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The Control of Asymmetric Rolling
Missiles Based on Improved Trajectory
Linearization Control Method

Huadong Sun', Jiangiao Yu', Siyu Zhang'

ABSTRACT: According to motion characteristic of an
asymmetric rolling missile with damage fin, a three-channel
controlled model is established. The controller which is used to
realize non-linear tracking and decoupling control of the roll and
angle motion is introduced based on an improved trajector
y linearization control method. The improved method is composed
of the classic trajectory linearization control method and a
compensation control law. The classic trajectory linearization
control method is implemented in the time-scale separation
principle. The Lipschitz non-inear state observer systematically
obtained by solving the linear matrix inequality approach is
provided to estimate state variables and unknown parameters,
and then the compensation control law utilizing the estimated
unknown parameters improves the TLC method. Simulation
experiments show that the adaptive decoupling control ensure
tracking performance, and the robustness and accuracy of
missile attitude control are ensured under the condition of the
system parameters uncertainty, random observation noise and
external disturbance caused by damage fin.

KEYWORDS: Asymmetric, Rolling missiles, Contral,
Improved TLC, Lipschitz adaptive observer.

INTRODUCTION

The structure or the aerodynamic asymmetric phenomenon
is common for many rolling missiles.

Such unintended asymmetric phenomenon is often caused
by two reasons: machining or assembling misalignment and
body or fin structural damage by large external forces during
the launch or the flight.

Because of uncertainty and random asymmetric factors,
the asymmetric rolling missile system is a complex non-linear
system with uncertainty parameters. The research on dynamic
modeling and control of asymmetric rolling missile is an
important problem.

Scholars carried out in-depth research in the dynamic and
modeling of asymmetric aircraft. Asymmetric aerodynamic
characteristics were the first to be of concern, and wing bending
and impact damage were studied by the use of wind tunnel
experiments (Render et al. 2007; Djellal and Ouibrahim 2008;
Render et al. 2009). The dynamic problems were also the focus
of the study. For an asymmetric rolling missile, when the roll rate
nears to the natural frequency of pitch or yaw motion, the roll
rate of the missile may be locked and maintained in the natural
frequency, and the phenomenon is named lock-in. If the
angle of attack of the missile becomes bigger and bigger,
the catastrophic yaw happens. Since the lock-in mechanism
and the phenomenon of catastrophic yaw were revealed (Murphy
1989), the research about asymmetric rolling missile motion
model and dynamic behaviors are widely investigated. By the
use of coupling angular motion and roll motion of 5-degrees-

of-freedom equations, different dynamic behaviors such as limit
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and chaos of asymmetric rolling missile were studied (Murphy
1989; Ananthkrishnan and Raisinghani 1992; Mikhail 1998;
Tanrkulu 1999; Sun et al. 2015; Morote 2007; Morote et al.
2013). Bifurcation analysis was introduced to investigate the
evolutionary process of dynamic behaviors such as lock-in
and limit circle in quantitatively and qualitatively ways (Sun
et al. 2015).

The control method of investigation and controller design
are important things for an asymmetric rolling missile. Two
types of fin damage were studied in the modeling and missile
guidance law designing, and the classical proportional-integral-
derivative (PID) control method was used (Harris and Slegers
2009). Research on non-linear control for the uncertainty
parameters aircrafts was quite extensive, and it has been a
hot issue of scholar’s attention. Non-linear controls, such as
robust adaptive (Rajagopal et al. 2010), sliding mode (Yang et
al. 2012), and dynamic inversion (Nguyen ef al. 2006), were
applied in the presence of asymmetry of aircraft and spacecraft
with uncertainties or other factors. Among these methods,
trajectory linearization control (TLC) is a simple but effective
gain scheduling means to solve non-linear and uncertainty
system. TLC has been successfully applied in missiles (Mickle and
Zhu 2001), robots (Liu ef al. 2003), aircrafts (Zhu and Huizenga
2004), and other objects (Bevacqua et al. 2004; Su et al. 2013).

