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Numerical simulation of solute trapping during solidification, using two phase-field model for dilute binary
alloys developed by Kim et al. [Phys. Rev. E, 60, 7186 (1999)] and Ramirez et al. [Phys. Rev. E, 69, 05167
(2004)] is presented here. The simulations on dilute Cu-Ni alloy are in good agreement with one dimensional
analytic solution of sharp interface model. Simulation conducted under small solidification velocity using solid-
liquid interface thickness (2A) of 8 nanometers reproduced the solute (Cu) equilibrium partition coefficient. The
spurious numerical solute trapping in solid phase, due to the interface thickness was negligible. A parameter
used in analytical solute trapping model was determined by isothermal phase-field simulation of Ni-Cu alloy.
Its application to Si-As and Si-Bi alloys reproduced results that agree reasonably well with experimental data. A
comparison between the three models of solute trapping (Aziz, Sobolev and Galenko [Phys. Rev. E, 76, 031606
(2007)]) was performed. It resulted in large differences in predicting the solidification velocity for partition-less
solidification, indicating the necessity for new and more acute experimental data.
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1. Introduction

During low velocity solidification of alloys the solid-liquid inter-
face atomic diffusion is much faster then the movement of interface.
In that case solid-liquid equilibrium holds at interface and its com-
position can be obtained by equilibrium phase diagram'.

For alloys with solute partition coefficient (ratio between solute
concentration at solid side of the interface and the maximum solute
concentration in the liquid phase) smaller than one and solidified
under low velocities, the liquid close to the solid-liquid interface
will be enriched with solute, resulting in a well known segregation
phenomena, which can be detrimental to the material properties'.

Rapid solidification process (RSP) allows the solid-liquid in-
terface to deviate from local equilibrium, producing solute trapping
phenomena in solid phase', which increases the solute concentra-
tion in solid phase and reduces the segregations in the liquid side of
interface. In the limit of partition-less solidification, the solute con-
centration in both phase are equal, i.e., there is no segregation. This
process is useful to obtain very fine structure with uniform properties.
Examples of RSP products are powders, wires and foils which can
be used in powder metallurgy or in producing higher performance
composite materials. As an emerging RSP technology, direct strip
casting is a continuous casting process for producing as cast metallic
sheet of carbon and stainless steel, aluminium, magnesium, titanium
and other alloys without any further thermo-mechanical processing.
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Therefore, the development of capability in predicting solute trap-
ping phenomena is an important task in designing new materials and
new processes.

Recently, Galenko? developed from a mass flux balance at solid-
liquid interface the following expression to predict the effect of
solidification velocity on the solute partition coefficient:

(1 —(V/VDS)Z)[ke +(1=k)co ]+ V/Vp

(l—(V/VDS)2)+V v
for V<V, (D

kv (V,Co) =
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where Vis the solidification velocity; V¢ is the maximum speed for
solute diffusion propagation; V is the atomic diffusion velocity of
solute at the interface (or characteristic trapping velocity) k_ is the
equilibrium partition coefficient and ¢, is the initial solute concen-
tration in the system. The velocities V. and V are usually obtained
fitting equation 1 to data obtained experimentally.

Galenkos’s model approaches to the one from Aziz? in the limit
of dilute solution where (1 —k)c, > 0 and V = o, i.e:
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k,+V/V,
k()= e
1+V,Vp, (2)
and in this dilute limit, but with Vis finite to the Sobolev’s model?,
ie:

(1 ~(v /VDS)Z){ke] VIV,

(1 —(V/Vps )2)+ VIV, 3)

Phase-field model, which is based on the concept of diffuse
interface, is well known for its capability in simulating solute trap-
ping phenomena®’ and therefore can be an auxiliary tool in regard
to the design of material experiments. As an example, Equation 2
using the following expression to predict V has been demonstrated
to fit perfectly the phase field simulation results on solute partition
coefficient in dilute alloys*¢:

k, (V)=

Dy

Vp= v2h (C))
where
y= (1 _ ke)

