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ABSTRACT. This study is devoted to the optimal control of a hybrid manufacturing system with returned
products after usage, represented as an infant mortality mode under a periodic review policy. Three hybrid
models have been discussed; remanufacturing is continuous along the planning period (without a disposal
option), remanufacturing happened in the second part of the planning period (disposal happen at arrival),
and the remanufacturing rate was constrained by the demand rate (disposal of serviceable products to con-
trol inventory). Our contribution to literature was showed in two cases; usage the infant mortality mode
to describe returned products, and simplified the optimal control model by using a different approach to
achieve constraints. The explicit solution was realized using the Pontryagin maximum principle. Our nu-
merical results suggest that the control of the inventory level satisfies the demands by combining rates of
manufacturing and remanufacturing. Also, remanufacturing being continuous along the planning period is
better as it minimizes the total cost.

Keywords: infant mortality mode, disposal items, Weibull distribution, optimal control, hybrid inventory
system.

1 INTRODUCTION

Product quality plays a vital role in manufacturing planning. The higher quality of a product
means only the manufacturing mode, while hybrid manufacturing mode results in low-quality
products returned from customers. There is a certain proportion of products that will be defective
in any stage of manufacturing. Defect happens due to factors such as material defects. In the
last decade, economic and environmental development helped spread remanufacturing to many
industries, such as electrical equipment and cellular phones (Gallo et al., 2009). Therefore, lit-
erature reported hybrid systems with different assumptions of the return rate and demand on the
remanufactured product.
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Many studies have dealt with a return rate as a random variable that adheres to probability distri-
butions. Hsueh (2010), as well as Singh & Saxena (2012), have used the normal distribution with
product age and time function which had an effect on the expected value of the distribution. Also,
using a normal distribution, Lalmazloumian et al. (2014) developed a hybrid model to deter-
mine the reorder point and product quantities coming from manufacturing and remanufacturing.
Poisson distribution has been used to describe the return rate and demand by Nikoofal & Moat-
tar Husseini (2010) and Corum et al. (2014). The first discussed the effect of the reorder point
on the optimal policy of the recovery system, while the second compared the models with and
without remanufacturing based on costs of lead time, holding, and setup. A hybrid model with
defective and deteriorated items to make a balance between manufacturing and remanufacturing
rates that meet the demand has been developed by Dhaiban et al. (2018).

A deterministic return rate has been discussed in many studies. Konstantaras & Papachristos
(2007) studied a periodic review inventory with constant demand, a large amount of returned
product at the beginning of the time period. They determined the switching time from remanu-
facturing to manufacturing. Single product, supplier, and retail have been addressed by Chung
et al. (2008) and Liu et al. (2009). Chung et al. (2008) who assumed that remanufactured prod-
ucts satisfy the demand before the manufacturing process in the multi-echelon system. Liu et al.
(2009) developed a model that included a single manufacturer, product, and retailer to determine
the order quantity and retail pricing. The effect of incentive on the production rate, as well as a
returned product not collected by the manufacturer in centralized and decentralized models was
discussed by Kaya (2010). Turki et al. (2017) studied a hybrid system with infinite inventory and
a maximum limit of the product rate for two machines. They aimed to minimize total cost by
determining the optimal returned and optimal capacity of inventory, purchasing warehouse, and
the vehicle. For more references to deterministic rate of return rate, the works of Guo & Liang
(2011), Reimann & Zhang (2013), Raupp et al. (2015), Guo & Ya (2015), Polotski et al. (2015),
and Tahirov et al. (2016) can be reviewed.

Several researchers have used the Poisson process to describe the return rate of a product. Ma-
hadevan et al. (2003) studied the system with a single product, and all returned product would be
remanufactured. They also clarified the effect of lead time on the total cost that included hold-
ing and backorder costs. Jin et al. (2011) discussed the fact that the reassembly model with the
returned product can be stocked with holding costs until demand requests. They considered the
uncertainty of time and quality of supply and demand. Lim et al. (2011) used exponential dis-
tribution to describe the time of manufacturing and remanufacturing to minimize the total cost
of the hybrid system. A single server for manufacturing and remanufacturing processes were
discussed by Vercraene et al. (2014), with the rejection of some of the returned products, and
Flapper et al. (2014), with acceptance of all of the returned products. Queuing model of the re-
turn product with a single product was discussed by Gayon et al. (2017). They assumed two
options for disposing part of the returned products at arrival and serviceable to save inventory
level without excess. For more references on the return rate, according to the Poisson process,
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the works of Kim et al. (2013), Tai & Ching (2014), and Marshall & Archibald (2015) can be
reviewed.

