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Abstract

Standard vertical differentiation models were designed for a type of consumer behaviour when each consumer buys a single
unit of only one of two goods. However, in many other cases, consumers may buy a few units of both goods with different
qualities. This case is not covered by theory yet. This paper intends to fill this gap, by modelling consumer behaviour and
demand with vertical differentiation when all consumers may buy some mix of both qualities. Additionally, we find that two
main results of the previous vertical differentiation literature do not apply in this case and show how the model can be extended
to a number of situations. We also present an example of how the model may be applied to Tourism and Transport industries.
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Resumo

Modelos tradicionais de diferenciagdo vertical de produto foram projetados para um tipo de comportamento do consumidor
quando cada consumidor compra uma unica unidade de apenas um dos dois bens. No entanto, em muitos outros casos, os
consumidores podem comprar poucas unidades de ambos os bens com qualidades diferentes. Este caso ndo é coberto pela teoria
até o presente momento. Este trabalho pretende preencher esta lacuna, de forma a modelar o comportamento dos consumidores
e a demanda com diferenciagdo vertical de produto quando todos os consumidores podem comprar alguma combinagdo de
ambas as qualidades. Além disso, descobriu-se que dois resultados principais da literatura anterior de diferenciagdo vertical ndo
se aplicam neste caso e mostrou-se como o modelo pode ser estendido para um niimero de situagdes. Apresentamos também um
exemplo de como o modelo pode ser aplicado as industrias Turismo e Transportes.
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1. Introduction

Traditional consumer’ demand has been derived girauility maximization under a budget
constraint. Considering that all consumers are tidel) the aggregation of individual
demands leads to the usual demand function fortecpiar good.

This demand function is built on the assumptiorsd #il consumers have identical tastes and
incomes, and that all units of the good are idahtiBut these assumptions are too strong to fit
real consumer behaviour. Consumers often haverelifteastes or preferences and goods are
often different. For example, if we consider thea@amption of soft drinks, we may find a

great variety of goods, among which consumers ahaosording to their tastes.

Demand for these situations was first modelled byrihardt (1993), as Launhardt’s work
was first published in 1885, in German, and themdbielling (1929) and their models are the
base of a well-known consumer theory nowadays,sthealled horizontally differentiated

goods case. In these models consumers are unifatistiyouted along a line, according to
their preferences, and they choose the good thabre alike their ideal specification of that

product.

Product differentiation may be either horizontahem all goods have the same quality but
consumers differ in their preferences, or vertiedlen goods differ in quality and consumers

have identical tastes, but differ in their inconoesvillingness to pay for quality.

The case of consumer choice for vertically diffél@ed goods, or of goods that are
differentiated by their quality, though consumexibit identical preferences but different
incomes or different willingness to pay for qualityas modelled much later, in the last
quarter of the 20 century. These models were first proposed by Gatisk and Thisse
(1979) and Shaked and Sutton (1982). These autlisosconsider consumers as uniformly
distributed along a line, but according to theidlmgness to pay for quality, or to their
incomes, in the second case. There are a numbegoofls (often two goods, for

simplification) and each consumer buys a singlé oihdonly one the goods (in the situation of

JTL-RELIT | Journal of Transport Literature, Manaus, vol. 7, n. 1, Jan. (2013) 53



Cristina Barbot pp. 52-64

a “covered” market), or some of them buy nothingakit(in the situation of “uncovered”
market).

Gabszewick and Thisse (1979) and Shaked and S{it#&2), when introducing their models,
refer to products such as, and quoting the exangies by the first authors, cars, television
sets, washing machines or pianos. All of thesee&enples of durable goods, which are not
very frequently bought, and in one unit in eachuggition. Indeed, people usually do not buy,
for example, a dozen of cars a week, or ten waghiachines every day. Thus the assumption

of each consumer buying only one unit of the gandg&es sense.

These models have also became part of consume’ythand were often applied for several
purposes, namely Minimum quality standars (Scad®98), or to potential competition

(Donnenfeld e Weber, 1995). Indeed, extensionsedioal differentiation theory were rather
on firm competition, but never on alternative forofsconsumers’ behavior. In all of these

works the referred assumption of each consumemniguymnly one unit of the goods was kept.