- Kst (1.

o-In(l/k,) )
and D, is the interfacial solute diffusivity (generally approximated
by solute liquid diffusivity),2 A is the solid-liquid interface thickness;
® a phase-field constant and K is determined through fitting Equa-
tions 1 to 3 to numerical results. This model takes in consideration the
dependence of V on the equilibrium partition coefficient through the
parameter defined by . Precisely, it states that lower values of k can
increase the characteristic velocity for solute trapping (i.e. makes it
more difficult to occur). The value of K can be taken as a correction
on 7, due to the definition of a finite solid-liquid interface thickness
used in phase-field models.

The objective of the present work is to compare 2 phase field
models for dilute binary alloys presented in the literature®’ and, from
their validation against analytical solution of sharp interface model, to
determine the value of K for Ni-Cu dilute alloy and to verify its va-
lidity when applied to experimental data®'°. Furthermore, the models
of solute trapping described above are analyzed based on phase field
results and experimental data of Si-As®® and Si-Bi'® dilute alloys.

2. Isothermal Phase-Field Model for
Dilute Binary Alloys

Two different dilute binary alloys phase-field models can be
identified from a literature review. Those are from Kim el al.’ and
from Ramires et al.”. Both were developed based on previous models
for pure materials and the differences between then holds on the
source term. For the present work, where the phase field variable
(o) ranges from +1 (solid phase) to O (liquid phase), the diffusion
equation is as follows:

99 _ ’ 2
i -M (—source + W' -EV (p) 6)
where
s_d o0 2 7
= 2o ((p (1-9) ) (7
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and W is a model parameter which introduces the effect of interface
tension in the model; & is another model parameter related with the
interface thickness and M is a mobility term.

The source term from Kim et al.® is as follows:

RT (1-c§)1-cz)

Vin (l—cz)(l—cs) (8)
and the one from Ramires et al.” is:

source = P’((p)
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©))
where T'is the temperature; V_is the molar volume; R is the universal
gas constant; k_is the equilibrium partition coefficient; m_ is the
liquidus slope; ¢¢ and ¢f are the equilibrium solute concentration
in solid and liquid phases determined by the following equations:

. _(AT)

L= 7@ (10)
e __ (AT)ke

RO (11)

e
where AT =(T-T, )and T is the solid-liquid equilibrium temperature
of pure solvent. The terms c_and c, are de solute concentrations in
solid and liquid phases, which are related to the concentration field
(c) through the following relations:

c
= 12)
"k Plo)+(1-P(o)
o = k,-c
ke P(9)+(1-P(0)) (13)
where P (¢) is a function which has the following properties:
dp
Pa=00)
o | o (14)
P(¢=0)=0 (15)
Plo=1)=1 (16)
The P expression used in the present work is®:
P(9)= (607 - 150+ 10) a”n

The model parameter W and & can be determined in a similar
way as for pure materials, using the following expressions®:

w=302
A (18)
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where 2A is the interface thickness; ® is a constant that depends
on the range of ¢ that defines the interface thickness (e.g. @ = 2.2
for @ ranging from 0.05 to 0.95); © is the interfacial energy.

The mobility parameter (M) can be estimated by the thin in-
terface approach''. Following that Kim et al.® and Ramires et al.
developed different formulations. The one presented by Kim et al.®
is as follow:

1 _g RT(I_ke) {:’ e e
M, +Di\/WC(CS’CL) (20)
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where D, is the interface solute diffusivity (approximated by liq-
uid solute diffusivity); HS is the interface kinetic coefficient; and

Q(cg,ci) is as follows:

¢[eet) -
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The one reported by Ramires et al.” is expressed by the equation
bellow:
| EAH (1 AEAH, [D m,-(1-k,) )
—= =+ : —+ ¢
My of, |ub c,-D;N2-wlop  AH /e, 22)

where AH ¢ is the heat of fusion; ¢, is the heat capacity at constant
pressure; 0., is the thermal diffusivity and A is a constant that de-
pends on the form of the P(¢) expression and in the present work is
equal to 0.231.