Our model differed from the aforementioned studies in two cases. The first one, it uses the infant
mortality mode to describe returned products. This mode is suitable for determining the return
rate of the product, where its defects appear after use, such as electronic devices. Practically,
this mode is better than other return rates that have been used in the previous studies because
it has taken into account the time period of the used item to determine the return rate. Then,
determining the amount of return carefully, which helped minimize the total cost by controlling
the manufacturing and inventory. The second one, we simplified the optimal control model by
using a different approach to achieve the constraint of manufacturing items that were sold as
new products through rates of manufacturing and remanufacturing directly, instead, it considers
a new constraint added to the optimal control model. Moreover, we discussed three options of
disposal by developing three models of optimal control. These three models faced most of the
practical situations. The first model without disposal, remanufacturing process was continuous
over the planning period. The second model considered disposal that happened at arrival, the
remanufacturing process that happens in the second part of the planning period. The last model
discussed the disposal of serviceable products, a specific percent of remanufacturing product.
The third disposal option that has been used in the case of secondary markets (Gayon et al.,
2017). Table 1 shows our contribution compared other literature.

2 MATERIALS AND METHODS

2.1 Notations and Assumptions Involved In the Model

2.1.1 Notations

The following variables and parameters are used:
T: The length of the planning horizon (T > 0).
I(t): The inventory level at time t.
Pm(t): The manufacturing rate at time t.
Pr(t): The remanufacturing rate at time t.
D(t): Demand rate of the product at time t.
Î(t): The inventory goal level.
P̂m(t): The manufacturing goal rate.
P̂r(t): The remanufacturing goal rate.
Pd(t): The disposal rate at time t.
P̂d(t): The disposal goal rate.
I(1): The initial inventory level.
R(t): Return rate of the product at time t.
c: A penalty is incurred when the inventory level deviates from its goal level.
km,kr,kd : A penalty is incurred when the total manufacturing, remanufacturing, disposal rate

to deviate from its goal rate.
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Table 1 – Summary of literature review.
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Mahadevan et al. (2003) X X X X

Konstantaras & Papachristos (2007) X X X X X

Chung et al. (2008) X X X X

Liu et al. (2009) X X X

Hsueh (2010) X X X

Nikoofal & Moattar Husseini (2010) X X X X

Kaya (2010) X X X X

Guo & Liang (2011) X X X

Jin et al. (2011) X X X X

Lim et al. (2011) X X X

Singh & Saxena (2012) X X X

Kim et al. (2013) X X X X X

Reimann & Zhang (2013) X X X

Lalmazloumian et al. (2014) X X X X

Vercraene et al. (2014) X X X

Flapper et al. (2014) X X X

Corum et al. (2014) X X X X

Tai & Ching (2014) X X X

Marshall & Archibald (2015) X X X X

Raupp et al. (2015) X X X

Guo & Ya (2015) X X X

Polotski et al. (2015) X X X

Tahirov et al. (2016) X X X X X

Gayon et al. (2017) X X X X

Turki et al. (2017) X X X X

Dhaiban et al. (2018) X X X

This article X X X X X X X X
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2.1.2 Assumptions

We took into account the following points:

1. A firm can produce a single product, sell some, and stuck the rest in a warehouse.

2. The demand rate of a product is a fluctuating function of time and satisfied by both
manufacturing and remanufacturing products.