However, the control performance of TLC method can
significantly be reduced or even infeasible in the presence of
serious uncertainties (Zhu and Huizenga 2004). Besides, for
most physical missile systems, another major difficulty for TLC
are strong external disturbances and model uncertainties due
to either constant or sudden changes. TLC faces a big challenge
to deal with difficulties of cross coupling, modeling errors,
external disturbances, and sensor noise effectively. In addition,
the complex dynamic behaviors, such as lock-in, limit circle,
and even chaos phenomenon, increase the control difficulty, and
furthermore the complexity is exacerbated because of strong
cross yaw-roll dynamical coupling caused by the missile rotation.
Improving TLC algorithm is an issue of great significance.

This paper aims at designing a good performance control
system for asymmetric rolling missiles and developing an
improved method for TLC algorithm. Firstly, considering
the external force caused by damage fin, a three-channel
controlled model for asymmetric rolling missiles is established
by the time-scale separation principle. Secondly, control law is
presented using improved TLC method in which an adaptive

compensation control law is added based on Lipschitz observer.

Lastly, simulation experiments are carried out, and the results
show that the performance of three-channel attitude control
is well-exhibited. The control effectiveness of the proposed

improved method is more robust then TLC.

MOTION MODEL

For an aerodynamic asymmetric cruciform finned missile
with fixed rolling rate, the moment equations expressed by the
complex angle of attack & and the complex angular velocity y can
be given in the aeroballistic axes (Murphy 1963), illustrated in
Fig. 1. For a controlled missile with air rudders, compared with
the aerodynamic force produced by the body, the air rudder
force is a small term. Neglecting the small force produced by the
rudder but taking the moment into consideration, the motions

can be transformed to the body fix axes and provided as:

£ =]-C, =g (Cppo +1) | E+irp M)

W=k (#Cry —iCryy ) E—ig T+

+ (k2 Cry + Cp )+ I Crpg€® +5,Cy8

)

where: C, is the lift force coefficient; ¢ is the roll angle;

. . o 2 .
CNPa is the Magnus force coefficient; y = cos(Va? + ), being a
and B angles of attack and side-slip; k, is the transverse radius
of gyration; C Mpa 19 the Magnus moment coefficient; C,,_is the
normal moment slope coefficient; =1 -1 /I , being I and I
Xy X y

M
moment coefficient; C,, is the drag force coefficient; C Moengo is

axial and transversal moment of inertia; C . is the damping

the asymmetric moment coefficient, being C, = the amplitude

and ¢, the phase; C, ; is the control moment coefficient; the

5
superscript * means a multiplication by pSd/(2m), being S

reference area, p air density, and m the mass.
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Figure 1. Axes of missile motion.
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In Egs. 1 and 2, £" and p" are the derivatives of £ and p
with respect to the independent variable I, which has the form
I=d [V dt, being V the velocity of the missile, d the reference
length and ¢ the time; £ = 8 + i« is the complex angle of attack
in the body fix axes, and y = q + ir is the complex angle velocity.
k [2 C;Aoei‘pMOperforms the uncertainty provided by the small
asymmetric term. § = § + i8y is the rudder deflection angle in
the yaw and pitch channels.

For rolling missiles, canted fins causing a constant roll
moment Kj are usually used to generate a design steady-state
roll rate. Induced roll moment must be taken into account in
the rolling motion besides roll moment and roll damping moment.
The induced roll moment can be expressed in a simply form

varying with . The roll motion then has the form:

¢'=—K, ¢+ K, +K,a+k;>Cy; 6, ®3)

where: K, equals to —(Cp, + k2 Cl;) , being k _ the axial
radius of gyration and CZP the roll damping moment; K is the
roll moment by canted fins; K is the induced roll moment
coefficient; C, ; is the rolling control moment coefficient; §_
is the rudder deflection angle in the roll channel.

When the asymmetric uncertainties are severe, they cannot
be simply expressed in a constant. As shown in Fig. 2, when a fin
surface is seriously damaged, the uncertainty interference caused
by the lost lift dealt as an external force can be approximated
as a function of the angle of attack a. Equations 2 and 3 are

rewritten into the following forms, respectively:
(#'Crpe —1Crie ) E—igru+(kCrp +Cpy ) 1+

2 gy -2 vk CD i
+k-C, e +k°C, 0+ o

)

¢'=-K, ¢ +K, +K,a+k C,; 5 +F'a (5)

where: F and F, are the uncertainty force in the angle and

roll motion caused by damage.

zF

Figure 2. Structural damage schematic diagram.

