-</-! \&2$Q! G�6a! +!
\G�6Q!G6Ga!+:!H@!

c4!:4.+14!)()K)/1!(34!>4,/:!)(K1?U./-!/-!/,+-</-!\'6'Q!8$�a!+!\8$�Q!v&naQ!*)-<4!M?+!4!
/1C4,)<:4!.+!014Z.!(34!K4(<+:I1/!K),K?)<4-!I4-)<)*4-m!/4!-+,+:!+1/-!K4(-).+,/./-Q!IW.+!-+,!
<,/E/./!/!1)(D/!K),K?1/,;!!2!{!\8$�Q!'6'Q!2BcQ!$0BQ!&2$Q!G%6Q!G6GQ!n%0Q!8H2Q!v&nQ!
8$�a@!$!K,)/E34!./!-P<):/! 1)(D/!>4)!I,)4,)d/./!I+14! >/<4!.+!?:/! 1)(D/!K),K?1/,!-+,!-+:I,+!
.+-+JO*+1!+:!?:/!,+C)34!/.+(-/./!+!.+-+(*41*)./Q!K4:!C,/(.+!K4(K+(<,/E34!.+!/<)*)./.+-!
K4:+,K)/)-Q! )(.?-<,)/)-! +! .+! I,+-</E34! .+! -+,*)E4-Q! /1P:! .+! I4--)A)1)</,!:/)4,! >1+S)A)1)./.+!
4I+,/K)4(/1!K/-4!/1C?:! <,+KD4!/I,+-+(<+!I,4A1+:/!.+!K),K?1/E34@!G4:!/!K,)/E34!./!-P<):/!
1)(D/Q! 4-! <,+KD4-! ./-! 4?<,/-! 1)(D/-! M?+! I/--/,/:! /! K4)(K).),! K4:! +1/! >4,/:! +1):)(/.4-Q! /!
-/A+,Q!4!<,+KD4!\v&nQ!8H2Q!n%0Q!G6Ga!./!1)(D/!^Q!4!<,+KD4!\G6GQ!G%6Q!&2$a!./!1)(D/!`!+!4!
<,+KD4!\'6'Q!2Bca!./!1)(D/!T@!H!*P,<)K+!$0B!M?+!<)(D/!C,/?!d+,4!I/--4?!/!<+,!C,/?!h@!

G4:!4AJ+<)*4!.+!I,4I4,K)4(/,!?:/!1)C/E34!.),+</!./!n/)S/./!01?:)(+(-+!/4!G+(<,4Q!)(K1?)9
-+! ?:! <,+KD4! .+! `! �:! +(<,+! &-<OK)4! \&2$a! +! G/,)4K/! \G6GaQ! /<,/*P-! ./! +-</E34! G,?d!
�+,:+1D/! \G�&a! /! -+,! 14K/1)d/./! (/! I,/E/! K4:!4!:+-:4!(4:+@!$! 1)(D/! `! I/--4?! /! <+,! 4!
*P,<)K+!G6G!K4:4!*P,<)K+!<+,:)(/1Q!4!M?+!-41?K)4(/!4!I,4A1+:/!./!-4A,+K/,C/!):I4-</!I+14-!
I/--/C+),4-! ./! /<?/1! 1)(D/! h! M?+! -+! *N+:! 4A,)C/.4-! /! ,+/1)d/,! 4! <,/(-A4,.4! (/! +-</E34!
&-<OK)4Q!M?+!(34!>4)!I,4J+</./!K4:4!<+,:)(/1Q!(/!M?/1!/<?/1:+(<+!+S)-<+!?:!C,/(.+!>1?S4!.+!
I/--/C+),4-@!

G4:!/!)(K1?-34!./!1)(D/!K),K?1/,!+!.4!*P,<)K+!G�&Q!4!K4(J?(<4!.+!1)(D/-!M?+!>4,:/:!4!C,/>4!
I/,K)/1!H!I/--4?!/!<+,!/!-+C?)(<+!K4(>)C?,/E34;!

w! v)(D/!^;! \G6GQ!v$6Q!2GvQ!5n%Q!8$�Q!5$HQ!$v�Q![%$Q!6&Gam!
w! v)(D/!h;! \06&Q!8$vQ!0'"Q!B&cQ!n6BQ![65Q!�$GQ!v#GQ!#$"Q!%$�Q!$'%Q![%$am!
w! v)(D/!`;! \G6GQ!G�&Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q![cpQ!%HGQ!v#Gam!
w! v)(D/!T;! \#"$Q!#&[Q!2Bcam!
w! v)(D/!f;! \0'"Q!�[BQ!G$5Q!6H"Q!2&�Q!B6#Q!G$2Q!G6Gam!
w! v)(D/!j;! \%HGQ!�[GQ![65Q!Gc%Q!B�cQ!c[vam!+!
w! v)(D/!k;! \8$�Q!'6'Q!2BcQ!$0BQ!&2$Q!G%6Q!G6GQ!n%0Q!8H2Q!v&nQ!8$�a@!

&-</!(4*/!K4(>)C?,/E34!.4!C,/>4!I/,K)/1!H!I4.+!-+,!*)-?/1)d/./!/<,/*P-!./!Figura 8@!
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c/! <+,K+),/! >/-+!./!p8vQ! /! /(O1)-+!.+! ,+-<,)E34!.+!C,/?!:4-<,/!M?+!G6G! \G/,)4K/a!I4--?)!
C,/?!f@!u!(+K+--O,)4Q!I4,</(<4Q!M?+!-+!I,+*+J/!?:/!+S<+(-34!./!+-</E34!G6G!I4,!I/--/C+:!
1/<+,/1!\-4A!4!v/,C4!./!G/,)4K/a!.+!:4.4!/!M?+!+1/!I4--/!,+K+A+,!/!v)(D/!^@!