3. Returned products are continuous, according to the infant mortality mode.

4. Neglect the lead time.

5. Three options for product disposal.

6. The firm has set an inventory goal level and goal rates of manufacturing and
remanufacturing.

7. No shortages and unlimited storages.

2.2 Infant Mortality Mode

The infant mortality mode can be used to describe product failures due to defects such as ma-
terials and the machine age. The failure rate of the products, which appear after usage, will be
highest in the first months, then decrease with time (Hartzell et al., 2011). The failure rate can be
represented by a Hazard function of lifetime distributions. In this study, the returned rate of prod-
ucts, which represent returned products after use, is a Hazard function of the Weibull distribution
(Kumar et al., 2012; Ross, 2010). The Hazard function of the Weibull distribution is:

h(t) = γtγ−1; γ > 0 (1)

Now, the value of the Weibull parameter that is suitable with the infant mortality mode must be
determined. The value of the Weibull parameter that is less than one leads to a curve of Hazard
function similar to the infant mortality mode, which means that it decreases with time. Practically,
the products with birth defects that appear after usage will be returned to the supplier from
customers, and its amount will decrease over time. Figure 1 shows an example of the returned
percentage of the product over time.

The returned items from the product of the third month can be expressed as follows:

R(3) = 0.08D(1)+0.11D(2)+0.2D(3) (2)

The returned items represent a part of a product that satisfies the demand over three months and
so on for any month of the planning period. At the third month, the return amount represented by
a percentage of items that were sold in the first, second and third months, respectively. Generally,
the return rate is as follows:

R(t) = h(t)D(1)+h(t−1)D(2)+h(t−2)D(3)+ · · · ; t = 1,2, . . . ,T (3)

where h(0) = h(−1) = h(−2) = · · ·= 0.
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Figure 1 – Returned percentage of product.

2.3 Optimal control model

In this section, a discussion of the development of three models of inventory control under pe-
riodic review policy will be described. The first one considers the remanufacturing process as
being continuous over the planning period (without disposal option). Remanufacturing process
that happens in the second part of the planning period (disposal happens at arrival) will be dis-
cussed in the second model. The last model is constrained by a specific percent of remanufactur-
ing product (disposal of serviceable products to control on inventory). Practically, these models
can be used in many industrial fields, such as electronic and electrical industries. These mod-
els represent three practical situations of remanufacturing and disposal. For example, a firm that
manufactures a blender and has specific goals related to rates of manufacturing and remanufac-
turing, as well as the level of safety stock. Minimizing the total cost can be achieved by meeting
the demands and putting the inventory at a specific level with many choices of remanufacturing
and disposal items.

2.3.1 The first model

Figure 2 shows the hybrid inventory system of the first model.

Figure 2 – The hybrid inventory system of the first model.
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The objective function can be expressed as the quadratic form to be minimized (Hull, 2003; Sethi
& Thompson, 2000):

2J =
T−1

∑
t=1

c1{I1(t)− Î1}2 + c2{I2(t)− Î2}2 + km{Pm(t)− P̂m(t)}2 + kr{Pr(t)− P̂r(t)}2 (4)

subject to the state equations:

∆I1(t) = Pm(t)+Pr(t)−D(t) (5)

∆I2(t) = R(t)−Pr(t) (6)

with initial condition I1(1) = I1, I2(1) = I2, where ∆I(t) = I(t +1)− I(t) is called the difference
operator.

Equation (4) represents the minimizing of the total of mean square deviation of inventory levels
and rates of manufacturing and remanufacturing from its goals, respectively. Meanwhile, Eq. (5)
represents the inventory level in the first stock that is increased by manufacturing and remanu-
facturing rates, as well as decreased by the demand rate. Items in the second stock are increased
by the return rate and decreased by the remanufacturing rate (Eq. 6).

To solve this problem, we use Pontryagin’s maximum principles, the Lagrangian function is:

L =
T−1

∑
t=1
−1

2

[
c1
{

I1(t)− Î1
}2

+ c2
{

I2(t)− Î2
}2

+ km
{

Pm(t)− P̂m(t)
}2

+ kr
{

Pr(t)− P̂r(t)
}2
]

+
T−1

∑
t=1

λ1(t +1) [Pm(t)+Pr(t)−D(t)− I1(t +1)+ I1(t)]

+
T−1

∑
t=1

λ2(t +1) [R(t)−Pr(t)− I2(t +1)+ I2(t)]

(7)

A Hamiltonian function defined as:

H(t) =
−1
2

[
c1
{

I1(t)− Î1
}2

+ c2
{

I2(t)− Î2
}2

+ km
{

Pm(t)− P̂m(t)
}2

+ kr
{

Pr(t)− P̂r(t)
}2
]