The isothermal solidification model is completed by a diffusion
equation for the solute field. In this case the proposal of Kim et al.®
was implemented, i.e.:

dc cr
at_V.[D((p)H((p,CS’CL)Vln[I_CLJ:| (23)
where

H(p.csiep)=[1-P(o)]ep (1=cL)+ P(o)es(1-c5)  (24)

and

D(9)=P(9)-Ds +(1-P(9)- D) 25)

where D e D, are solute diffusivities in the solid and liquid phases,
respectively.

It is important to mention that the Kim et al.® proposal for the
solute diffusion equation has no provision for an anti-trap device as
proposed by Ramires et al.”. This would be no problem as far as the
interface thickness is small enough to avoid abnormal artificial solute
trapping induced by the diffuse interface.

3. Numerical Implementation

Equation 6 and 23 were solved using finite volume method with
uniform grid'. For the time derivative the explicit scheme was used.
This one imposes a restriction in the time step due to the mesh size
as following':

Ax
At < —
4D, (26)
however this scheme is easy to implement and has the advantage
that the phase field equation does not need to be solved outside the
interface thickness.
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The solute trap phenomena was simulated considering a planar
isotropic steady state solid-liquid interface evolution of a dilute Ni-Cu
alloy (0.05 mole fraction of Cu) under different undercoolings by
using a 2 dimensional (2D) model developed previously. In order to
reduce processing time a domain composed by 3 nodal points in x
direction (1 point inside the domain and 2 points at the borders) and
2001 nodal points in y direction was adopted. Typical processing time
to reach steady state was around 30 minutes using 2 processor Xeon®
3.4 GHz with 4 GB of memory and Fortran programming language
with vectorization technique. The data used in those simulations are
summarized in Table 1.

4. Results and Discussion

The results of present work on the solute (Cu) and phase field (¢)
profiles along the y direction for the two dilute phase field models are
presented in the Figures 1 and 2. The purpose here is to show that both
results are qualitatively consistent with the physics of solidification
of dilute alloys despite the differences in solidification velocities. In

Table 1. Properties and parameters of Ni-0.05 mole fraction of Cu dilute alloy®

Properties Value

Solid-liquid equilibrium temperature of pure Ni—7_(K) 1728

Equilibrium partition coefficient - k 0.7965
Liquidus slope - m_(K/mol) -310.9
Interfacial tension — 6 (J/m?) 0.37
Solute diffusivity in liquid phase - D, (m*/s) 1.0 x 10°°
Solute diffusivity in solid phase - D, (m*s) 1.0 x 10

Interfacial kinetic coefficient - HS (m/(sK)) 0.1
Interface thickness (2A) (m) 8.0x 10™
Grid size - Ax = Ay (m) 1.0x 107
Time step - At (s) 0.5 10"
T liquidus (K) 1712.5
T solidus (K) 1708.5
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Figure 1. Dimensionless steady state Cu concentration (ratio between actual
concentration and solute concentration in solid at solid side of interface) and
phase field profile along the y direction determined in the present work using
the phase field model of Ramires et al.”: solidification velocity = 0.06 m/s
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Figure 2. Dimensionless steady state Cu concentration (ratio between actual
concentration and solute concentration in solid at solid side of interface) and
phase field profile along the y direction determined in the present work using
the phase field model of Kim et al.®: solidification velocity = 0.17 m/s.
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Figure 3. Solute concentration profile of Ni-0.05 mole fraction of Cu alloy
along the interface, from solid side (1) to liquid side (0) at very low solidifi-
cation velocity (V = 8.0 x 10~ m/s): Model 1 means present work based on
phase field model from Kim et al.®; Analytical means one-dimensional analytic
solution of sharp interface model®.

this case as the liquid-solid transformation evolves, the solute leaves
the lower solubility solid phase to the liquid, increasing its concentra-
tion close to the interface. This higher solute concentration drives the
diffusion process mainly in the direction of the liquid phase due to
its higher diffusivity in this phase.

