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Abstract 
This article aims to identify the presence of cracks in slender rotating beams (Euler Bernoulli) from the 
dynamic behaviour of cracked beams operating at low rotational speeds. For this purpose, the behavioural 
model of the cracked rotating beam developed by the authors in previous works is shown. The results of the 
mathematical model developed (natural frequencies) feed a novel meta-heuristic optimisation algorithm 
based on the survival tactics of rabbits against their predators: Artificial Rabbit Optimization (ARO). The 
application of this algorithm to the first two natural frequencies of vibration obtained with the analytical 
model and contrasted in previous works gives rise to the identification of the characteristic parameters of the 
crack contained in the beams. The estimation of the parameters: position along the beam and crack depth, 
show a high similarity with the initial data, which allows validating the application of the optimisation 
algorithm to the identification of cracks in this type of component as a first approach to a health monitoring 
method for more complex rotating cantilever beam structures. 
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1 INTRODUCTION 

In most strategic sectors such as the transport and energy industries, there are mechanical components that can be 
represented and simplified as rotating beams. The most typical and significant cases are wind turbine blades, helicopter 
blades and open engines. 

The working conditions of these components (extreme temperatures, aggressive media or cyclical wind loads) 
combined with possible manufacturing defects (sometimes invisible) can lead to the appearance and propagation of 
cracks and defects that seriously affect the operation of the device in which they are located, as well as causing risks to 
installations and machine operators. It is of great interest to detect defects when they are incipient as this can reduce 
the risks and costs associated with possible catastrophic failure of the component. However, the detection and 
identification of defects in their early stages is complex, so detection and identification techniques (position and severity) 
are highly recommended. Before having these procedures available, it is necessary to know the behaviour of rotating 
blades with defects to be able to compare this behaviour with that of intact blades and to determine the parameters 
that affect this behaviour. In this regard, it should be mentioned that the number of studies on the behaviour of cracked 
rotating blades is limited (Chen and Chen 1988; Wauer 1991; Banerjee and Pohit 2014; Lee and Lee 2017; Yashar et al. 
2018; Valverde-Marcos et al. 2022). 

The reason for knowing the dynamic behaviour of rotating beams lies in the fact that cracks (or defects in general) 
modify this behaviour and, in particular, modify the natural frequencies of the component. The variation of the natural 
frequencies of the damaged component compared to the intact one makes it possible to detect the presence of the defect. 
In general, the presence of a crack (or defect) in a beam produces an increase in its flexibility which results in a reduction of 
the natural frequency of vibration, see for example the works of Fernández-Sáez et al. (1999) or Loya et al. (2006). 

In contrast to static beams, the dynamic behaviour of rotating beams depends not only on the geometrical and material 
characteristics of the beam but also on the centrifugal force that arises due to the rotation. Furthermore, this centrifugal 
force is not constant throughout the beam but depends on the distance to the centre of rotation. Another special feature 
of the dynamic behaviour of rotating beams is that there are directions for their study: “chordwise”, in the plane of rotation, 
and “flapwise”, outside the plane of rotation. In both intact and defective beams, the presence of this centrifugal force 
results in an increase of the natural frequency in both directions like in Lee and Lee (2017), Wauer (1991), Valverde-
Marcos et al. (2022), Chen and Chen (1988), Yashar et al. (2018), Banerjee et al. (2014) and Bhat (1986). 

In the case of cracked rotating beams, the two previously mentioned effects occur: on the one hand a decrease of 
the natural frequencies as a consequence of the presence of the cracks and on the other hand an increase of the 
frequency as a consequence of the centrifugal force. The fact that the effects compensate each other makes it difficult 
to detect the damage (see for instance Lee and Lee 2017; Valverde-Marcos et al. 2022; Muñoz-Abella et al. 2022a). It is 
of particular interest to analyse the behaviour at rotational speeds below 10 rad/s, those close to the behaviour of some 
real mechanical systems (wind engines), as it differs from that at higher rotational speeds (Muñoz-Abella et al. 2022a) so 
that specific studies should be done. 