&S)-<+:!-+)-!*P,<)K+-!K4:!C,/?!d+,4!\(34!/<+(.).4-a;!2$"!\2/(<4-!"?:4(<aQ!G""!\G)./.+!
.+!"+?-aQ!G"$! \G/:I4!.4-!$>4(-4aQ!"&H! \"+4.4,4aQ!25#! \234! 5434!.+!#+,)<)a! +!G$~!
\G/S)/-a@!$-!*)d)(D/(E/-!K4,,+-I4(.+(<+-!-34!/-!-+C?)(<+-;!

a2$"\% !{!|G$2}! !{!|G$"Q!c[vQ!B�c}!a"&H\%

aG""\% !{!|[%$Q!$'%Q!%$�}! !{!|c[vQ!G$~Q!B�c}!a25#\%

aG"$\% !{!|%$�Q!#$"Q!"&H}! !{!|25#Q!n6BQ!B�c}!aG$~\%

04,/:! ,+/1)d/./-! /-! -+C?)(<+-! :4.)>)K/ER+-! (4! K4(J?(<4! .+! 1)(D/-Q! K4:! 4! 4AJ+<)*4! .+!
K4(+K</,!+--+-!*P,<)K+-!/4!C,/>4;!

w! H! <,+KD4! \G6GQ! G$2a! I/--/! /! I+,<+(K+,! s! v)(D/! ^Q! M?+! .+--/! >4,:/! I/--/! /! <+,! ?:/!
+S<,+:)./.+!+:!G$2m!

w! $!v)(D/!f!,+K+A+!+(<34!\G$2Q!2$"a!4!M?+!K4(+K</!2$"@!

$-!-+C?)(<+-!K4(+SR+-!>4,/:!>+)</-!?-/(.49-+!.+-)C?/1./.+-!<,)/(C?1/,+-;!

w! $'%!+!%$�!\I,VS):/-!/!G""a;!-?A-<)<?)9-+!\%$�Q!$'%a!I4,!\%$�Q!G""a!+!\G""Q!$'%aQ!
K4(+K</(.49-+!G""m!

w! c[v!+!B�c!\I,VS):/-!/!25#a;!-?A-<)<?)9-+!\c[vQ!B�ca!I4,!\c[vQ!25#a!+!\25#Q!B�caQ!
K4(+K</(.49-+!25#m!

w! 25#!+!B�c!\I,VS):/-!/!G$~a;!-?A-<)<?)9-+!\25#Q!B�ca!I4,!\G$~Q!25#a!+!\G$~Q!B�ca!
I+,:)<)(.4!K4(+K</,!G$~@!

c[vQ!M?+!P!<+,:)(/1!./!1)(D/!jQ!P!I,VS):4!.+!"&H;!/!1)(D/!j!I4.+!-+,!I,414(C/./!/<,/*P-!.+!
\c[vQ!"&Ha!K4:!4!4AJ+<)*4!.+!K4(+K</,!"&H@!B4,</(<4!"&H!I/--/!/!-+,!<+,:)(/1!./!1)(D/!jQ!
M?+!I4.+!-+,!I,414(C/./!/<P!G"$!M?+!P!+(<34!K4(+K</.4@!

B/,/! M?+! -+! 4A<)*+--+! (/! K4(>)C?,/E34! >)(/1! .4! C,/>4! I/,K)/1! H! 4! :OS):4! I4--U*+1! .+!
K4,,+.4,+-!.+!.+-14K/:+(<4-!,/.)/)-!+!.)/:+<,/)-Q!>4)!<,/(->+,).4!4!<,+KD4!./!1)(D/!h;!\06&Q!
8$vQ!0'"a!I/,/!/!1)(D/!fQ!.+!</1!:4.4!M?+!/!1)(D/!f!I/--/--+!/!1)C/,Q!/4!>)(/1Q!/!,4.4*)O,)/!+!
4-!.4)-!/+,4I4,<4-@!

H!K4(J?(<4!./-!1)(D/-!M?+!K4:IR+:!4!C,/>4!I/,K)/1!H!I/--4?!/!-+,;!

w! v)(D/!^;! \G$2Q!G6GQ!v$6Q!2GvQ!5n%Q!8$�Q!5$HQ!$v�Q![%$Q!6&Gam!
w! v)(D/!h;! \0'"Q!B&cQ!n6BQ![65Q!�$GQ!v#GQ!#$"Q!%$�Q!$'%Q![%$am!
w! v)(D/!`;! \G6GQ!G�&Q!&2$Q!2G6Q!#6GQ!%68Q!#"$Q![cpQ!%HGQ!v#Gam!
w! v)(D/!T;! \#"$Q!#&[Q!2Bcam!
w! v)(D/!f;! \06&Q!8$vQ!0'"Q!�[BQ!G$5Q!6H"Q!2&�Q!B6#Q!G$2Q!G6Gam!
w! v)(D/!j;! \%HGQ!�[GQ![65Q!Gc%Q!B�cQ!G$~Q!25#Q!c[vQ!"&HQ!G"$am!+!
w! v)(D/!k;! \8$�Q!'6'Q!2BcQ!$0BQ!&2$Q!G%6Q!G6GQ!n%0Q!8H2Q!v&nQ!8$�a@!

$! I,4I4-</! >)(/1Q! ,+-?1</(<+! ./! /I1)K/E34! ./! p8v! +! )(K1?U./-! /-! :4.)>)K/ER+-! /.)K)4(/)-Q!
I4.+!-+,!*)-?/1)d/./!(/!Figura 9@!

28 Pesquisa Operacional, v.22, n.1, p.9-36, janeiro a junho de 2002 



Carmo et al. – Uma heurística interativa para geração de caminhos em grafos com restrição de grau: aplicação ao projeto de sistemas metroviários 

Pesquisa Operacional, v.22, n.1, p.9-36, janeiro a junho de 2002 29 

!