Thus, Egs. 1,4 and 5 constitute the asymmetric rolling missile
motion model in three-channel control. Slow loop variables
Q=B aq, ¢)" and fast loop variables w = (g1 p)T are defined,
respectively, being g, 7, and p yaw, pitch, and roll rates in body
fixed axes. Q) responding slowly is the Euler angle vector, and
w responding fast is the angle velocity vector.

According to the time scale separation principle, Egs. 1, 4

and 5 are rewritten in the forms:
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where: a, Z_CLa’ a12=_CLo<’ a13=0, a14=_1’a15=_(CNpa+ 1),
— = - = = -2c" = -2c

a16 =1L a17 = ap a18 =1L a21 - kt CMu’ a22 - kt CM&’

Gy = kEZCLo cos(Py) a4, = k;zcjwo sin(g,), a,s= k;ZCMq + C;)’

a, Mo My T _Kp

1 _ _ 20t _ 2
! T,a27—F1,a28—kt CMpa,a31—ktC

a,= _Ké’ a5 = _Kn, a4, = Fz'

TLC PRINCIPLE

As shown in Fig. 3, TLC design method is consisted of
two parts. One is forward loop designed by the use of non-
linear dynamic inverse method, which changes the trajectory
tracking problem into error adjustment problems. Another is
state feedback loop designed by the use of linear varying system
parallel-differential (PD) spectral theory, which ensures the
robustness of the system with model errors. Control model

can be represented in two parts as slow and fast loop. The slow
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one is missile attitude angles loop, and the fast one is angular
velocity loop. The core issue for TLC is the design of gain

scheduling control law.

=l

Slow loop
pseudo-inverse

Fast loop
pseudo-inverse

Slow loop P Fastloop (M | M| Allocate

LTV LTV —;@—; control
Q controller controller law
0 & M,
Lipschitz 5
adaptive ‘
observer
E
Noise
Missile Q
dynamics ®

Figure 3. Control system configuration.

NOMINAL CONTROL COMMAND COMPUTING

Let us consider:

0 a, asa a, 0
g&=|as, 0 a,p , 8= 0 a,
0 0 a 0 0 a

18

Nominal O = Q_command of slow loop is the expected
control command of missile. Because g, is invertible, the nominal

command of slow loop is given by:
o-g'(9-7) ®

where: o is also the nominal command of fast loop.

Then the nominal control moment is represented as follows:

M. =g (- f,) ©)

Derivatives Q and w are computed from Q and @ using

a pseudo-differentiator represented by the transfer function:

_ DS =12 (10)

= >
S+wi,diﬁ

Gi,diﬁ“

Equation 10 is also a low-pass filter and not only passes
through input signal but also avoids output saturation by

high-frequency noises.

SLOW LOOP CONTROLLER DESIGN
According to TLC method, linear time-varying proportional-
integral (PI) regulator is usually designed to track the augmented

vector error. The augmented vector can be expressed as:
T
X, =[ [ pai,[adl, [ gdl, e, |

Meanwhile, the slow loop in Eq. 6 can be augmented as:

X, = f(X)+& (X))o (11)

where:,f1 =[fa ’¢’f11’f12’f13]T and‘é1 = [O3 gTI]T, and 0,is
a zero matrix 3 x 3.
Equation 11 is linearized in (Xl, w). The state and input

matrices of the linearized Eq. 11 are represented as:

PN »
ox, X, ).
Bl =gl|)?l,5 (13)

The expected error dynamics characteristic of the slow

closed loop is represented as:

0 0 0 1 0 0
0 0 0 0 1 0
Y 0 0 0 0 0 1 | (19
. a, O 0 a, 0 0
0 -y, 0 0 -y 0
i 0 0 —a,, 0 0 —Q, |

where: & j=1,2,3,k=1,2,varying with time, are obtained
from the closed-loop quadratic PD eigenvalues.
The state feedback matrix K (t) is deduced from:

Acl :A1(t)+B1(t)K1(t) (15)

Dynamic error augmented vectors can be defined as:
en:U(ﬂ—B)dl [(a-a)ar [(p-¢)a
[(9-F) p-B a-a ¢-¢]

and slow loop control input can be expressed as:
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o, =o+K (e, (16)