The estimation of crack characteristics from the knowledge of the dynamic behaviour of cracked elements is the 
inverse problem, as opposed to the direct problem explained above. Different methods and tools have been applied to 
address this problem. Of all of them, neural networks (Mohammed et al. 2014; Muñoz-Abella et al. 2020; Bilotta et al. 
2023) currently occupy a prominent place in comparison with conventional optimisation techniques (Suh et al. 2000; 
Shekar 2004; Rubio 2009), or those based on constructive algorithms based on vibration problems (Fernández-Sáez et al. 
2017; Rubio et al. 2018) or on genetic algorithms or other optimization methods (Maity and Tripathy 2005; Muñoz-
Abella et al. 2018; Ramezani and Bahar 2021; Muñoz-Abella et al. 2022a, Gordan et al. 2017, Jahangiri et al. 2016, 
Marques et al. 2018). However, there are some methods whose use is currently gaining more strength with the 
development of AI. 

This is the case of meta-heuristic algorithms that are increasingly used to solve optimisation problems in all fields of 
engineering. As indicated by Wang et al. (2022) in their extensive and comprehensive article, most of them are inspired 
by nature. These authors divide them into five types: evolutionary, swarm-based, based on physics and chemistry, and 
based on human behaviour. 

In particular, swarm-based algorithms are inspired by the behaviour of swarms in nature (i.e. Ertenlice and Kalayci 
2018). Since the mid-1990s, different algorithms of this type have been used to solve mathematical and engineering 
problems, including the well-known particle swarm optimisation (PSO), inspired by the behaviour of flocks of birds 
(Eberhart and Kennedy 1995) or others based on the behaviour of fireflies (Yang 2010), whales (Mirjalili and Lewis 2016), 
bees (Karaboga and Akay 2009), manta rays (Zhao et al. 2020), horses (Naruei and Keynia 2022) and rabbits (Wang et al. 
2022; Alsaiari et al. 2023, Alamir et al. 2023, Nguyen et al. 2024), among others. 
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This paper presents a methodology for the identification of cracks in rotating, at low rotation velocities, Euler 
Bernoulli beams based on the novel optimisation algorithm called the Artificial Rabbit Algorithm. It is therefore the 
solution of an inverse problem in which the objective function is an expression that comes from the solution of the direct 
problem of integration of the equation of motion previously developed by the authors. To carry out the research, the 
commercial MATLAB code and a specific toolbox developed for the algorithm (Wang et al. 2022) have been used. 

The input data comes from both the mathematical model of the behaviour of the cracked rotating beam, the same 
as in Muñoz-Abella et al. (2022a) and in Muñoz-Abella et al. (2023), for cases obtained with the model and for cases 
where a white error has been considered in the input data. 

The proposed methodology would allow estimating the position and crack size of cracked Euler Bernoulli rotating 
beams at low rotating velocities simulating wind turbine or helicopter blades from the natural frequencies of the 
component, allowing estimation of the component's life. 

2 STATEMENT OF THE DIRECT PROBLEM 

2.1 Cracked Euler Bernoulli rotating beam model 

A cracked Euler Bernoulli beam of uniform rectangular cross-section with double symmetry and with the following 
geometrical properties is considered: Length L, thickness B and depth H. The beam rotates with a constant speed Ω 
around an axis perpendicular to the longitudinal axis of the beam, as shown in Figure 1. The beam has a straight-fronted 
crack of depth a, located at a distance Lc from the point of contact with the hub. The cube has a diameter of D, at the 
centre of which the reference frame (X´, Y´, Z´) for the beam rotation is located, while the reference frame of the beam 
is located at the beam-hub contact point. 

 
Figure 1 Schematic representation of the cracked rotating beam. 

The differential equation governing the dynamic behaviour of the rotating beam, is valid only for slender beams 
because it ignores the effects of shear deformation and rotatory inertia (Banerjee et al., 2006 and Lee and Lee, 2017) can 
be expressed according to the expression eq. (1). 

2 22

2 2 2
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 (1) 

Where t is the time, ρ is the density, E is Young's modulus, I is the moment of inertia of the section and A is the 
cross-section area. On the other hand, P(X) is the centrifugal force which appears as a consequence of the rotational 
speed of the beam and has the form, Eq. (2): 
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The integration of the equation is verified by the method of separation of variables. Eq. (1) can then be expressed 
with dimensionless variables as follows: 
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Where the dimensionless variables are given by: 
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In the case of a cracked beam, the equation of motion is divided into two equations, one for each span before and 
after the crack (equation 5). The connection between the two spans is verified by a massless rotational spring (see Figure 2) 
whose stiffness is related to the loss of stiffness of the beam at the cracked section, K according to Chondros et al., 1998, 
Eq. (6). 
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Figure 2 Schematic representation of the model of the crack in the beam 
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where ν is the Poisson's ratio of the material. 
The solution of the equation requires the establishment of boundary and compatibility conditions on the cracked 

section, which are given by Eq. (7) and (8), respectively. 
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2.2 Solution of the equation of motion of a cracked rotating Euler Bernoulli rotating beam 

The equation of motion has been solved using the Frobenius series method, that allows the expression of the 
solution of the differential equation in the form depicted by Eq. (9). 