Carmo et al. – Uma heurística interativa para geração de caminhos em grafos com restrição de grau: aplicação ao projeto de sistemas metroviários 

3.4 Observações a respeito das linhas obtidas 

$!K)./.+!.4!6)4!.+!5/(+),4Q!I4,!-?/!K/,/K<+,U-<)K/!.+!K,+-K):+(<4!,/.)/1!/!I/,<),!.4!G+(<,4Q!
+:!>?(E34!.+!-?/!<4I4C,/>)/Q!,+--+(<+9-+!/<P!D4J+!.+!1)C/ER+-!<,/(-*+,-/)-!M?+!I+,:)</:!?:/!
4K?I/E34!:/)-!.+-K+(<,/1)d/./@!$!1)(D/!h!I,4I4-</!*+:!/4!+(K4(<,4!.+-<+!4AJ+<)*4Q!K,)/(.4!
?:! +)S4! +(<,+! 4! <+,:)(/1! [</b(/! (/! n/,,/! +! /! [1D/! .4! 0?(.34Q! I/--/(.4! I+1/! B+(D/@! H!
K4,,+.4,!M?+!D4J+!+S)-<+!P!,4.4*)O,)4!+!<+:!)(<+(-4!<,O>+C4Q!M?+!A?-K/!/!-/U./!./!n/,,/!+:!
.),+E34!s!�4(/!c4,<+Q!4!>4,<+!IV14!K4:+,K)/1!+!.+!-+,*)E4-!.+!#/.?,+),/!+!/-!-/U./-!,?:4!s!
n/)S/./!01?:)(+(-+!4?!s!$*+()./!n,/-)1@!$!C/,C/(</!M?+!-+I/,/!4-!:/K)E4-!./!%)J?K/!+!./!
B+.,/! n,/(K/! <4,(/! I,/<)K/:+(<+! b()K4! +--+! +)S4Q! I4,! K4(-+C?)(<+! K4(.?d)(.494!
)(+*)</*+1:+(<+! s! -/<?,/E34@! u! ):I4,</(<+! /! KD+C/./! .+-</! 1)(D/! s! [1D/! .4! 0?(.34! I4,! -+!
<,/</,!.+!?:!IV14!)(<+1+K<?/1Q!K)+(<U>)K4!+!):I4,</(<+!K+(<,4!D4-I)</1/,@!

$! 1)(D/!f! +-</A+1+K+! ?:!+)S4!M?+! 1)C/! /! [1D/!.4!84*+,(/.4,! /4! /+,4I4,<4!2/(<4-!"?:4(<!
I/--/(.4! I+14! /+,4I4,<4! [(<+,(/K)4(/1! %4:! 54A):! \8/1+34aQ! [1D/! .4! 0?(.34Q! 64.4*)O,)/!
c4*4!6)4! +! I4,! <4./! /! O,+/! I4,<?O,)/! .4!6)4! .+! 5/(+),4@!&1/! P! K1/,/:+(<+! ):I4,</(<+! I4,!
/<+(.+,! /4-! :/)-! ):I4,</(<+-! <+,:)(/)-! .+! <,/(-I4,<+! +! -/(/,! -P,)4-! I,4A1+:/-! .+!
.+-14K/:+(<4!./!K)./.+@!

$!1)(D/!kQ!-+(.4!K),K?1/,Q!I+,:)<+!M?+!4-!.+-14K/:+(<4-!-+J/:!>+)<4-!(4-!.4)-!-+(<).4-!K4:!
:/)4,!>1+S)A)1)./.+!4I+,/K)4(/1Q!>4,(+K+(.4!/4!?-?O,)4!/!I4--)A)1)./.+!.+!+-K41D/!./!:+1D4,!
/1<+,(/<)*/Q! /1P:! .+! I,4I4,K)4(/,! C,/(.+-! :+1D4,)/-! 4I+,/K)4(/)-! K4:! /! +1):)(/E34! ./!
:/(4A,/! .4-! <,+(-! <+,:)(/)-! +! ,+.?E34! .4! )(<+,*/14Q! /:I1)/(.4! /! 4>+,</! ./! 1)(D/@! G4:! 4!
>+KD/:+(<4! .+-<+! /(+1! +! /! K4(-<,?E34! ./! +-</E34! ',?C?/)! (/! %)J?K/! +-<+! A/),,4! +-</,O!
I1+(/:+(<+!/<+(.).4!I+14!:+<,WQ!A+:!K4:4!4-!A/),,4-!.+!8,/J/b!+!$(./,/U!I4,! )(<+C,/E34!
K4:!W()A?-@!

$!+*41?E34!?,A/(/!:/)-!:/,K/(<+!(4!:?()KUI)4!.4!6)4!.+!5/(+),4Q!(/-!b1<):/-!`!.PK/./-Q!
4K4,,+?!+:!.),+E34!s!n/)S/./!.+!5/K/,+I/C?OQ!n/,,/!./!%)J?K/!+!6+K,+)4!.4-!n/(.+),/(<+-Q!
+:! .+K4,,N(K)/! ./! -/<?,/E34! ./! �4(/! 2?1@! $! 1)(D/! ^Q! /4! 1)C/,! 4! 6+K,+)4! /4! G+(<,4Q!
I4--)A)1)</,O! +SI/(-34! +! <4</1! /A-4,E34! .4! K,+-K):+(<4! ?,A/(4! 4A-+,*/.4! (/! n/,,/! +! (4!
6+K,+)4@!%/1!1)C/E34Q!D4J+!?()K/:+(<+!I4,!*)/!,4.4*)O,)/Q!JO!-/<?,/./Q!-+!>/d!A/-)K/:+(<+!+:!
h!+)S4-;!(4,<+!7!-?1!+! 1+-<+!7!4+-<+!\$*+()./-!./-!$:P,)K/-!+!$?<4!&-<,/./!v/C4/!7!n/,,/!+!
$Z,<4(!2+((/aQ!):I4(.4!/4-!:4,/.4,+-!./!n/,,/!+!6+K,+)4!I+-/.4!W(?-!+:!+(C/,,/>/:+(<4-!
.)O,)4-@!B/,/!/!�4(/!c4,<+! +-</! 1)C/E34! >4)! ,+K+(<+:+(<+!/:+()d/./!K4:!/! ):I1/(</E34!./!
v)(D/!$:/,+1/@!