In what concerns the adequacy of this assumptioreal world consumption patterns, our
point does not lie in the fact of each consumeritgipnly oneunit of each good. If, instead,

she would buy two or more units, results may novéry different. However the model does
not apply to all types of goods and to all patteshsonsumers’ choice. For example, in the
case of many other goods, the purchases of whiehfraguent, consumers often choose
several qualities at the same time. A consumer d@pse to buy two qualities, a superior
and an inferior one, of beef, of fish, of olive,@F of any other foodstuff. Or she may decide
to buy one or several designer suits, but also scne@p pairs of jeans or T-shirts. Many
people choose to have everyday lunch in a cafamavgich bar, but they may have dinner in
a luxurious restaurant once a week. Or, else, aptithkers may alternate between five and

four or three stars hotels in a single trip.
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So the model for consumers’ choice and demandéddically differentiated goods has to be
reassessed in order to capture these situationshwahe as common as the ones theory has
dealt with, if not more. The purpose of this papeto do a refinement of the traditional
theory by proposing a method to find consumers’ alaiin for the case of vertically
differentiated goods when each consumer may buyrallb that includes more than one
good. It intends to fill a gap in literature, astiel differentiation theory has been established
only for the case of durable and not frequentlyusregl goods. Our result is a simple model
that allows for every class of consumers buyinghbmialities, and which is easy to work
with. The model is based on a demand function &wheof two goods that allows for the
possibility of consumption of both goods by mostted income classes. Additionally, we find
that two main results of the previous vertical eliéntiation literature do not apply in this
case, namely that: (i) the higher quality pricex@t always superior to the lower quality one

and (ii) with zero costs the higher quality proit® not always higher.

We develop two extensions of the model, namelyuiecovered markets and for demand
patterns where consumers do not buy the same nushlomits of both goods. With a simple
application, we show that the model is useful teeéast demand and to develop theoretical
works with demand patterns that fit its framewovke also develop an application of the
model to Tourism, and show how many a consumerbuyl of each of the available qualities,

which helps travel agencies to plan their packages.

The paper is structured as follows: section 2 prsséhe model and in section 3 an

application is shown. Section 5 concludes withva fieal remarks.
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2. A modd of demand for an alter native consumer behavior

In our model consumers may acquire two verticdeditiated goods good1 and good.

Good 2 is recognized by all consumers as having a highitguahile good1 has a lower
quality. Letqg, stand for the quality of the high quality good, apdor the low quality one.
For simplification, we assume that all costs, idahg quality costs, are equal to zero, making

profits equal to revenues. Prices are denoteol lapndp,, respectively.

It is plausible that that the highest their incommgthe more consumers will buy the high
guality, and less the lowest one. It probably hagpeat low income consumers never, or
only occasionally, buy high quality products, whiteiddle-income consumers alternate
qualities, in a fifty percent share, and high ineostrata buy mostly the highest quality. We

follow this assumption in our model.

As in Shaked and Sutton (1982) consumers are uwniyodistributed according to their
incomes in the interval [0,1], or along a line ehgth equal to the unit. So, the poorest
consumer (or the one who has the lowest willingiessay for quality) is situated at point
“0” and the richest consumer (or the one who hashighest willingness to pay for quality) is
situated in pint “1”. Each consumer may buy zere@r any quantity in the interval [@] of
each one of the two goods. Then the market is eovir the sense that all consumers huy
units of one or of both goods. Their utility furari follows the usual specification of vertical
differentiation theory, as may be found in Shaked &utton (1982), but allowing for this

consumption pattern:

U=kuit+ (k) wt,j=12,...n (1)

! Some papers have used vertical differentiatiofiransport, as in Barbot (2004), Barbot (2008) ¥adsalo
(2010).
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upand 4 standing for the utility derived from the consunoptiof one unit of the goodsand
2, t for the income, net of the expense in the verycdlfferentiated goods, ankl for the

number of units each consumer buys of the low gugbod.

So the total utility of a consumer is equal to slwen of utility derived from the consumption
of k units of goodl andn-k units of good2, multiplied by the remaining income (when the
expense in these goods is deduced), that repregentgility of consuming all other (other

thang; anddp.) goods §=(kp1+(n-k)po) .

Considering that utility is linearly related to theality gi,u; = ag;, and witha = 1, the utility

function may also be written as:

U = ko + (n-K)c § )

The game has two stages. In the first stage fitm®se qualities and in the second stage they
compete in prices. The main point here is to finel demand for the vertically differentiated
goods. To compute the demand for each good we ademsonsumers as divided into income
classes with identical consumption patterns asval The lowest income class will only buy
g:- The next income class will buy1 units ofqg; and one unit of. The third income class
will buy n-2 units ofg; and two units of,.. And so forth. The highest income class will uy

units ofgp, while the previous class will buy a mix @fl units ofg, and one unit of;.