1
0

( , ) ( ) J n
n

n

f J a J 







   (9) 

The series coefficients are denoted as an+1(J), where j is an indeterminate exponent. The function f(ξ,J) represents 
both ω1 and ω2, since they are initially identical before applying the boundary conditions. 

By substituting Eq. (9) into Eq. (5), we can derive the indicial equation and the recurrence relationship (Muñoz-
Abella et al. 2022a). From these equations, the solutions F1(ξ) and F2(ξ) are calculated as a linear combination of f(ξ,0), 
f(ξ,1), f(ξ,2) and f(ξ,3). 
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The constants C1 to C8 are calculated from the boundary and compatibility conditions Eq. (7) and (8). 
To carry out the study, frequency values have been calculated, using the proposed mathematical model, for a 

cracked beam with the geometrical and material properties given in Table 1. On the other hand, the ranges of the 
variables involved in the problem are indicated in Table 2. 

Table 1 Geometrical and material properties of the cracked beam. 

Properties of the beam 

Length, L 0.7 m 
Width, B 0.01m 

Young´s modulus, E 210 GPa 
Poisson´s ratio, ν 0.33 

Density, ρ 7850 kg/m3 

Table 2 Range of the variables on which the frequencies of the cracked beam depend. 

Range of the variables 

Slenderness, SL 70, 120, 170 and 220 
Hub radius, r 0, 0.1, 0.2 and 0.3 

Rotation velocity, Ω (rad/s) 0, 2, 4, 6, 8 and 10 
Crack location, ξc 0.1 to 0.9 each 0.1 
Crack Depth, α 0, 0.1, 0.2, 0.3, 0.4 and 0.5 

The direct problem has been solved as indicated obtaining the first two natural frequencies. Table 3 and Table 4 
show some of the solved cases with the respective parameter values and frequencies found. 

2.3 Closed-form solutions for the natural frequencies 

From the 5184 computed cases (with all possible combinations of Table 2) two closed expressions have been 
obtained, one for each of the calculated natural frequencies μ1 and μ2, intended to be used in solving the inverse problem. 
The expressions depend on the dimensionless variables: dimensionless angular velocity (M), hub radius (r), slenderness 
coefficient (SL), crack position (ξc) and crack depth (α) (Muñoz-Abella et al. 2022a). 

First of all, six expressions for each natural frequency, which relate μq (q=1,2) with α, for α=0, 0.1, 0.2, 0.3, 0.4 and 

0.5, respectively, are calculated. In the same order, that is 0
q
 , 01

q
 , 02

q
 , 03

q
 , 04

q
 and 05

q
 . All of them have been 

formulated using multiple regression techniques and have similar formats, according to (11): 
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where I, j, k and l are the degrees of the polynomials in M, r, SL and ξc, respectively. Cijkl are the coefficients of the fits 
which are collected in a public repository (Muñoz-Abella et al. 2022b) and, finally, i*, j*, k* and l* are the values of the 
best fits calculated by the authors in Muñoz-Abella et al. 2022b. Finally, the general expressions of the curves relating α 
to μq, for any value of α, have the form: 
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From the above equations, for any set of data (M, r, SL, ξc, α), both μ1 and μ2 can be obtained. 

3 SOLVING THE INVERSE PROBLEM 

Once we have formulated the direct problem that allows us to obtain the first two natural frequencies, taking into 
account the characteristics of the cracked rotating beam (Tables 1 and 2), we proceed to tackle the inverse problem that 
consists of determining the characteristics of the crack contained in the beam (if it exists) from the knowledge of the 
natural frequencies of the beam by applying a novel optimisation algorithm of the type known as swarm optimisation. 
In this case, the algorithm based on the behaviour of rabbits, Artificial Rabbit Optimization (ARO) (Wang et al. 2022), has 
been chosen because it is a simple algorithm to implement and its good results have been demonstrated in very recent 
works such as those referred to by the developers of the algorithm (Wang et al. 2022), with some engineering examples, 
and by other authors such as Alamir et al. (2023) who use it for the optimization of energy management. 