+λ1(t +1) [Pm(t)+Pr(t)−D(t)]+λ2(t +1) [R(t)−Pr(t)]
(8)

By using Eq. (8), we can write Eq. (7) as follows:

L =
T−1

∑
t=1

H(t)−λ1(t +1){I1(t +1)− I1(t)}−λ2(t +1){I2(t +1)− I2(t)} (9)

Now, differentiate Eq. (9) with respect to I(t) to get on the adjoint equations:

∆λ1(t) = c1
{

I1(t)− Î1
}

(10)

∆λ2(t) = c2
{

I2(t)− Î2
}

(11)
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To get on the rates of manufacturing and remanufacturing, we differentiate Eq. (9) with respect
to Pm(t) and Pr(t) to yield:

Pm(t) = P̂m(t)+
1

km
λ1(t +1); t = 1,2, . . . ,T −1 (12)

Pr(t) = P̂r(t)+
1
kr
{λ1(t +1)−λ2(t +1)} ; t = 2,3, . . . ,T −1 (13)

Practically, the remanufacturing process happens one month later due to the fact that it depends
on the products that were returned from customers. To constrain the rates of manufacturing and
remanufacturing by non-negative values, Eqs. (12) and (13) become:

Pm(t) = Max
{

P̂m(t)+
1

km
λ1(t +1), 0

}
; t = 1,2, . . . ,T −1 (14)

Pr(t) =

 Max
[

P̂r(t)+
1
kr
{λ1(t +1)−λ2(t +1)} , 0

]
; t = 2,3, . . . ,T −1

0; t = 1
(15)

The goal rates of manufacturing and remanufacturing must satisfy the state equations 5 and 6,
respectively:

P̂m(t) = D(t)− P̂r(t); t= 1,2, . . . ,T −1 (16)

P̂r(t) =

{
R(t−1); t= 2,3, . . . ,T −1

0; t = 1
(17)

Substituting Eqs. (12, 13, 16 and 17) into Eq. (5) yields:

∆I1(t) =
1

km
λ1(t +1)+

1
kr
{λ1(t +1)−λ2(t +1)} (18)

Substituting Eqs. (13, 16 and 17) into Eq. (6) yields:

∆I2(t) =
1
kr
{λ1(t +1)−λ2(t +1)} (19)

From Eqs. (10, 11, 18 and 19), we obtained a system of difference equations. This boundary
value problem can be solved numerically by Microsoft Excel, with the initial condition I(1) = I1

and terminal condition λ (T ) = 0.

2.3.2 The second model

In this model, we assume that the remanufacturing process will happen in the second part of
the planning period. This means that the demand at the first part of the planning period will be
satisfied by manufacturing only, while it satisfies both manufacturing and remanufacturing in the
second part.

Figure 3 shows the hybrid inventory system of the second model.
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Figure 3 – The hybrid inventory system of the second model.

The change will happen in the state equations with the objective function remaining unchanged
(Eq. 4).

∆I1(t) = Pm(t)−D(t); t = 1,2, . . . , t1 (20)

∆I2(t) = R(t)−Pd(t); t = 1,2, . . . , t1 (21)

∆I1(t) = Pm(t)+Pr(t)−D(t); t = t1 +1, . . . ,T −1 (22)

∆I2(t) = R(t)−Pr(t); t = t1 +1, . . . ,T −1 (23)

By using Pontryagin’s maximum principles that have been described in the first model, we can
find the solution to the problem.