FAST LOOP CONTROLLER DESIGN
Following the same method to define fast loop dynamics

augmented vector error,
e, :U(q—q)dl [r-F)dt [(p-p)dl
T
[(p-P)dl g-7 r-F p-p]
augmented equation of fast loop has the form:

X, = £,(X,)+2,(X,)u 17)

The fast loop linearization state matrix and input matrix

are provided as:

X, X, )
-~ T
8 =|:03 ng] (19)

where: u = [8y 8Z 8r]T.
Expected error dynamics characteristic matrix of the fast

closed loop can be expressed as follows:

0 0 0 0 0
0 0 0 1 0
A = 0 0 0 0 0 I |20
“ % 0 0 % 0 0
0 —Uy 0 0 Uy 0
L 0 0 —y 0 0 —0y3, |
where: a, ., j=1,2, 3, k=1, 2, can be given according to

2,jk’
PD spectral theory similarly.
State feedback matrix K, (t) is deduced from the equation:

A, =4, +B,(OK, (@) @1
The fast loop control input can be expressed as:
M =M +K,(t)e,=M_+M, (22)

LIPSCHITZ ADAPTIVE OBSERVER DESIGN
State observer design is an essential process for a control

system, and the compensation control law design is based on

the estimations of state variables and unknown parameters.
Lipschitz observer is a common non-linear system state
observer and still has a good observation performance for
strongly non-linear systems with noise disturbances. Specific
design process of Lipschitz observer is characterized as follows
(Rajamani 1998; Zemouche and Boutayeb 2013; Pourgholi
and Majd 2011).

For a classical non-linear system with unknown parameters:

{x = Ax+D(x,u) + ¥ (x,u)F 23)

y=Cx

where: A and C are linear matrices; x € R" is the state vector;
u € R™ is the control vector; y € R? is the output vector; F € R/
is an unknown steady bounded parameter; and |F|| < y,. For
all (x,y) and all u the pair (C,A) is observable.

For Eq. 23, make the following three hypotheses (Rajamani
1998; Zemouche and Boutayeb 2013):

Hypothesis (1): non-linear functions @ (x,u) and ¥ (x,u)
are both uniform boundedness, and Vx € R" and Vu € R™,
Lipschitz condition is satisfied as follows:

{||¢(xl,u) -0 (x,,u), < 7, — x|

e, )-® (e, 0)], < 7, | — 6 ey

where: y, > 0 and y, > 0 are Lipschitz constants.
Hypothesis (2): there exist a gain matrix and a positive

number ¢ making algebraic Riccati equation:
(A-LC)'P+P(A-LC)+yPP+(1+&)I =0 (25)

have a positive definite solution P, where y =y, +y,y,.
Hypothesis (3): there exists a vector function h(x,u) making

the positive definite solution P satisfy:

P¥(x,u)=C"h(x,u) (26)

If the Hypotheses (1) to (3) conditions are satisfied, then

the observer of the Eq. 23 is given as follows:

X =A%+ ®(%u)+ ¥ (5 u)F - L(y - CX) 27)
F = ph' (%,u)(y-CX)

where: p is a constant parameter to adjust the estimation
error and F = [I:“ o 132]. L is the gain matrix of the observer.

L is obtained by transforming Riccati equation into the linear
matrix inequality (LMI) problem (Pourgholi and Majd 2011).
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In this paper, according to the Lyapunov stability conditions, the
design of observer is changed to the process of solving LMI group.
LMI problem is equivalent to find a definite solution P > 0

and a positive number # > 0 satisfies the inequality equation:

A"P+PA-2nC'C+1 P

P -—1

By solving the above inequality (Eq. 28), L can be obtained as:

L=nP'C' (29)

COMPENSATION CONTROL LAW DESIGN
Compensation control law is given according to the estimated
parameter F. The control law can compensate for the interference
generated by the Fin the pitch and roll channels, and then TLC
control performance is improved. Furthermore, in order to improve
the yaw channel performance, the state feedback stabilization is

increased. Compensation control law is shown as follows:
3 i E 4 T30
M, :|:_ ﬂﬂ/an —Fa/lay, _an/am:l

where: K 5 is the adjusting gain.
The improved TLC control law based on Lipschitz adaptive

compensation is then proposed as:

MC=]‘_40+MC+MF (31)

SIMULATION

Simulation analysis for an asymmetric rolling missile is
performed, and system parameters are:
__ 4 4 _ __ -5
a,,=-23x10%,a,,=-2.3x10% a ,=1,a, .= 1,4, =-1.4x107,
— -5 — -7 _ -7 _ -4
a,=1x107, a,,=-2.4947x10", a,,=2.4947x107, a, .= —1.5x107,
- _ -5 _ -4 _ -3
a,,=0.99, a,,=-1x107, a, = 9x107, a, = -1.3x107,

— -6 — -4 — —
a,,=5x10% a,,=52x10%, F, =0, F,=0.