3.1 Artificial Rabbit Optimization (ARO) 

This is a meta-heuristic algorithm used to solve optimisation problems in the field of engineering due to its simplicity, 
ease of implementation and efficiency. In general, the benefits of these meta-heuristic techniques lie in their 
randomness, which avoids local minima problems and because they are of the black box type in which the only things 
necessary are the input and output. These benefits make them especially interesting in nonlinear problems 
(Boussaïd et al., 2013 and Dhiman and Kaur 2019). Within the classification indicated by Wang et al. (2022) in their article 
on the development and application of the algorithm, they present it as swarm-based, in which they try to mimic the 
behaviour of swarms in nature. In this case, the ARO aims to mimic the survival strategies of rabbits in nature. In general 
terms, rabbits tend not to eat grass near their burrows, they tend to make false burrows that they do not use or use as 
shelter when attacked, and they adapt to choose feeding and shelter areas based on energy. The search strategy is 
divided into three phases: diversion for foraging, random concealment and energy reduction. The phases of the algorithm 
are called: exploration (detour foraging), exploitation (random hiding) and switch from exploration to exploitation 
(energy shrink). 

The mathematic model applied is the one shown below, Wang et al. (2022), divided into the three phases 
indicated (Figure 3): 
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1. Explotarion (Detour foraging): 

Each individual in the search process tends to adjust its position relative to another randomly selected individual 
within the swarm, incorporating a perturbation in the process. 

1( 1) ( ) ( ( ) ( )) (0.5 (0.05 )) ,    , 1,....,    i j i j ix t x t R x t x t round r n i j n j i            (14) 

R L c   (15) 

 
2

1

2sin 2
t
TL e e r

      

          
 (16) 

3

1       if  ( )
( )    1,...,   and  1,... ,

0      else              

k g l
c k k d l r d

       
 (17) 

( )g randperm d   (18) 

 1 0,1n N  (19) 

2. Exploitation (random hiding): 

To evade predators, rabbits typically excavate burrows close to their nests as a hiding strategy. The equations for 
this phase are: 

, ( ) ( ) ( ),    1,....,      1,...,i j i iB t x t H g x t i n and j d       (20) 

4
1T t

H r
T

 
   (21) 

 2 0,1n N  (22) 

1       if  k
( )    1,...,   

0      else              

j
g k k d

  
 (23) 

In order not to be caught, the rabbits choose their hiding place randomly among the different holes. This hiding 
strategy can be modelled: 

4 ,( 1) ( ) ( ( ) ( )),    1,....,   i i i r ix t x t R r B t x t i n        (24) 

51       if  k
( )    1,...,   

0      else              

r d
g k k d

      
 (25) 

, ( ) ( ) ( )i r i r iB t x t H g x t     (26) 

When both detour foraging and random hiding are reached, the position of the ith rabbit will be: 
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3. Energy shrink (switch from exploration to exploitation): 

A specifically designed energy factor is implemented to shift from exploration to exploitation: 

1
( ) 4 1 ln ;    0,1

t
A t r

T r

           
 (28) 

3.2 Artificial Rabbit Optimization applied to crack identification in a rotating beam 

The purpose of applying this optimisation algorithm is to obtain the position and depth of the crack contained in a 
rotating beam for which the natural frequencies of the rotating beam are assumed. The algorithm optimises by 
minimising the objective function (Eq. 29): 

   2 2
1 1 2 2obj est estF         (29) 

where μ1est (α, ξc) and μ2est (α, ξc) are the first and second dimensionless frequencies calculated with the closed 
expressions explained in section 2.3, while μ1 and μ2 are the values of the dimensionless natural frequencies measured 
in a real system. 

The closed expressions implemented in the objective function are those that provide the pair of optimal values of 
position, ξc-est, and crack depth α-est, that are sought in this identification problem. 

 
Figure 3 Flowchart of the Artificial Rabbit Optimization Algorithm. 

3.3 Results of the crack identification 

The frequency results obtained (Tables 3 and 4) are used to feed the algorithm that allows the estimation of the 
two variables that are the object of this identification problem. As mentioned before, specifically, we want to estimate 
the position of the crack along the length of the beam and the depth (severity) of the crack. The algorithm used is the 
Artificial Rabbit Optimization that has been introduced in previous sections. 
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The tables present several columns corresponding to 10 cases. The first column shows the rotational speed. The 
next two columns show the dimensionless values of the hub radius and the slenderness. The fifth and sixth columns 
present the dimensionless data of crack position and crack depth. Finally, the last two columns show the dimensionless 
natural frequencies calculated with the cracked rotating beam model (sections 2.1 and 2.2). 