$!1)(D/!`Q!K4:!-+?!<,/E/.4!,/.)/1!<+(.4!K4:4!+-</ER+-!<+,:)(/)-!/!.4!v/,C4!.4!H</*)/(4!+!/!
G/,)4K/Q!I,4I4,K)4(/!/!1)C/E34!.),+</!./!n/)S/./!01?:)(+(-+!/4!G+(<,4!./!K)./.+Q!+*)</(.4!4!
<,/(-A4,.4! (/! +-</E34! &-<OK)4Q! M?+! (34! >4)! I,4J+</./! K4:4! <+,:)(/1Q! I4--)A)1)</(.4! /!
/A-4,E34!./!.+:/(./!.+-</!,+C)34@!

$!1)(D/!TQ!+:A4,/!-+J/!K4:I4-</!.+!/I+(/-! <,N-!+-</ER+-Q!-+!/I,+-+(</!K4:4!?:/!-?C+-<34!
)(<+,+--/(<+!I/,/!)(<+C,/,!4!#+)+,!/4!-)-<+:/!:+<,4*)O,)4Q!./.4!4!K,?d/:+(<4!K4:!/-!1)(D/-!k!
+! `Q! I,4I4,K)4(/(.4! /! +-</! ,+C)34! /! I4--)A)1)./.+! .+! :/)4,! .+-+(*41*):+(<4! +K4(W:)K4@!
G4(-<)<?)9-+!/)(./!+:!?:/!)(<+,+--/(<+!/A+,<?,/!I/,/!>?<?,/-!/:I1)/ER+-!./!,+.+@!

$! 1)(D/! j! +SI/(.+! 4! -)-<+:/!:+<,4*)O,)4! I/,/! /! d4(/!c4,<+! .4!#?()KUI)4! .4!6)4! +! >/d! /!
)(<+C,/E34!K4:!4-!:?()KUI)4-!.+!234!5434!.+!#+,)<)! +!G/S)/-Q!M?+!-34!:?)<4!/.+(-/.4-!+!
4(.+!C,/(.+!I/,<+!./!I4I?1/E34! <,/A/1D/!(/! ,+C)34!?,A/(/! +! -?A?,A/(/!.4!6)4!.+! 5/(+),4@!
&--/!1)(D/!I,4I4,K)4(/,O!:/)4,!.+-+(*41*):+(<4!-VK)49+K4(W:)K4!.+-</!,+C)34@!
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�/1+!,+--/1</,!M?+Q!I+14!-)-<+:/!/M?)!I,4I4-<4Q!/!/<?/1!1)(D/!^!-+,)/!+SI/(.)./!+!<,/(->4,:/./!
+:!?:/!1)(D/!K),K?1/,!\1)(D/!ka!+!/!/<?/1!1)(D/!h!-+,)/!+SI/(.)./!+!.)*).)./!+:!.?/-Q!/!-/A+,Q!
/-!1)(D/-!`!+!j@!

B4.+9-+! 4A-+,*/,! M?+! 4! <,/E/.4! .4! -)-<+:/! I,4I4-<4! (34! K4)(K).+! K4:! 4! ./! /<?/1! ,+.+!
>+,,4*)O,)/!.4!6)4!.+!5/(+),4Q!4!M?+!I+,:)<+!?:!+-<?.4!./!*)/A)1)./.+!.+!)(<+C,/E34!:4./1Q!
I4--)A)1)</(.4!?:/!:/)4,!:4A)1)./.+!I4,! <,/(-I4,<+!.+!:/--/!(/!K)./.+Q!K,)/(.4!?:/! ,+.+!
:+<,4!7!>+,,4*)O,)/@!

!

4. Conclusões 

H!<,/A/1D4!<+*+!K4:4!4AJ+<)*4!/!/I,+-+(</E34!.+!?:/!D+?,U-<)K/!.+!C+,/E34!.+!1)(D/-!I/,/!
.+-+(*41*):+(<4! +! K,U<)K/! .+! -)-<+:/-! :+<,4*)O,)4-Q! +(*41*+(.4! +</I/-! /?<4:/<)d/./-! +!
)(<+,/<)*/-! .+! /(O1)-+! I/,/! :)():)d/,! 4! </:/(D4! ./-! 1)(D/-! +(<,+! *P,<)K+-! I+,)>P,)K4-Q!
/<+(.+,!s-!,+-<,)ER+-!.+!C,/?!.4-!*P,<)K+-!+!-41?K)4(/,!.)*+,-/-!M?+-<R+-!.+!K4(+S34!+!.+!
+-<,?<?,/!./-!1)(D/-Q!K4(>)C?,/(.49-+!K4:4!?:!/I4)4!):I4,</(<+!(4!I,4K+--4!.+!<4:/./!.+!
.+K)-R+-@!

$4! .+-+(*41*+,! /! D+?,U-<)K/Q! /1P:! .+! -+! ?<)1)d/,+:! K4(K+)<4-! ./! <+4,)/! .4-! C,/>4-Q! >4,/:!
/I1)K/.4-! I,4K+.):+(<4-! ./! C+4:+<,)/! I1/(/! K4:I?</K)4(/1Q! M?+! <)*+,/:! ?:/! C,/(.+!
):I4,<e(K)/!I/,/!/!C+,/E34!.+!C,/>4-9-?I4,<+!I/,/!<+-<+-!.+!K4:I4,</:+(<4!./!D+?,U-<)K/@!

$4!K4(<,O,)4!./!D/A)<?/1!<+:O<)K/!M?+!+(*41*+!/!K4(-<,?E34!.+!D+?,U-<)K/-Q!+-<+!<,/A/1D4!(34!
?<)1)d/!+S+:I14-!C+,/.4-!+:!K4:I?</.4,!K4:4!:+)4!.+! <+-<+-!.+!I+,>4,:/(K+m!4!+S+:I14!
/M?)!)(K1?U.4!>4)!?-/.4!I/,/!:4-<,/,!K4:4!4-!,+K?,-4-!.+-+(*41*).4-!>4,/:!?<)1)d/.4-!I/,/!
.+<+K</,!.)>)K?1./.+-!I,O<)K/-!M?+!I4--/:!-+,!+(K4(<,/./-!+:!-)<?/ER+-!.+!I,4J+<4@!