The manufacturing rate is similar to the first model (Eq. 14), with a change in the goal rate as
follows:

P̂m(t) =

{
D(t); t = 1,2, . . . , t1

D(t)− P̂r(t); t = t1 +1, . . . ,T −1
(24)

The remanufacturing rate and its goal are as follows:

P̂r(t) =

{
0; t = 1,2, . . . , t1

R(t−1); t = t1 +1, . . . ,T −1
(25)

Pr(t) =

 0; t = 1,2, . . . , t1

Max
[

P̂r(t)−
1
kr
{λ1(t +1)+λ2(t +1)} , 0

]
; t = t1 +1, . . . ,T −1

(26)

The disposal rate and its goal are as follows:

P̂d(t) =

{
R(t−1); t = 2, . . . , t1

0; t = t1 +1, . . . ,T −1
(27)

Pd(t) =

 Max
[

P̂d(t)−
1
kd

λ2(t +1), 0
]

; t = 1, . . . , t1

0; t = t1 +1, . . . ,T −1
(28)
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Substituting Eqs. (12, 24-26) into Eqs. (20 and 22) yields:

∆I1(t) =


1

km
λ1(t +1); t = 0,1, . . . , t1

1
km

λ1(t +1)+
1
kr
{λ1(t +1)−λ2(t +1)} ; t = t1 +1, . . . ,T −1

(29)

Substituting Eqs. (25 and 26) into Eqs. (21 and 23) yields

∆I2(t) =

 R(t); t = 1, . . . , t1
1
kr
{λ1(t +1)−λ2(t +1)} ; t = t1 +1, . . . ,T −1

(30)

The adjoining equations (10 and 11) remain unchanged. Using the solver function in the Mi-
crosoft Excel by applying the condition λ (T ) = 0 by changing the value of λ (1), we can find
the inventory levels and λ (t) by solving Eqs. (10, 11, 29 and 30) simultaneously. Then, we can
determine the rates of manufacturing and remanufacturing using Eqs. (14) and (26), respectively.

2.3.3 The third model

In this model, we assume the remanufacturing items that were sold as a new product must not
exceed a specific percentage of demand. All returned items will be remanufactured and stored
in the first store. Part of remanufactured items are sold as a new product, and the remaining are
disposed to the second market to avoid an increase in the inventory level.

Pd(t)≥ R(t−1)−ϑD(t); 0 < ϑ < 1 (31)

Figure 4 shows the hybrid inventory system of the third model.

Figure 4 – The hybrid inventory system of the third model.

Condition 31 is added to the optimal control problem as a new constraint, then the problem
is solved by using Lagrange multiplier with three constraints (Hull, 2003; Sethi & Thompson,
2000). In this paper, we use another approach by achieving the condition 31 through rates of
manufacturing and remanufacturing directly.
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The objective function can be expressed as the quadratic form to be minimized:

2J =
T−1

∑
t=1

c1
{

I1(t)− Î1
}2

+ c2
{

I2(t)− Î2
}2

+ km
{

Pm(t)− P̂m(t)
}2

+ kr
{

Pr(t)− P̂r(t)
}2

+ kd
{

Pd(t)− P̂d(t)
}2

(32)

subject to the state equations:

∆I1(t) = Pm(t)+Pr(t)−Pd(t)−D(t); t = 1, . . . ,T −1 (33)

∆I2(t) = R(t)−Pr(t); t = 1, . . . ,T −1 (34)

By using Pontryagin’s maximum principles that have been described in the first model, we can
find the solution to the problem.

The rates of manufacturing, remanufacturing and disposal and its goal are as follows:

P̂r(t) = R(t−1); t = 2, . . . ,T −1 (35)

Pr(t) = P̂r(t)+
1
kr
{λ1(t +1)−λ2(t +1)} ; t = 2, . . . ,T −1 (36)

P̂d(t) =

{
P̂r(t)−ϑD(t); P̂r(t)>ϑD(t)

0; P̂r(t)≤ ϑD(t)
t = 2, . . . ,T −1 (37)

Pd(t) =


P̂d(t)−

1
kd

λ1(t +1); P̂d(t)>
1
kd

λ1(t +1)

0; P̂d(t)≤
1
kd

λ1(t +1)
t = 2, . . . ,T −1 (38)

P̂m(t) = D(t)+ P̂d(t)− P̂r(t); t = 1,2, . . . ,T −1 (39)

Pm(t) =


P̂m(t)+

1
km

λ1(t +1); P̂m(t)>
1

km
λ1(t +1)

0; P̂m(t)≤
1

km
λ1(t +1)

t = 1,2, . . . ,T −1 (40)

Substituting Eqs. (35-40) into Eqs. (33 and 34) yields:

∆I1(t) = (
1

km
+

1
kd

)λ1(t +1)+
1
kr
{λ1(t +1)−λ2(t +1)} (41)

∆I2(t) =−
1
kr
{λ1(t +1)−λ2(t +1)} (42)

3 RESULTS AND DISCUSSION

An inventory system with the following parameter values:

• Î1 = 50 items; Î2 = 30 items.
The inventory goal level, and the safety stock that faced the demand fluctuation.
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• I1(1) = 70 items; I2(1) = 10 items.
The initial inventory levels that mean the items amount in the stock at the beginning of the
planning period.

