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ABSTRACT
Axially-functionally graded materials are/ types of traditional composite materials in which the mechanical and physical 

properties are gradually varied from one end to the other. They were used extensively in industries such as defense, automotive 
and aerospace because of the ability to design its mechanical and physical properties. Two numerical models are built in this work 
in order to investigate the deflection of a simply supported beam made by axial-functionally graded material. The first model is the 
new model and it is built by adopting the Rayleigh Method, while the second model used the Finite-Element technique to build an 
1D model utilizing the ANSYS APDL. The mechanical and physical of the axial-functionally graded beam were changed in axial 
direction according to Power-Law Equation. The new model, based on Rayleigh Method ANSYS- 1D model, shows an excellent 
agreement with the results and available literature. In addition to the validation of the two models, the influences of elastic moduli 
ratio and material distribution on the maximum static deflection and its position were studied. In ANSYS- 1D model, the position 
of the maximum deflection was deviated from the middle span of A-FG beam and this deviation in position of maximum deflection 
reduces, as well as increases the index of power-law equation and the elastic moduli ratio (ME-Ratio) when it diverges from 1.
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INTRODUCTION

In mechanical and structural applications, metals (Kassner et al. 2015), alloys (Saleh et al. 2021; Xu et al. 2019), ceramics 
(Ashby 2000; Majeed et al. 2017; Shao 2018), polymers (Kalyanet al. 2017; Osswald et al. 2010), and conventional composites (i.e., 
chopped-fiber composites, longitudinal-fiber composites and laminated composites) (Harris 1999; Kaw 2006; Xu et al. 2020), were 
manufactured to get homogenous properties (Saleh et al. 2020b). Sometimes these materials cannot meet the requirements of 
engineering applications because of limitations of their material properties (Saleh et al. 2019; Fathi et al. 2020). Therefore, it was 
essential to enhance mechanical and physical properties to achieve the requirements of engineering applications (El-Galy et al. 
2018) by manufacturing a new material, called “Functionally Graded Materials (FGMs)”. The FGM can be defined as “Functionally 
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Grade Materials (FGMs) are kind of composite materials in which the material properties are designed to vary continuously and 
gradually from one surface to the other in order to eliminate the discontinuity effects in properties” (Bhavar et al. 2017; Ebhota 
and Jen 2018; Helal 2020; Jamian 2012; Walaa 2021); or “Functionally graded materials (FGMs) are a broad research area and 
attract considerable tremendous attention today in the materials science and engineering society” (Saleh et al. 2020a). Due to 
enhance the material properties of FGM, the static and dynamic characteristics of FG plates and beams are improved. Generally, 
three models can be adopted to define the variation of material properties along the beam dimensions (thickness, width and 
length) and these models are exponential, power-law and sigmoid.

Generally, the classical beam theories are used to investigate the static and dynamic problems of beams and the main 
assumptions of these theories are the uniform area and homogeneous material of the beam. Several applications require enhancing 
the responses of the beam under various static and dynamic loads, and this enhancement in the static and dynamic responses 
of the beam is done by improving the material properties. For homogeneous and nonhomogeneous beams, several studies used 
Rayleigh Method (RM) to determine the frequency and deflection of uniform and non-prismatic beams (Abdulsamad et al. 2021; 
Al-Ansari 2012;2013; Al-Ansari et al. 2018;2019; Diwan et al. 2019).

When the material properties changed in thickness-direction, several studies estimated the deflection of uniform beam using 
analytical and numerical methods (Chakraborty et al. 2003; Gayen et al. 2021; Gayen 2022; Helal 2020; Li 2008; Nie et al. 2013; 
Şimşek et al. 2013; Zainy et al. 2018; Zhong and Yu 2007; Zhu and Sankar 2004). On the other hand, several researchers studied the 
effect of crack on static or dynamic behaviors of functionally graded beams or shafts (Gayen et al. 2018; 2020a 2020b). For example, 
Gayen (2022) introduced “an exact solution for thermo-elastic behavior of radially functionally graded hollow shafts” assuming 
different models to describe the material properties in the radial direction such as linear law, power law and exponential law 
models. By using a linear strain-displacement relations and steady-state Fourier equation of heat conduction, he solved analytically 
thermo-elastic equations to obtain displacement and stress fields as functions of radial distances, material gradient indices, and 
temperature gradients. Gayen et al. (2020a) used aluminum oxide (Al2O3) and stainless steel to represent the radially Functionally 
Graded shaft appling power law model. They studied the effects of temperature gradient and gradient index in addition to crack 
size and crack orientation on the direct and cross-couple local flexibility coefficients in a cracked structure. Gayen et al. (2018) 
represented the local flexibility coefficients as a function of crack depth using finite element method to investigate the effects of 
crack depth, crack position, slenderness ratio, thermal gradient and gradient parameter on the free vibration of the cracked radially 
FG shaft. Gayen et al. (2020b) studied the effect of transverse surface crack in addition to temperature and material gradients 
on the vibration of radially functionally graded rotating shafts considering nonlinear material properties applying finite element 
formulation and basing on Timoshenko beam theory. They used power law model to describe the material properties for two 
types: FG shafts (FGM I (SS/Al2O3) and FGM II (SS/ZrO2)).