H! <,/A/1D4! /I,+-+(<4?! ?:/! /I1)K/E34! ./! p8vQ! M?+! :4-<,4?! /! +S+Mg)A)1)./.+! .4!
I,4K+.):+(<4!I,4I4-<4!+! >4,(+K+?!?:/!-+MgN(K)/!.+!I/--4-!M?+!I4.+,O!-+,!b<)1!+:!>?<?,/-!
?<)1)d/ER+-@!G4:4! 4-! I/,e:+<,4-! (4-! M?/)-! /! D+?,U-<)K/! -+! /IV)/! -34! .+! >OK)1! /1<+,/E34Q! .+!
/K4,.4!K4:!/-!+-I+K)>)K)./.+-!.4!I,4A1+:/Q!/!>+,,/:+(</!P!.+!C,/(.+!/I1)K/A)1)./.+Q!/)(./!
:/)-! +:! ?:! I/U-! K4:4! 4! n,/-)1Q! <34! K/,+(<+! I4,! ):I1/(</ER+-! +! +SI/(-R+-! .+! -)-<+:/-!
:+<,4*)O,)4-@!

':! I1/(4! ?,A/(U-<)K4! I/,/! ?:/! K)./.+Q! I,)(K)I/1:+(<+! M?/(.4! -+! <,/</! .+! ?:/! C,/(.+!
:+<,VI41+Q!P!.+!-?:/!):I4,<e(K)/@!$!D+?,U-<)K/!I+,:)<+!M?+!4!:+-:4!-+J/!?<)1)d/.4!/<,/*P-!
./!)(K4,I4,/E34!.+!?:/!*/14,/E34!.4-!*P,<)K+-Q!K/I/d!.+!+SI,):),!/!):I4,<e(K)/!.+!K/./!?:!
.+1+-Q!I+,:)<)(.4Q!</:AP:Q!?:/!D)+,/,M?)d/E34!I/,/!/!K4(-<,?E34!./-!1)(D/-!+!./!<+K(414C)/!
/!-+,!?<)1)d/./Q!.+!/K4,.4!K4:!4!I1/(+J/:+(<4!.4!+-I/E4!-VK)49+K4(W:)K4!./!K)./.+@!

B4.+9-+! *)-?/1)d/,! 4! ?-4! .+-</! >+,,/:+(</! (4! I,4K+--4! .+! <4:/./! .+! .+K)-34! +:! 4?<,4-!
K4(<+S<4-!.+!I1/(+J/:+(<4!4?!+SI/(-34Q!(34!-V!.+!?:!-)-<+:/!:+<,4*)O,)4Q!K4:4!</:AP:!.+!
4?<,/-!:4./1)./.+-!.+!<,/(-I4,<+-!+:!*)/-!+SK1?-)*/-!4?!(34Q!I4,!+S+:I14Q!W()A?-!+:!*)/-!
-+C,+C/./-!\K4:4!4!M?+!+S)-<+!+:!G?,)<)A/aQ!-)-<+:/!>+,,4*)O,)4Q!/--):!K4:4!:+)4!/?S)1)/,!
+:! I,4J+<4-! )(<+C,/.4-! .+! <,/(-I4,<+-Q! ,+-I+)</(.49-+! /-! +-I+K)>)K)./.+-! .+! K/./! ?:! (4!
K4(<+S<4!.+!-?/!/<?/E34@!

!
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Apêndice: Geração de grafos-suporte 

A.1 – Considerações iniciais 

Grafo-suporteQ!(+-<+! <,/A/1D4Q!P!4!C,/>4!G!{! \XQUaQ!4(.+!4-!n *P,<)K+-!.+!X!{!|^QhQ!�Q(}!
K4,,+-I4(.+:!/!+-</ER+-!:+<,4*)O,)/-!+!/-!m /,+-</-!U {!|?^Q?hQ!�Q!?:}Q /!<,+KD4-!possíveis!
.+!1)(D/!+(<,+!.?/-!+-</ER+-@!

H-!./.4-!(+K+--O,)4-!+(*41*+:!/I+(/-!4!(b:+,4!.+!+-</ER+-!+!-?/-!K44,.+(/./-!K/,<+-)/(/-@!
%+(.49-+!+:!*)-</!M?+!/!)(>4,:/E34!I4-)K)4(/1!(34!P!K4(<+:I1/./!I+1/-!+-<,?<?,/-!C+,/)-!.+!
C,/>4! \/!:+(4-! ./-! M?+-<R+-! .+! I1/(/,)./.+a! >4,/:! ?<)1)d/./-! (/! I,4C,/:/E34! <PK()K/-! .+!
C+4:+<,)/! K4:I?</K)4(/1! .+-<)(/./-Q! +S/</:+(<+Q! /! I+,:)<),! /! C+,/E34! .+! ?:! K4(J?(<4! .+!
/,+-</-!K4,,+-I4(.+(<+!/!?:!C,/>4!I1/(/,!<,)/(C?1/.4@!

H!C,/>4!P!*/14,/.4!I+14-!K?-<4-!.+!K4(-<,?E34!.4-!<,+KD4-!.+!1)(D/!\/,+-</-a!+!-+!.)-IR+!/)(./!
.+!?:/!:/<,)d!.+!.+:/(./-!+(<,+!I/,+-!.+!*P,<)K+-@!G4:4!-+!<,/</!.+!?:!:4.+14!I/,/!<+-<+Q!
<,/A/1D4?9-+! K4:! >/)S/-! K4(D+K)./-!.+!.+:/(./! +!.+! K?-<4@!$!.+:/(./! +(<,+! K/./!I/,!.+!
*P,<)K+-!S)!+!SJ! >4)!K4(-).+,/./!>)S/!+!+SI,+--/!I+1/!:/<,)d!-):P<,)K/!B!{!xI)Jy! )QJ{^QhQ!�Q!(Q!
4(.+!I)J!P!/!.+:/(./!D4,O,)/!.+!I/--/C+),4-!.4!*P,<)K+!xi!/4!*P,<)K+!xj@!H-!*/14,+-!./!.+:/(./!
I+,<+(K+:!/4!)(<+,*/14!\`i@iiiQ!li@iiia@!H!K?-<4!?()<O,)4!.+!K4(-<,?E34!.4-!<,+KD4-!.+!1)(D/!
+:!.V1/,F.)/FY:aQ!.+I+(.+!.4!<)I4!.+!+-K/*/E34!4?!./!<PK()K/!?<)1)d/./@!