One of the main criticisms regarding alloy phase field models
without an anti-trapping device is the artificially induced numerical
solute trapping which is defined by the interface thickness used in the
simulation’. This undesirable effect tends to vanish as the interface
thickness tends to 0. However a very small interface thickness can
lead to very large processing times. Therefore as far as the interface
thickness is concerned there is a tradeoff between this undesirable
numerical effect and the computational processing time.

In order to define the interface thickness to be used in the present
work, simulations were performed varying the interface thickness at
low solidification velocity and comparing the solute field with the
one-dimensional analytical solution of sharp interface model reported
by Kim et al.® Under this condition, the phase field model should
reproduce the equilibrium partition coefficient and the solute con-
centration at solid side of interface should be close to the equilibrium
solute concentration in this phase. Actually, as presented in Figure 3

(T solidus — T) K

Figure 4. Solidification velocity of Ni-0.05 mole fraction of Cu as a function
of undercooling; a comparison of results from different phase field models and
the analytical solution of sharp interface model: Model 1 means present work
based on Kim et al.®; Model 2 means present work based on Ramires et al.”.
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Figure 5. Maximum solute concentration of Ni-0.05 mole fraction of Cu as
a function of solidification velocity: Model 1 means present work based on
Kim et al.; Model 2 means present work base on Ramires et al.”.

the results using an interface thickness of 8 nanometers are in good
agreement with the equilibrium condition mentioned before. In this
case the numerical and analytical solutions are close to each other
and the artificially induced numerical solute trapping in solid phase
(solute concentration in the solid phase minus equilibrium solute
concentration in this phase), was smaller than 1% of liquid bulk
concentration (4.4 x 10 mole fraction); this error was considered
reasonably small for the present study.

Another comparison of the results from the present work and an
analytical solution of sharp interface model® can be observed in the
Figure 4, where the steady state solidification velocities are plotted
against a range of undercoolings. Based on these results one can
conclude that both models predict results with small deviation from
the analytical solution.

A comparison of the effect of solidification velocity on the maxi-
mum concentration close to the interface as estimated in the present
work using the dilute alloy models®’ is presented in Figure 5. It can be
seen that the results are very similar. Figure 6 reports solute partition
coefficient taken from models allowing for solute trapping and this
work. It seems that with the appropriate values of V and V,; the three
models can fit very well the phase field results for the Ni-0.05 mole
fraction of Cu alloy. Here the best fit reproduced a value of K equal
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Figure 6. The effect of solidification velocity on Cu partition coefficient: A)
Present phase-field calculations; B) best fit of equations 2,4,5; C) best fit of
equation 3,4,5 using Vis = 10 m/s; and D) best fit of equations 1,4,5 using
V=10 m/s and c0 = 0.05.
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Figure 7. The effect of solidification velocity on As partition coefficient in
Si-As alloy : A) experimental®; B) equation 2 ,4 and 5 using K equal to 1.5;
C) Sobolev’s fitting; and D) Galenkos’s fitting.

Table 2. Data used to predict the effect of solidification velocity on solute
partition coefficient

Properties Si-As’ Si-Bi'?
Equilibrium partition 0.30 7.0%x 10+
coefficient - k,

Solute diffusivity in 1.8 x 107 25x%x10%
liquid phase - D, (m%s)
Solute diffusivity in 3.0x 10" -

solid phase — D¢ (m?/s)
Solid-liquid Equilibrium tempera- 1685 1685
ture of pure solvent (Si) - T (K)

Liquidus slope - m_ (K) —400 -
Molar volume - V_ (m*/mol) 12 x 10°¢ -
Interfacial tension (J/m?) 0.472 -
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to 1.5. This value when used in equation 4 predicted the solute atomic
diffusion velocity at interface (V) to be 0.205 m/s.