SIMULATION 1

Equations 6 and 7 can be easily transformed into a standard
non-linear form with unknown parameter as Eq. 23. In order
to verify the state observation and the noise suppressing
performance of Lipschitz state observer, external forces F| and

F, are taken to 0. In addition, system state observations often

have some uncertainty. For example, the output values of the
measurement system are usually superimposed with white
noise. In order to represent the sensor noise, the output values
are superimposed on white noise in simulation. Meanwhile, the
actual value of the aerodynamic parameters increases by 20%
compared with the estimated one.

The expected tracking states “command” in yaw, pitch and
roll channels are 3, a_and p , respectively. It means that the
motion states 5, a and p of the missile are expected to change as
the commands f, «_and p_require, as shown in Fig. 3. The
specific command for B_in yaw channel is a square wave;
the specific command for «_in pitch channel is a step response;
and the specific command for p_in roll channel is a constant.
These three commands are all passed through a low-pass filter
5s/(s + 5).

According to Eq. 29, let us take the gain matrix L as:

4.25 0 0 0 -1.90 0
0 431 -0.02 170 0 -2.15
0 -0.02 549  -0.46 0 -2.33
L= 0 1.70  -0.46 54821 0 -504.29
-1.90 0 0 0 589.88 0

0 -2.15 -2.33 -504.29 0 483.77

The simulation results are shown in Figs. 4 to 6. The expected
motion states in the three channels of 8, « and p are meant to
track the commands B, «_and p_which are marked in black
line. To track the same commands 3 , & and p , different control
effectiveness in TLC method and “TLC + Lispchitz observer”
method is compared. The control effectiveness of TLC method
is marked in blue dash line, and the control effectiveness of
“TLC + Lispchitz observer” is marked in red line. As shown in
Figs. 4 to 6, in the case of aerodynamic parameters deviation
and output noise conditions, control accuracy of only TLC

method is poor, and there exist large errors. When Lipschitz state

0.06 — TLC
_ TLC+ Lipschitz
observer

0.04
—_ —— Command
=i
Ixd
= 0.02
<«

0 -
0.02 T T T T T T 1
0 5 10 15 20 25 30 35
Time [s]

Figure 4. Effectiveness of yaw control.

J. Aerosp. Technol. Manag., Sdo José dos Campos, Vol.8, N° 3, pp.319-327, Jul.-Sep., 2016



The Control of Asymmetric Rolling Missiles Based on Improved Trajectory Linearization Control Method
T e et e e e e e e e e e e e e e e e e e e e e e e e e e e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e

observer is used, noise is effectively suppressed. It is apparent
that the controller has good tracking performance even with

output noise interference.

— TLC
0.15 —— TLC + Lipschitz observer
—— Command
0.1
il
=, 0.05 +
3
0 -
-0.05 T T T T T 1
0 5 10 15 20 25 30
Time [s]
Figure 5. Effectiveness of pitch control.
20 7
= 154 — TLC
35 —— TLC + Lipschitz observer
E —— Command
> 10
Rt
<
Ll
=
] 54
4
0 T T T 1 T i
0 5 10 15 20 25 30
Time [s]

Figure 6. Effectiveness of roll control.

SIMULATION 2

To verify the estimate effectiveness of Lipschitz adaptive observer,
let us consider F| = 100 and F, = 200; the state variables for the
missile in the free movement are estimated, as shown in Figs. 7 to
10. Simulation results show that state observer can estimate the
state variables and unknown parameters quickly and accurately.