• T = 10 months.
The length of the planning period.

• t1 = 5.
The time of the beginning of the remanufacturing process.

• km = 5$; kr = 3$; kd = 2$; c1 = 2$; c2 = 2$.
The penalty costs, which determines the priority of achieving the goals of inventory,
manufacturing and remanufacturing.

• D(t) = 100+40∗Sin (t).
The supposing demand that affects the rates of manufacturing and remanufacturing. There
is no effect on achieving the goals of inventory and manufacture by choosing another
demand function, the effect only on the manufacture amount.

• ϑ = 0.4; γ = 0.08.
The distribution parameters.

The purpose of developing three models of inventory control is to introduce several strategies to
the decision maker that is suitable in the practical situation of the company. Also, determine the
optimal policy of remanufacturing and disposal items that minimize the total cost. The changing
in the value of the Weibull parameter and the upper level of remanufacturing show the relation-
ship between the rates of return, manufacturing, disposal and remanufacturing. Therefore, several
choices to the decision maker, according to the practical situation.

3.1 Solution of the optimal control model

By using the solver function in Excel with condition λ (T ) = 0, we can solve for the three models.
Practical situations with any amounts of demand and inventory can be solved the same way.

From Figures (5 and 6), the inventory levels of the three models (FM, SM and TM) converge to
its goal level (I.G) over time. This means that there is a control over the inventory level despite a
difference in the rates of manufacturing and remanufacturing.

From Figures (7, 8 and 9), the rates of manufacturing and remanufacturing differ between the
three models, but it achieves its goals in satisfying the collective demand and defines inventory
levels as specific levels (goal levels). Figure 8 shows that the remanufacturing process started
from the second part of the planning period, while manufacturing and remanufacturing processes
that started together (at the beginning of the planning period) are shown in Figures 7 and 9. Fig-
ure 10 shows the total returned products R(t) that increase with time due to increasing products
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Figure 5 – The inventory level of the first store. Figure 6 – The inventory level of the second store.

Figure 7 – The percentage of manuf. and remanuf.
of the first model.

Figure 8 – The percentage of manuf. and remanuf.
of the second model.

that are supplied to customers over time. It also shows returned products from a monthly demand
over the planning period, which appears as an infant mortality mode (decreasing curve).

The main target of developing of the optimal control model is achieved by controlling the inven-
tory levels as the decision maker desired, and at the same time satisfies the demand. The change
in the rates of control variables (manufacturing and remanufacturing rates) helps satisfy the de-
mands and put the state variables (inventory level) at a specific level for three practical situations
(three models).

3.2 Sensitivity analysis

Sensitivity analysis was performed to clarify the effect of the Weibull parameter value (as shown
in Tables 2, 3 and 4), and the percentage of the remanufacturing items that were sold as new
products (as shown in Tables 5, 6 and 7) on the results. Conclusions of sensitivity analysis of the
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Figure 9 – The percentage of manuf. and remanuf.
of the third model.

Figure 10 – Returned products, according to
months.

effect of Weibull parameters on the results are the same for three models, so we applied them
only on the first model.

Table 2 – Solution of the first model with γ = 0.08.