The cases presented in Table 3 are also used to determine the closed expressions (from section 2.3) incorporated 
in the optimization algorithm. Table 4 presents similar results to Table 3, but these are random data not used to obtain 
the mentioned closed expression. 

Table 3 Selected cases and obtained frequencies. 

Selected cases and frequencies 

cases Ω (rad/s) r SL ξc α μ1 μ2 

1 6 0.2 120 0.7 0.4 3.512 21.447 
2 6 0 120 0.5 0.5 3.446 20.293 
3 2 0 70 0.2 0.4 3.238 22.019 
4 8 0 70 0.2 0.2 3.450 22.031 
5 3 0.3 170 0.8 0.2 3.518 22.006 
6 0 0.1 220 0.1 0.4 3.385 21.744 
7 6 0.3 170 0.3 0.4 3.431 21.836 
8 2 0.1 70 0.6 0.5 3.432 19.405 
9 6 0.1 220 0.2 0.3 3.479 22.042 

10 10 0.2 70 0.3 0.1 3.506 22.015 

Table 4 Selected random cases and obtained frequencies. 

Selected random cases and frequencies 

Cases Ω (rad/s) r SL ξc α μ1 μ2 

R1 5.4 0.12 85 0.21 0.17 3.478 22.035 
R2 9.6 0.23 210 0.58 0.34 3.541 21.661 
R3 5.8 0.08 132 0.68 0.42 3.512 21.344 
R4 4.6 0.27 113 0.78 0.37 3.516 21.809 
R5 2.1 0.12 75 0.43 0.27 3.476 21.479 
R6 3.4 0.01 216 0.89 0.16 3.519 22.035 
R7 8.5 0.17 98 0.22 0.48 3.222 22.036 
R8 1.5 0.25 106 0.77 0.27 3.515 21.899 
R9 6.8 0.16 121 0.38 0.08 3.518 22.016 

R10 7.3 0.07 89 0.14 0.41 3.237 21.747 

Table 5 Selected cases, obtained frequencies and estimations. 

Selected cases and estimations 

Cases ξc α ξc-est α-est Dif ξc Dif α ε%(ξc) ε%(α) 

1 0.7 0.4 0.683 0.377 0.017 0.023 2.43 5.75 
2 0.5 0.5 0.508 0.498 -0.008 0.002 -1.60 0.40 
3 0.2 0.4 0.227 0.419 -0.027 -0.019 -13.50 -4.75 
4 0.2 0.2 0.178 0.193 0.022 0.007 11.00 3.50 
5 0.8 0.2 0.827 0.270 -0.027 -0.070 -3.37 -35.00 
6 0.1 0.4 0.100 0.394 0.000 0.006 0.00 1.50 
7 0.3 0.4 0.294 0.403 0.006 -0.003 2.00 -0.75 
8 0.6 0.5 0.601 0.500 -0.001 0.000 -0.17 0.00 
9 0.2 0.3 0.228 0.301 -0.028 -0.001 -14.00 -0.33 

10 0.3 0.1 0.295 0.099 0.005 0.001 1.67 1.00 
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Table 6 Selected cases, obtained frequencies and estimations. 

Selected random cases and estimations 

Cases ξc α ξc-est α-est Dif ξc Dif α ε%(ξc) ε%(α) 

R1 0.21 0.17 0.184 0.156 0.026 0.014 12.38 8.24 
R2 0.58 0.34 0.622 0.364 -0.042 -0.024 -7.24 -7.06 
R3 0.68 0.42 0.720 0.469 -0.040 -0.049 -5.88 -11.67 
R4 0.78 0.37 0.773 0.359 0.007 0.011 0.90 2.97 
R5 0.43 0.27 0.432 0.268 -0.002 0.002 -0.47 0.74 
R6 0.89 0.16 0.804 0.107 0.086 0.053 9.66 33.13 
R7 0.22 0.48 0.221 0.477 -0.001 0.003 -0.45 0.63 
R8 0.77 0.27 0.730 0.205 0.040 0.065 5.19 24.07 
R9 0.38 0.08 0.415 0.058 -0.035 0.022 -9.21 27.50 

R10 0.14 0.41 0.130 0.394 0.010 0.016 7.14 3.90 

Table 5 shows the results of applying the ARO algorithm to the cases and results of Table 3. The table shows not 
only the results of the estimation of the variables but also the difference with the initial values and the percentage error, 
calculated according to (30). 