$! 4IE34! I+1/! C+,/E34! .+! C,/>4-! I1/(/,+-! <,)/(C?1/.4-! +*)</! M?+! .?/-! /,+-</-! M?/)-M?+,! -+!
K,?d+:!/!(34!-+,!+:!?:!*P,<)K+!\4!M?+Q!/4!-+!I/--/,!/4!I,4A1+:/Q!-)C()>)K/!/?:+(<4!.+!K?-<4!
(/!K4(-<,?E34a@!$1P:!.)--4!<4.4!K)K14!.+!K4:I,):+(<4!:/)4,!M?+!`!<+:!?:/!/,+-</!?()(.4!
.4)-!*P,<)K+-!(34!K4(-+K?<)*4-Q!4!M?+!<+(.+!/!1)C/,!K/./!*P,<)K+!/4-!*P,<)K+-!:/)-!I,VS):4-Q!
D/*+(.4! I4,</(<4! ?:/! +</I/! .+! I,P94<):)d/E34! 1)C/./! /! +--/! K4(-<,?E34@! $! <PK()K/! /M?)!
?<)1)d/./! I/,<)1D/! +-</! I,4I,)+./.+! K4:! /! <,)/(C?1/E34! .+! "+1/?(/ZQ! :/-! /M?)! /! I,P9
4<):)d/E34!<+:!?:!K/,O<+,!-+1+<)*4Q!M?+!P!4!./!C+,/E34!.+!1)(D/-!.)/:+<,/)-!.+!K4:I,):+(<4!
4!:+(4,!I4--U*+1@!

$!+(<,/./!I/,/!?:!I,4A1+:/!./!C+4:+<,)/!K4:I?</K)4(/1!P! <)I)K/:+(<+!/!.+-K,)E34!.+!?:!
K4(J?(<4! .+! 4AJ+<4-! C+4:P<,)K4-Q! K/./! ?:! K4:4! ?:! K4(J?(<4! .+! I4(<4-Q! ?:! K4(J?(<4! .+!
-+C:+(<4-! .+! ,+</Q! 4?! 4-! *P,<)K+-! .+! ?:! I41UC4(4@!$! -/U./! P! -+:I,+! ?:/! ,+-I4-</! I/,/! /!
M?+-<34!1+*/(</./!-4A,+!4-!4AJ+<4-!\I4,!+S+:I14Q!-+!/1C?:!I/,!.+!-+C:+(<4-!-+!)(<+,K+I</a!
4?! </1*+d! ?:! (4*4! 4AJ+<4! C+4:P<,)K4Q! K4:4!4! I41UC4(4! K4(*+S4! +(*41<V,)4! \B&Ga! .+! ?:!
K4(J?(<4! .+! I4(<4-@!$M?)Q! (/<?,/1:+(<+Q! -+! <,/A/1D4?! +:! .?/-! .):+(-R+-@!G/./! 4AJ+<4! .+!
+(<,/./!P!,+I,+-+(</.4!K4:4!?:!K4(J?(<4!.+!I4(<4-!|I)}Q!4(.+!K/./!I)!{!\S)QZ)a!+!S)Q!Z)!-!R@!

H!I,4C,/:/!M?+!C+,/!4-!C,/>4-!-?I4,<+!P!K4:I4-<4!./-!+</I/-!.+!C+,/E34!.4-!*P,<)K+-!+!.+!
C+,/E34!./-!/,+-</-@!$!-/U./!K4(-)-<+!(4-!/,M?)*4-!.+!/.J/KN(K)/Q!.+!.+:/(./!+!.+!K?-<4-!.+!
K/./!?:!.4-!Y!C,/>4-!C+,/.4-@!

!
A.2 – Geração dos vértices 

c/!+</I/!.+!C+,/E34!.4-!*P,<)K+-!.+1):)</9-+!?:/!O,+/!.4!I1/(4!K/,<+-)/(4!I/,/!/!C+,/E34!.4-!
n!I4(<4-@!&-</!O,+/!I4.+!-+,!/!.4!<4.4!4?!I/,<+!.+!?:/!K)./.+!4?Q!(4!K/-4!.+!?:!+S+:I14!
>)K<UK)4Q!.+1):)</./!a priori@!$M?)!-+!<,/A/1D/!K4:!K44,.+(/./-!x!+!y!.+!*/14,+-!+(<,+!i!+!hi!
?()./.+-! \?()./.+;! M?)1W:+<,4aQ! <+(.49-+!I4,</(<4!?:/! O,+/! .+! Tii!Y:h!4(.+! /!(?*+:!.+!
I4(<4-!-+,O!C+,/./@!&-</!O,+/!>4)!/.4</./!I/,/! <+-<+!I4,!K4,,+-I4(.+,!/!?:!I4,<+!-?>)K)+(<+!
I/,/!/<+(.+,!/!?:/!I/,<+!):I4,</(<+!.4!<+,,)<V,)4!?,A/(4!+!-?A?,A/(4!./-!C,/(.+-!:+<,VI41+-@!
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&-<+! +-I/E4! >4)! .)*).).4! +:! ^ii! M?/.,UK?1/-! .+! .):+(-R+-! h! S! hQ! (?:+,/./-! ./! +-M?+,./!
I/,/! /! .),+)</! +! .+! A/)S4! I/,/! K):/Q! .+>)()(.49-+! ?:! *+<4,! .+! K4(<,41+! .+! K4(<+b.4! K?J/-!
K4:I4(+(<+-!<N:!*/14,!^!4?!i!I/,/!)(.)K/,!/!I,+-+(E/!4?!/?-N(K)/!.+!I4(<4@!$!M?/.,)K?1/E34!
.4!I1/(4!-+,*+!I/,/!K4(<,41/,!/.+M?/./:+(<+!/!C+,/E34!.+!I4(<4-!+!</:AP:!I/,/!I+,:)<),!/!
+-I+K)>)K/E34!+*+(<?/1!.+!,+C)R+-!(/-!M?/)-Q!I4,!)(+S)-<N(K)/!.+!.+:/(./!4?!I4,!M?+-<R+-!.+!
,+1+*4Q! (34! -+! K4(-).+,/,)/! /! K4(-<,?E34!.+! ?:/! +-</E34@!&:!K/./!M?/.,UK?1/! P!C+,/.4!(4!
:OS):4!?:!I4(<4Q!4!M?+!+*)</!/!C+,/E34!.+!I4(<4-!:?)<4!I,VS):4-@!H-!1):)<+-!.4-!+)S4-!+!
./-!M?/.,UK?1/-!I4.+:!-+,!/J?-</.4-!.+!/K4,.4!K4:!/-!+-I+K)>)K)./.+-@!