Another simulation is performed to verify the performance
of the improved TLC method. In addition, structural damage
for missiles often happens suddenly, and it is supposed that a
fin of the missile is suddenly damaged on 5s after the beginning
of the simulation. The damage effectiveness is F, = 100 and
F,=200. At the same time, the actual value of aerodynamic
parameters is reduced 25% compared to the estimated value,
and the simulation results are shown in Figs. 11 to 14.

The specific command for _in yaw channel and «_in pitch
channel is a step response signal, and the specific command for
p, in roll channel is a constant. These three commands are all
passed through a low-pass filter 5s/(s + 5). In the figures, the

expected attitudes which are named “command” are marked

325

in black line. Two different methods “TLC” and improved TLC
which is named “TLC + adaptive compensation” are separately
applied to control the missile attitudes to track the “command”

The figures show that an only algorithm using TLC
has certain robustness in dealing with the uncertainties of
aerodynamic parameters. However, the control effectiveness
is not ideal in response to a sudden but strong interference,
and even the system is going to diverge. “TLC” cannot
match “command” in a good performance. The figures
exhibit a perfect match between “command” and “TLC +
adaptive compensation”. It means that TLC combined with

Lipschitz adaptive compensation control law improves the

5_

Blrad]

—— Actual value
——- Estimated value

- 1 T T
0 2 4 6 8
Time [s]

Figure 7. Actual and estimated f.

2 -
————— Estimated
value
—— Actual
H value
-2
-3 T T T |
0 2 4 6 8
Time [s]
Figure 8. Actual and estimated a.
40+ —-—- Estimated value
—— Actual value

— 304 ﬂ
R
F
.: 20'
2
e 10 |
z ]

-10 |

-20 T T T 1

0 2 4 6 8
Time [s]

Figure 9. Actual and estimated p.
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250 207

S *

= 200

5 = 15

150 7 "30

5 =

1 _

= 100 % 10

.g 50 - —— Estimated value for F, =

g —— Estimated value for F, 2 —TLC

= 04 —— Actual value for F, M5 —— Command

ﬁ —— Actual value for F —— TLC+adaptive compensation

2
-50 T T T T T 1 0 T T T T 1
Time [s] Time [s]

Figure 10. Actual and estimated F.

Figure 13. Effectiveness of roll control.

0.06

0.05

0.04

0.03

B [rad]

0.02 — TLC

—— Command

0.01 —— TLC+adaptive compensation

0 T T T T 1
0 2 4 6 8 10
Time [s]

Figure 11. Effectiveness of yaw control.

0.12
0.1
— 0.08
<
g
— 0.06
S
0.04 —TLC
—— Command
0.02 —— TLC+adaptive compensation
00 T T T T 1
0 2 4 6 8 10
Time [s]

Figure 12. Effectiveness of pitch contral.

control performance in three channels and enhances the
robustness of the system. The missile system can converge
to the expected state of motion more accurately and quickly
with strong external interference. The adaptive decoupling
control solves the cross coupling in three channels. The rudder
deflection angles of TLC method are lead to saturation when
control system diverges, and then TLC method becomes
invalid. Compared to TLC, the rudder deflection angles

of improved TLC are easy to achieve without saturation

5 7 E— By
— 9,
N Er
vy 01 Mnnnﬂﬂﬂn \AAAAAA,
; 1
= 5
100 3 i 3 5 10
Time [s]

Figure 14. Rudder deflection angles for three-channel
control in “TLC + adaptive compensation”.

phenomenon, and this means that the improved TLC method
is physically realizable.

CONCLUSIONS

In this paper, the non-linear control method for asymmetric
rolling missiles is investigated. Firstly, an asymmetric rolling
missile controlled motion model is established considering in-
herent asymmetric aerodynamic force and damage fin uncertain
external interference. Then, a preliminary controller is presented
by the TLC method in the time-scale separation principle. Thirdly,
an improved TLC method with adaptive compensation control
law based on Lipschitz observer is proposed. In the improved
method, the classic TLC method is complementary by an adaptive
compensation control law, and this is designed according to
the estimated unknown parameters and state variables from
Lipschitz observer. Finally, control effectiveness comparison
of TLC and improved TLC is carried out by simulation, and

adaptive decoupling control for three channels is achieved.
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Simulation results demonstrate that improved TLC is more
effective than classic TLC method, and the proposed improved
TLC method exhibits a good performance in the track ability,
robustness and adaptability.
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