% 100
true value estimated value

true value



   (30) 

It can be seen that the differences are very small. In the most unfavourable case, this difference is 0.028 in the 
estimation of the position (case 10) and 0.07 in the estimation of the depth of the crack (case 5), this result being 
conservative. Regarding the percentage errors, the highest values occur when the crack is positioned near ξc=0.2 or in 
proximity to the free end of the beam. This situation is best explained by examining Figure 4, which shows how µ1 (a) 
and µ2 (b) vary as a function of ξc for a given case (equal values of angular velocity, hub radius, slenderness coefficient, 
crack position) and different crack depths values. 

 
Figure 4 Dimensionless natural frequencies vs. crack position for a given case and different crack depths. (a) µ1 (b) µ2 

As can be seen, in the vicinity of ξc=0.2 the values of µ2 are practically the same, regardless of the α value. The same 
is true for µ1 when the crack is close to the free end of the beam. However, although this circumstance complicates the 
implementation of the algorithm and the procedure offers less precise estimates, they are considered good enough, 
since, for example, in the worst case a value of alpha=0.27 is estimated instead of 0.2, which is a difference very small 
according to the purpose of the work. In this way, the analytical model for calculating the frequencies of a rotating 
cracked Euler Bernoulli beam (Muñoz-Abella et al. 2022a) is once again validated and, additionally, the opportunity of 
using the ARO algorithm for the identification of a crack in this type of mechanical component is verified. 

To confirm the validity of the application of the optimisation method to the identification of cracks in rotating 
beams, the same is applied to the random data in Table 4. The results of this application are shown in Table 6. It can be 
seen that the estimation of both position and crack depth are somewhat less accurate than for the previous data, but 
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they are adjusted with admissible differences given the complexity of the problem. The largest differences are located in 
the case CR6 (Dif ξc=0.086) in the position estimation and the CR8 case (Dif α=0.065) in the depth estimation, which, as 
indicated above, are considered admissible values. Regarding the percentage errors, the situation is the same as 
explained in the case of the values in Table 5. 

As an example, the diagram of the execution of the algorithm for case 1 is presented in Figure 5. As can be seen, the 
best fit is reached after 111 iterations. Similar results are obtained for all the other cases. 

 
Figure 5 Crack identification ARO algorithm performance. Case 1. 

4 CONCLUSION 

This paper presents a summary of the initial theoretical study necessary for the subsequent practical application of an 
optimisation method for the identification of cracks in rotating Euler Bernoulli beams rotating at low speeds, a simplification 
of the operation of more complex devices such as wind turbine blades. The proposed identification methodology focuses 
on the use of a novel optimisation algorithm: Artificial Rabbit Optimisation (ARO) (Wang et al. 2022). This is a meta-heuristic 
algorithm that mimics the survival behaviour of rabbits. With the application of the algorithm, unlike other methodologies 
that require intermediate steps (Muñoz-Abella et al. 2022a), the two variables to be identified are accurately estimated in 
a single step: position along the beam and depth of the crack. The application of the model has been carried out with two 
types of data: data used to obtain the behavioural model of the cracked rotating beam and random data not used to obtain 
the behavioural model of the cracked rotating beam. In all cases, accurate results are achieved that allow validating the use 
of this algorithm in health monitoring problems of this type of mechanical components in operation. The methodology 
presented in this paper is an initial step toward using more complex problems that incorporate the Timoshenko beam model 
instead of the Euler-Bernoulli model (applicable to non-slender beams), beams with variable cross-sections and the 
nonlinear breathing mechanism occurring on the crack surfaces. 

Author’s Contributions: Conceptualization, B Muñoz-Abella and L Rubio; Methodology, B Muñoz-Abella; Investigation, 
B Muñoz-Abella; Writing - original draft, B Muñoz-Abella and L Rubio; Writing - review & editing, B Muñoz-Abella, L Rubio 
and P Rubio; Funding acquisition, B Muñoz-Abella, L Rubio and P Rubio; Resources, B Muñoz-Abella, L Rubio and P Rubio; 
Supervision, B Muñoz-Abella. 
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