Concerning the critical velocity to partition-less solidification
(V,,¢) it is observed that Aziz’s model (Equation 2) approaches k,
to 1 as V¢ tends to infinity. Other models suggest k = 1 for a finite
Vs> Which in the present Ni-Cu alloy was estimated to be 10 m/s.
Nevertheless at solidification velocity of 5 m/s the results on k_ for
all models are around 0.99, which is very close to the partition-less
solidification. It means that 1% error in the solute partition coefficient
determination could change the prediction of velocity for partition-
less solidification by 50%. Therefore, the precise determination of the
critical velocity of partition-less solidification requires very accurate
data on solute partition coefficient.

The trend of solute partition coefficient as a function of so-
lidification velocity for Si-As dilute alloy is plotted in Figure 7.
The experimental data are from Kittl et al.®. In this figure are also
presented the best fits of equations 1 to 3. Particularly, for equation
2 the V, value was determined using equation 4 and 5 and K, equal
to 1.5. The relevant material properties used in this calculation are
presented in Table 2.

As it can be seen from Figure 7 all models predicted the solute
partition coefficient reasonably well up to 1 m/s. However, for higher
solidification velocity Sobolev's and Galenkos’s formula seem to
better predict the partition coefficient. Nevertheless, as pointed out
by Kittl et al. 8, the higher velocity experimental data have a high
level of uncertainty which could lead to questionable values of V|
and V (0.75 to 0.8 m/s and 2.1 to 2.7 m/s, respectively) reported by
Sobolev's and Galenkos’s models.

Phase-field calculation using data from Table 2, which is inde-
pendent of V| and V, reported a trend similar to the Aziz’s model
with V predicted by equations 4 and 5 and K equal to 1.5 (Figure 8).
Actually this trend fits the lower limit of experimental higher solidi-
fication velocity partition coefficient uncertainty range. In this case,
the use of Sobolev's and Galenkos’s models to fit phase field results
produced values of V| and V¢ around 0.58 and 30m/s, respectively.
These are very different of those obtained through fitting directly the
experimental data. The reason for those large differences could be the
uncertainty of experimentally obtained partition coefficient (ranging

Vos(2)

Partition Coefficient
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Figure 8. The effect of solidification velocity on As partition coefficient in
Si-As alloy: A) experimental®; B) equation 2 ,4 and 5 using K equal to 1.5;
C) Phase field calculation; and D) Sobolev’s fitting; V(1) predicted from
fitting Sobolev’s model to higher velocity experimental data; V (2) predicted
from fitting Sobolev’s model to phase-field results.
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Figure 9. The effect of solidification velocity on Bi partition coefficient in
Si-Bi alloy: A) experimental'’; B) equation 2, 4 and 5 using K equal to 1.5;
and C) Fitting of Sobolev’s model to the experimental data.

from 3 to 6.5%) as well as those related to material properties used in
phase-field calculation, mainly the solute diffusivities in the liquid,
whose uncertain are very large (more than 30%)°%%.

Another comparison between solute trapping models is presented
in Figure 9 for Si-Bi alloy. As Galenko’s and Sobolev’s models pro-
duce very similar results for dilute alloys only results from Sobolev’s
and Aziz’s models are presented. The experimental data are from
Azis'. It can be seen that Aziz’s model with V, determined from
equations 4 and 5 and using K equal to 1.5 and Sobolev’s model
can predict the experimental data reasonably well using V, equal to
33 m/s and V equal to 80 m/s.