Month I1 I2 Pm Pr P̂m P̂r R D J
1 70.00 10.00 131.61 0.00 133.66 0.00 10.69 133.66 810.53
2 55.27 22.68 125.73 6.40 125.68 10.69 16.56 136.37 108.92
3 51.03 26.97 89.55 14.98 89.08 16.56 18.11 105.64 14.54
4 49.93 28.54 52.06 17.46 51.62 18.11 17.00 69.73 3.25
5 49.71 29.20 44.97 16.69 44.64 17.00 16.44 61.64 1.13
6 49.73 29.51 72.60 16.27 72.39 16.44 18.64 88.82 0.47
7 49.78 29.67 107.77 18.56 107.64 18.64 23.02 126.28 0.21
8 49.83 29.75 116.62 22.98 116.56 23.02 26.76 139.57 0.10
9 49.85 29.79 89.72 26.76 89.72 26.76 27.51 116.48 0.07
10 49.85 29.79 0.07

Table 2 shows the rates of manufacturing and remanufacturing close to its goals in the first months
of the planning period. Therefore, the total penalty costs are minimized over time. During the
second month, the remanufacturing rate is less than its goal (returned product) in increasing its
inventory level of the second store to its goal. Also, part of the inventory of the first store was
used to satisfy the demand to reduce inventory levels to its goal.

We can deduce from Tables 2, 3 and 4 that the returned product increases with the increase
in the Weibull parameter values, thus increasing the remanufacturing rate and decreasing the
manufacturing rate, and vice versa. The remanufacturing rate depends on the amount of the

Pesquisa Operacional, Vol. 39(2), 2019



ALI KHALEEL DHAIBAN 239

Table 3 – Solution of the first model with γ = 0.16.

Month I1 I2 Pm Pr P̂m P̂r R J
1 70.00 10.00 131.61 0.00 133.66 0.00 21.39 810.53
2 55.27 22.68 115.04 17.10 114.99 21.39 33.77 108.92
3 51.03 26.97 72.35 32.19 71.88 33.77 37.59 14.54
4 49.93 28.54 32.58 36.94 32.14 37.59 35.94 3.25
5 49.71 29.20 26.02 35.63 25.70 35.94 35.16 1.13
6 49.73 29.51 53.88 34.99 53.67 35.16 39.82 0.47
7 49.78 29.67 86.59 39.74 86.46 39.82 48.93 0.21
8 49.83 29.75 90.70 48.90 90.64 48.93 56.97 0.10
9 49.85 29.79 59.52 56.97 59.52 56.97 59.08 0.07
10 49.85 29.79 0.07

Table 4 – Solution of the first model with γ = 0.04.

Month I1 I2 Pm Pr P̂m P̂r R J
1 70.00 10.00 131.61 0.00 133.66 0.00 5.35 810.53
2 55.27 22.68 131.08 1.06 131.03 5.35 8.20 108.92
3 51.03 26.97 97.91 6.63 97.44 8.20 8.89 14.54
4 49.93 28.54 61.28 8.24 60.84 8.89 8.27 3.25
5 49.71 29.20 53.69 7.96 53.37 8.27 7.95 1.13
6 49.73 29.51 81.09 7.79 80.87 7.95 9.03 0.47
7 49.78 29.67 117.38 8.94 117.25 9.03 11.18 0.21
8 49.83 29.75 128.46 11.14 128.40 11.18 12.99 0.10
9 49.85 29.79 103.50 12.99 103.50 12.99 13.30 0.07
10 49.85 29.79 0.07

returned items, therefore, there is a positive relation between them. Practically, the demand will
be satisfied by manufacturing and remanufacturing together, so when any of them increases,
that means the second one will decrease. Meanwhile, the inventory levels and total cost are
insensitive towards changing values of the Weibull parameter. Inventory levels are state variables
that are controlled by the control variables (rates of manufacturing and remanufacturing), so
it is not affected by changes in the Weibull parameters. The total penalty cost represents the
difference between the inventory level and its goals, in addition to the difference between rates
of manufacturing and remanufacturing, and its goals. The amount of difference is the same with
any value of the Weibull parameters, so the total cost does not change with the changing of
Weibull parameters.

From Table 5, the constraint of the remanufacturing items that have been sold is achieved. There
are no disposal items because all returned items that were remanufactured are less than the
specified percentage of demand ϑD.
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Table 5 – Solution of the third model with ϑ = 0.4.