!

A.3 – Geração das arestas 

c+-</!+</I/!-34!/I1)K/.4-!/1C?(-!K4(K+)<4-!./!C+4:+<,)/!I1/(/Q!K4:4!/!.+<+,:)(/E34!.4!B&G!
\I41UC4(4!+(*41<V,)4!K4(*+S4a!.+!?:/!(?*+:!.+!n I4(<4-!+!/-!I,4I,)+./.+-!.4!K,?d/:+(<4!
.+!-+C:+(<4-!.+!,+</-@!H!B&G!.+!?:!K4(J?(<4!Q!.+!k!I4(<4-!P!4!:+(4,!I41UC4(4!K4(*+S4!B!
4(.+!K/./!I4(<4!.+!Q!+-<O!(/!A4,./!.+!B!4?!(4!-+?!)(<+,)4,Q!/M?)!.+(4</.4!I4,!Gp\Qa@!':/!
*)-?/1)d/E34!I,O<)K/!.4!B&G!K4(-).+,/!?:!I,+C4!/>)S/.4!/!?:/!<OA?/!+:!K/./!I4(<4!.+!Q@!H!
B&G!P! +(<34!4! >4,:/<4!.+! ?:!I+./E4!.+!A4,,/KD/!M?+! K),K?(./! <4.4-!4-!I,+C4-! \G4,:+(!
et al.Q!^__^a@!

04)!):I1+:+(</.4!?:!I,4K+.):+(<4!I/,/!4!KO1K?14!.+!?:!K4(J?(<4!Gp\Qia!\)!{!^Q!�Q!,a!M?+Q!
I/,/!)!{!^Q!K4,,+-I4(.+!/4!B&G!.+!<4.4!4!K4(J?(<4!QQ!1+*/(.4!s!C+,/E34!./-!/,+-</-!+S<+,(/-!
.4! C,/>49-?I4,<+@! ':/! *+d! .+<+,:)(/.4! ?:! Gp\Qia! -34! ,+<),/.4-! 4-! Y)! I4(<4-! /! +1+!
I+,<+(K+(<+-@!H!I,4K+.):+(<4!P!,+I+<).4!+(M?/(<4!,+-</,+:!`!4?!:/)-!I4(<4-@!"+-</!>4,:/!
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K4(>)C?,/E34!K+(<,/1!/K):/!.+-K,)</@!

c4! I,):+),4! K/-4Q! -+! 4! I41UC4(4! K+(<,/1! I4--?),! Y! *P,<)K+-Q! <,/E/,+:4-! /-! \Y!7!`a!:+(4,+-!
.)/C4(/)-!.+-<+!I41UC4(4!M?+!(34!-+!K,?d/,+:@!

B/,/! +-<+! KO1K?14! >4,/:! >+)</-! /1C?:/-! :4.)>)K/ER+-! (4! /1C4,)<:4! K4(D+K).4! K4:4!
Graham’s scan@! H! /1C4,)<:4! ?-/! /! <PK()K/! KD/:/./! qrotational sweepr! \*/,,+.?,/!
,4</K)4(/1aQ! I,4K+--/(.4! 4-! *P,<)K+-! (/! 4,.+:! .4-! e(C?14-! I41/,+-! K4:! ?:! *P,<)K+! .+!
,+>+,N(K)/Q!(4!K/-4!4!*P,<)K+!*)C+(<+!.+!:+(4,!*/14,!./!K44,.+(/./!y!\+!.+!:+(4,!K44,.+(/./!
xQ!+:!K/-4!.+!+:I/<+a!\apud!G/,:4Q!hiiia@!

04)!?-/.4!/)(./!?:!I,4K+.):+(<4!.+-<)(/.4!/!*+,)>)K/,!-+!?:!-+C:+(<4!.+!,+</!\pi!p^a!+-<O!/!
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K41)(+/,+-@!
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H!I/--4!-+C?)(<+!K4(-)-<+!+:!.+<+,:)(/,!-+!.?/-!/,+-</-!-+!K,?d/:@!%,/</9-+!.+!?:!:P<4.4!
.+! .?/-! >/-+-Q! 4(.+! /! I,):+),/! P! ?:/! ,OI)./! ,+J+)E34;! 4-! -+C:+(<4-! .+! ,+</! (34! -+!
)(<+,K+I</:!-+!-?/-!caixas de contorno!\:+(4,+-!,+<e(C?14!.+!1/.4-!I/,/1+14-!/4-!+)S4-Q!M?+!
K4(<P:!4-!-+C:+(<4-!+:!M?+-<34a!(34!<)*+,+:!)(<+,-+E34@!