Next we find the income limits of each class. Tlomsumer who is indifferent between
units ofqg; and zero units of;, and a bundle afi-1 units ofg; and one unit ofj, follows the

indifference condition:

N (ti—np) =((N-1)a+02) (b—((n-1)p+p:2)) 3)

Then the consumer indifferent between this lastdbliandn-2 units of g; combined with2

units ofqy is represented by:

(-1)aga+02) (=((n-1)p+p2))

=((-2) @+ 20 ) (- ((N-2)p+2 p2)) (4)
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And so forth. Finally, the consumer dividing theotiast income classes is indifferent

between the bundle containing one unigpéndn-1 of g, andn units ofqgy:

(@ + (n-1) @) (t— (. + (0-1) P)) = NG (th — NR) (5)

The above equations are then solved{fab,..., t.

It follows that consumers whose income is infetiort; will only buy the lowest quality,

while those whose income lies between “1"andill only buy op.

The demand of the first segment, or of those why dnly g, lies between; and “0”. We
first find t; by using the equatiof3):

g1p:(n—1) —q1p1(2n—1) + g;p1(n + 1) + q2p; (6)
d2 — q1

This value oft; minus zero (where the first consumer is situatedhe first part ofx;, the
demand forg;. We also find the first part of,, the demand fog,, by subtracting from the

unit (where the last consumer is situated) theevalu,, found by solving equatiofb).

Consumers belonging to all the other income segsnémty a mix of both qualities.
Computing the differencesi — t;, t3 — t,..., b2 — tpg andt,— t,.1, which express demands of
all other segments, it results that those diffeesnare all equal t8p, — 2p, meaning that in
each income class there &® — 2p consumersX;, the demand fog; equals the sum of the
first market segment — those consuming only thelitgu— multiplied byn, the quantity each

consumer buys, plus-1factors, which correspond to the middle strata deisa

The addition of these factors will be equal 2p, — 2p multiplied by the sum of an

arithmetical progression:

n(n-1)

2(pz - p) (N-1)+ 2(p- po) (N-2) +...# 2( - P)+1 = 2(p, = Py)

and X% = qlpz(n_l) — 0. P, (an __111"' d, pl(n+1) t0,0, + n(nz_l) (p2 _ pl)
2 1
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X. =n? P4, — PG, (7)
1
4, —q,

Demand form,is also computed in a similar way, by adding thended of the highest income

class to the same facterf{M 2(p,—p,):
2 2 1

x, =n% =% * (PG = PGs) (8)
9, ~Q

The main purpose of this paper was to find the esgions of these demands. However we
solve the rest of the model.

Under the assumptions of zero costs, profits avaleg revenues, o = p1X; andr, = p2Xa,
wheren; andxn, are the profits of firms that produce, respectivgbodsl and2. These firms
compete in prices, as in the models of GabszewnckTisse (1979) and Shaked and Sutton
(1982). In this Bertrand garhefirms maximize their profits i, andp,, respectively, from
where their best reply functions are derived. Smuihese functions, we find the expressions

of prices, depending amj, g, andn.

Solving the second stage Bertrand game there resiitions for prices, demands and profits
as expressions depending on the qualities and, dhe number of units bought by each

consumer:
p, = 4, —q, p, = 2(q2 - q1)
3ng . 3naq,
1 2
X, =—i X, =—
'3n""% 3n

2 Many authors used Bertrand competition in Transpesearch, as in Oliveira (2010) and Silveira &éXa
(2008)
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q, G T, = 4(Q2 _ql)

]]i =
9, 9,

Thus it is possible to model vertical differentmatifor this type of consumer behaviour, when
she buys both qualities (or both goods). The moue}t be easily completed in the first stage,
by maximizing profits in qualities and finding stitins for q; and g.. However, the main
issue of this paper is to show how demands foricadly differentiated goods which are
bought in bundles can be computed. The other istiege point of this paper is that some
results of vertical differentiation theory with dinrle goods do not apply to the present case.

In order to analyse these different results, wesgmethe solutions of the simplest model for
durable goods, where each consumer buys one uwitlpfone of the two goodsand also

with zero costs:

_ q, a4, . d, =0,
P, =4 P20, —=
' 14Q2_Q1 ; 24Q2_Q1
_ 0, -0, . —_ 2 O, ~ ¢
T =20,—>—"— 1, =2q," —*——
O g )T T (g, - )’

Two main results are worth stressing here:

1) With durable goods the price of the high qualgyalways higher (Shaked and Sutton,
1992). However, in the case of nondurable gootiajppens thap, > p; if only if gz < 2q;.

The price of the best quality will only be highégualities are near enough.