Month I1 I2 Pm Pr ϑD Pd J
1 70.00 10.00 132.45 0.00 53.46 0 803.65
2 53.68 22.09 125.94 15.05 54.55 0 104.82
3 50.25 26.44 89.45 18.38 42.26 0 18.00
4 49.71 28.26 51.87 18.96 27.89 0 4.35
5 49.74 29.10 44.79 17.42 24.66 0 1.19
6 49.83 29.53 72.47 16.65 35.53 0 0.34
7 49.90 29.74 107.68 18.75 50.51 0 0.10
8 49.94 29.85 116.57 23.06 55.83 0 0.03
9 49.96 29.89 89.72 26.76 46.59 0 0.01

10 49.96 29.89 0.01

Table 6 – Solution of the third model with ϑ = 0.2.

Month I1 I2 Pm Pr ϑD Pd J
1 70.00 10.00 132.45 0.00 26.73 0.00 803.65
2 53.68 22.09 125.94 15.05 27.27 0.00 104.82
3 50.25 26.44 89.45 18.38 21.13 0.00 18.00
4 49.71 28.26 56.03 18.96 13.95 3.54 4.74
5 49.74 29.10 49.46 17.42 12.33 4.31 1.32
6 49.83 29.53 72.47 16.65 17.76 0.00 0.34
7 49.90 29.74 107.68 18.75 25.26 0.00 0.10
8 49.94 29.85 116.57 23.06 27.91 0.00 0.03
9 49.96 29.89 93.19 26.76 23.30 3.47 0.01
10 49.96 29.89 0.01

We can deduce from Tables 5, 6 and 7 that the disposal rate increases with the decrease in the
ϑ value, thus decreasing the number of the remanufacturing items that were sold and increasing
the manufacturing rate, and vice versa. There is an opposite relation between the disposal rate
and the ϑ value. The amount of remanufacturing items depends on the demand percent ϑD that
will be satisfied by remanufacturing. Therefore, increasing the value of ϑD leads to increased
remaufacturing and decreased disposal, and vice versa. Meanwhile, the inventory levels and total
cost are insensitive towards the change in the ϑ value.

4 CONCLUSION AND RECOMMENDATIONS

In this paper, we discussed the infant mortality mode to describe the returned products, that have
been returned after use, in the hybrid manufacturing-inventory system. The Hazard function of
the Weibull distribution as a return rate was addressed. We developed three models of optimal
control to determine the optimal policy of remanufacturing with three disposal options. Our mod-
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Table 7 – Solution of the third model with ϑ = 0.1.

Month I1 I2 Pm Pr ϑD Pd J
1 70.00 10.00 132.45 0.00 13.37 0.00 803.65
2 53.68 22.09 125.94 15.05 13.64 0.00 104.82
3 50.25 26.44 95.45 18.38 10.56 5.08 18.00
4 49.71 28.26 63.01 18.96 6.97 10.51 4.74
5 49.74 29.10 55.63 17.42 6.16 10.47 1.32
6 49.83 29.53 80.02 16.65 8.88 7.35 0.34
7 49.90 29.74 113.69 18.75 12.63 5.91 0.10
8 49.94 29.85 125.63 23.06 13.96 9.02 0.03
9 49.96 29.89 104.84 26.76 11.65 15.11 0.01

10 49.96 29.89 0.01

els discussed three practical situations of disposal and remanufacturing of items, and determined
the return amount carefully, which affected the remanufacturing rate. Moreover, it simplified the
optimal control model of the third model to obtain results.

In our models, the results of the model with continuous remanufacturing over time are better
than remanufacturing that happened in the second part of the planning period. The infant mortal-
ity mode is suitable for describing the returned rate of products that showed its defects after use,
such as electronic devices. Moreover, increasing the value of Weibull distribution means reduc-
ing the product’s lifetime, which increases remanufacturing and decreases manufacturing. The
control of the percentage of remanufacturing, according to the manufacturing rate, was achieved.
Sensitivity analysis showed the balance between the rates of manufacturing, remanufacturing
and disposal in all cases to satisfy demands and maintain the inventory levels at a specific level.
Economically, these hybrid models were found to be effective for inventory control. The model
can be applied in the case of multiple products with multi production lines by taking every pro-
duction line that represents a specific product separately. This study could be extended to include
stochastic demand and shortage that happen when the demand is higher than manufacturing and
remanufacturing rates. Also, the limited manufacturing rate is another case that can be discussed,
which means focusing on the remanufacturing to satisfy demand.
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