$!K/)S/!.+!K4(<4,(4!.4!-+C:+(<4!\p1 p2a!P!+(<34!\r1 r2a!K4:!4!I4(<4!s!+-M?+,./!:/)-!A/)S4!
r1!{!\xmin,ymina! +! 4! I4(<4! s! .),+)</! :/)-! /1<4! r2!{!\xmax,ymaxaQ! 4(.+! xmin!{!:)(\x1,x2aQ!
ymin!{!:)(\y1,y2aQ! xmax!{!:/S\x1,x2aQ! ymax!{!:/S\y1,y2a@! "4)-! ,+<e(C?14-! \r1,r2a! +! \r3,r4aQ! 4(.+!
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)(<+,K+I</:!-+!+!-4:+(<+!-+!/!K4(.)E34;!

\xmax!.!x'mina!/!\x'max!.!xmina!/!\ymax!.!y'mina!/!\y'max!.!ymina!

P! *+,./.+),/@! H! I,):+),4! I/,! .+! K4:I/,/ER+-! /K):/! .+<+,:)(/! -+! 4-! ,+<e(C?14-! -+!
)(<+,K+I</:!+:!x!+!4!-+C?(.4!-+!+1+-!-+!)(<+,K+I</:!+:!y@!

&:! -+C?)./! 4! I,4.?<4! K,?d/.4! P! ?-/.4! I/,/! /KD/,! /! I4-)E34! ,+1/<)*/! .+! .4)-! -+C:+(<4-!
\p1 p2a!+!\p3 p4a;!

\/a! -+! +1+-! -+! K,?d/:Q! +(<34! 4-! -)(/)-! .4! I,4.?<4! K,?d/.4! \p3 – p1a! S! \p2 – p1a! +!!
\p4 – p1a!S!\p2 x p1a!.)>+,+:m!

\Aa! -+!+1+-!(34!-+!K,?d/:Q!+(<34!4-!-)(/)-!.4-!I,4.?<4-!K,?d/.4-!-34!4-!:+-:4-m!

\Ka! -+!/I+(/-!?:!.4-!.4)-!I,4.?<4-! >4,!(?14Q!?:!.4-!I4(<4-!.+!?:!-+C:+(<4!+-<O!
-4A,+!4!4?<,4!-+C:+(<4m!

\.a! -+!4-!.4)-!I,4.?<4-!>4,+:!(?14-Q!4-!.4)-!-+C:+(<4-!-34!K41)(+/,+-@!

H-! .+</1D+-! .4! /1C4,)<:4! +! .+! -?/! +S+K?E34! +-<34! +:!G/,:4! \hiiia! +! .)d+:! ,+-I+)<4! /4!
/I,+-+(</.4! +:! h@f@! $!Figura A.1! :4-<,/! 4-! .4)-! B&G-! 4A<).4-Q! /IV-! /! .+1):)</E34! .4-!
M?/)-!,+-</:!h!I4(<4-Q!M?+!C+,/:!?:/!/,+-</@!H-!*P,<)K+-!+-<34!,4<?1/.4-!/I+(/-!I+14-!-+?-!
U(.)K+-@!
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A.4 – Procedimento para ligação entre as camadas de PEC(s) 

$IV-!/!4A<+(E34!./-!K/:/./-!.+!B&G\-a!>/d9-+Q!)<+,/<)*/:+(<+Q!/!1)C/E34!.4-!*P,<)K+-!:/)-!
I,VS):4-!.+!.?/-!K/:/./-!K4(-+K?<)*/-!.+!B&G-Q!4A<+(.4!K4:4!,+-?1</.4!?:!C,/>4!I1/(/,!
<,)/(C?1/.4@!v):)</:49(4-!/M?)!/!/I,+-+(</,!4-!I,)(K)I/)-!I,4K+.):+(<4-!?-/.4-;!

w! B,4K+.):+(<4! K4(</,! K/:/./-;! K4(</! 4! (b:+,4! .+! K/:/./-! .+! I41UC4(4-! K4(*+S4-!
4A<).4-!./!(?*+:!.+!n!I4(<4-m!

w! B,4K+.):+(<4! K4(</,!*P,<)K+-x)y;! K4(</!4!(b:+,4!.+!*P,<)K+-!./! K/:/./! i! +! ./!I,VS):/!
K/:/./m!

w! B,4K+.):+(<4! 1)C/,! *P,<)K+-;! !1)C/! 4-! *P,<)K+-! ./! K/:/./! +S<+,(/! \)a! /4-! *P,<)K+-! :/)-!
I,VS):4-! ./! K/:/./! )(<+,(/! \)!t!^aQ! -+:I,+! <+-</(.4! -+! /! (4*/! 1)C/E34! (34! )(<+,K+I</!
/1C?:/!4?<,/!1)C/E34!JO!,+/1)d/./!/<P!4!:4:+(<4m!

w! B,4K+.):+(<4!<,/E/,!.)/C4(/)-;!!<,/E/!/-!Y!7!`!:+(4,+-!.)/C4(/)-!M?+!(34!-+!)(<+,K+I</:!
.+!?:!I41UC4(4!K4(*+S4!K4:!Y!*P,<)K+-m!

w! B,4K+.):+(<4!*+,)>)K/,!M?/.,)1O<+,4-;!!*+,)>)K/!<4./-!/-!+S)-<N(K)/-!.+!M?/.,)1O<+,4-!+(<,+!
.?/-!K/:/./-!K4(-+K?<)*/-!.+!B&G\-aQ!-+!/!.)/C4(/1!<,/E/./!(34!>4,!/!:+(4,!+>+<?/9-+!/!
<,4K/!I+1/!:+(4,m!

w! B,4K+.):+(<4! C+,/,! :/<,)d! .+! .)-<e(K)/-;! !K/1K?1/! +! C,/*/! +:! ?:! /,M?)*4! .+! -/U./! /!
:/<,)d!.+!.)-<e(K)/-!.4!C,/>49-?I4,<+!>)(/1@!

$I1)K/(.4!4!I,4K+.):+(<4!.+!1)C/E34!./-!K/:/./-!.+!B&G\-a!/4!C,/>4!./!Figura A.1!4A<P:9
-+!4!C,/>4!JO!:4-<,/.4!(/!Figura 2.!

!
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