As presented, 2 different isothermal phase field models for
dilute alloy without anti-trapping device®’ can be used to estimate
the solute trapping mechanism of actual binary alloys as far as the
interface thickness is small enough to avoid abnormal numerical
solute trapping. From this simulation is also possible to determine
a constant to be used in Azis’s formula (Equation 4 and 5) which
reproduces reasonably well the effect of solidification velocity on
experimentally determined solute partition coefficient in 2 different
binary alloys. However, despite of the fact that one constant could
be able to describe solute trapping in 2 alloys with very distinct
characteristic trapping velocity, its applicability to another binary
alloys must be checked using more experimental data. Furthermore,
as the solute steady state concentration profile for a given interface
thickness is reached, further decrease of the value of this parameter
leads to a different result for K_.

It seems from the present work that alloys with lower equilibrium
partition coefficient are less prone to solute trapping, requiring a
higher solidification velocity to achieve partition-less solidification.
However the estimated critical velocity for partition less solidification
can vary significantly depending on the solute trapping model and on
the accuracy of experimental data used to determine their parameters
(V, and V). In this case Aziz’s model will always predict a higher
solidification velocity to achieve partition-less solidification (V)
due to its asymptotic characteristic. Nevertheless, all solute trap-
ping models presented here agree very well with the experimental
data in the low velocity range (more accurate data) and also with the
phase-field results.
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Specifically for Si-As and Si-Bi dilute alloys the RSP might be a
interesting process to improve conductivity of polycristaline or amor-
phous semiconductor type N, due to the solute trapping effect which
could extend and uniformize the solid solution of doping elements (As
and Bi). Particularly for Bi this effect would be more pronounced in
function of its very low equilibrium solubility in solid Si. Besides, the
increase of solidification velocity beyond the partition less solidifica-
tion velocity (V) might result in an order-disorder phase transition®,
producing amorphous alloy with some peculiar properties. In this
regard the solidification velocity and the consequent solid solution
concentration could in principle be predicted by a simple isothermal
phase-field model.

5. Conclusions

The results from two models of phase field diffusion equation®’
reported in present work were very similar to the analytical solution
of sharp interface model as far as solidification velocity and solute
profile are concerned.

Using an interface thickness of 8 nanometers, the abnormal sol-
ute trapping was considered very low (less than 1% of solute bulk
concentration) for the present analysis.

The results of phase field solute (Cu) partition coefficient in a
Ni-Cu alloy, defined as the ratio between solute concentration at the
solid side of interface and the maximum concentration at the liquid
phase, fitted very well to different solute trapping models of Aziz,
Galenko and Sobolev.

A constant K equal to 1.5 determined in this fitting procedure
was applied to predict the effect of solidification velocity on solute
partition coefficient of Si-As and Si-Bi alloys using Aziz’s formula.
The results fitted reasonably well the experimentally obtained data.

When a steady state concentration profile is reached further
reduction of the interface thickness used in phase field calculations
will change the value of K.

It seems that there is a correlation between the equilibrium parti-
tion coefficient and the tendency to solute trapping. Alloys with lower
solid solute solubility seem to be less prone to solute trapping.

The 3 solute trapping models and phase field results agreed rea-
sonably well with the experimental data on solute partition coefficient
of Si-As and Si-Bi dilute alloys, especially at the lower solidification
velocity range.

The uncertainty on values of higher velocity partition coefficient
in Si-As alloys leads to Galenko’s and Sobolev’s model values of V|
and V¢ which can be questionable.

The asymptotic characteristic of Aziz’s model will always lead
to a higher solidification velocity for partition-less solidification than
the other solute trapping models (Galenko e Sobolev).

It seems that for better determination of V and V, at higher
solidification velocity, and to define the best predictive model for
solute trapping, new and more accurate experimental data and mate-
rial properties are required.

Concerning RSP, phase filed simulation of solute trapping
phenomena could be an interesting tool to predict the solid solute
concentration of doping elements (ex. As and Bi) in the Si based
semiconductors, as well as the order-disorder phase transition,
as far as the partition less solidification velocity can be precisely
determined.
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