% These results are well known and have been estehliin several ways. Here, we follow Motta [2]t bu

withdraw the quality costs.
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2) In the durable goods case and with zero cdséshighest quality firm has always higher
profits (Shaked and Sutton, 1992). With nondurguaeds this result only appliesdb<4q;.

Consumers in the middle strata of income, who buyes units of both goods, always buy
2(p2-pw)j, J=1, 2,...nunits of one good and@(p,-p1)(n-j) units of the other. With very different

gualities,p, would be too high and these consumers prefer tajbuy

The model can be easily adapted to a case of uremwearket, when some consumers do not
buy even a single unit af;. In this case, in the firsts segment, the consuimaifferent

between acquiring n units gf or nothing at all is represented by:

Nu(t;-npy) =0, with t=np; 9)

We compute the demand fonr ¥ the same way, only that the first segment nomsbonly

n(t>-npy) units ofq;. Proceeding in the same way as before, we contuastities, prices and

profits:
- 09,-q, . _ 4, =0,
pp=——iP =2
' n(4q2 - Q1) ? n(4q2 - ql)
L= n . X, = on %
(4Q2 _Q1) (4q2 _ql)
_ 4 -9, . — d, -G,
=0, —2>—"2 ., =4q, —2—2—
b m49,)? T T (0 4a,)°

If the market is not covered, it always happens pbp, andzi> ..

Also, we could suppose the first segment of demaasl divided in the following way: some
consumers buy zero units @f, others one unit of this good, others two unite] ao forth, up
to the last consumer in this segment, who buysits ofq;.

The indifferent consumers in the first segment raresented bk +(ti-kp)=(k+1)qi+t;-
(k+1)ps, with k=0,1,2,...,nand where is the number of units af they wish to buy. Solving

the expressionf,=(1+2k)p;, the demand ofy; from this first segment will beX; =2
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p1(1+2+...+(n-1)+(t1-2p)n, where is the consumer indifferent between buyingnits of g;

or nunits ofg; and one unit ofp. We would then compute results as in the previases.

This process can be adapted to any other demamdes¢gand to all of them, either the
consumers wish to acquire zero, one, two, ug tmits of goodl, or of good2, or of both.
Extending the process to all demand classes abdttogoods introduces more generality in
the model, but solutions become more and more aamphnd difficult to deal with.
Moreover, in real life consumers usually boynits of a single quality or of both. We next

present an application of this model.

3. Application to Tourism

Suppose that a travel agent is designing a weektkape and choosing the hotels to book.

The package consists of flight and accommodatiosdgen nights in different cities.

She knows the demand for the package i$G8f consumers, who are uniformly distributed
according to the consumers’ income (or willingnespay for quality). According to the price
of the whole package, she also knows that travelérsiccept three stars (quality) or four

stars (qualityg,) hotels. Suppose that, for simplicity, there andy two hotels, one of each

class, in all the visited cities, and that theyydmhve this demand every week.

With 800 travelers, in one week600rooms must be booked. The travel agent’s probem i
to decide how many rooms she should book in eaehobithe hotels. There are eight groups
of tourists, each composed of 100 persons: thogesidep all the seven nights in three stars,
then those who sleep six nights in three starsa@dnight in four stars, and so on, the last
group being travelers who sleep seven nights in $tars. Applying our results, presented in
Table 1, the travel agent should ba800nights in three stars, ar@800nights in four stars,

or, in each city, the same number divided by seWsites would depend on the qualities,

which had been already chosen.
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Table 1. Examplefor Tourism

Number of nights in
4 star hotels 3 star hotels

Group 1 7 0
Group 2 6 1
Group 3 5 2
Group 4 4 3
Group 5 3 4
Group 6 2 5
Group 7 1 6
Group 8 0 7

28 28
Total number of
nights 2800 2800

This simple application shows that the model o$ haper is useful to forecast demand and
determine prices. In this case, qualities were iptesly chosen. The model may also predict

how much it is worth to invest in improving qualityith sunk costs.

The model may be applied to any good of serviceesoonsumers buy several qualities. In
Air Transport, passengers may book long haul fight executive class (high quality) and

complementary short haul segments in economy ¢asgr quality).

Concluding remarks

In this paper we build a model to determine demamdkprices when vertically differentiated
goods are consumed in bundles. The model is ajdiceo a number of situations, by
redefining demand classes. We intend to fill a gafterature, since vertical differentiation
models, up to now, were built under the assumptat each consumer acquires a unit of a
single quality. As we show above, results may diffem the existing literature ones. So, we
expected to have provided future research withvademand model, which may be used in a

variety of situations that fit this type of consunbehavior.
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