Shahba et al. (2011) applied Timoshenko beam theory to investigate the vibration behavior of tapered axial-FG beam. 
While Nguyen, N-T et al. (2014) used Euler–Bernoulli beam theory to study the static transverse deflection of thickness functionally 
graded beam (T-FGB) and axially-functionally graded beam (A-FGB) with non-uniform area, and they introduced the evaluation 
between the results calculated by the new model besides that of finite element model. Nguyen et al. (2013) calculated a large 
deflection of tapered cantilever axial-FG beam using the finite elements technique and they investigated the impact of slenderness 
ratio and non-uniformity (type and ratio) on the transverse deflection. Rajasekaran and Khaniki (2019) based on nonlocal strain 
gradient theory and used the finite-element method for studying the mechanical behaviors of non-uniform size dependent axial-FG 
beam with different types of materials. Lin et al. (2019) investigated the large deformation behavior of a cantilever axial-FG beam 
under load at a free end using the “homotopy analysis method”. They adopted a power-law equation to represent the mechanical 
and physical properties and obtained the deformation solution of axial-functionally graded beams by applying the solution of 
the corresponding homogeneous beam as the initial guess. They observed a good convergence between the analytical results and 
the finite-element solutions. Soltani and Asgarian (2019) used power series technique and Timoshenko theory to develop a new 
solution for static and buckling behavior of axially-functionally graded beam (A-FGB). They studied the linear stability of non-
prismatic cantilever A-FGB and they compared the new solution results with the results obtained by finite-element method and 
further solutions available. Mahmoud (2019) presented a general solution of the vibration behavior of a non-uniform axial-FG 
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beam when the A-FG beam was loaded by masses at the free end of the beam. In Daikh et al. (2022), using a “new higher order 
shear deformation theory”, researchers investigated the deflection and buckling stability of axially single-walled (SW) functionally 
graded (FG) carbon nanotubes reinforced composite (CNTRC) plates. Walaa (2021) studied the transverse deflection and free 
vibration of non-uniform axial-functionally graded beam with different boundary conditions using finite-element technique. 
The material properties of the axial-functionally graded beam vary using the power-law model.

Finally, in Karamanli and Thuc (2021), by applying the finite-element method and using both a quasi-3D and modified 
strain gradient theories, the structural problem of 2-D FG porous microbeams was investigated. They applied the “Hermite - 
cubic beam element” with various supporting types to develop and solve the differential equations of static deflection, buckling, 
and free vibration behaviors. On the other hand, Karamanli and Thuc (2018) used the finite-element technique to calculate the 
deformations of conventional functionally graded micro-beams with uniformly distributed load. They applied the power-law 
equation to represent the change of mechanical and physical properties for conventional functionally graded micro-beams.

In prior work, Wadi et al. (2022) applied the Rayleigh method to determine the static deflection of cantilever axial-FG beam 
under distributed and transverse tip loads. In this work, the Rayleigh method (RM) is modified to study the influence of different 
material properties of the axial-FG beam along the length of a simply supported beam. The influence of material distribution, 
modulus ratio (ME-Ratio) and load type on transverse displacement are investigated and the results estimated by Rayleigh method 
are evaluated to the finite-element results, technique by employing “BEAM” element.

PROBLEM DESCRIPTION AND MATERIALS

In FGM, the material properties are changed along the length of beam using three general equations and these equations are 
exponential, sigmoid and power-law (Wadi et al. 2022; Walaa 2021).

Now, the power-law equation (Eq. 1) is adopted to define the material distribution in axial direction and the mechanical and 
physical properties can be described in Fig. 1:

  (1)

Where: PL and PR are the properties at the left and right beam end, respectively; P(x) is the property at any point along the length 
of the beam; (x) is the position of the point starting from the left side of the beam; (L) is the length of the axial-functionally 
graded beam, and (n) is the power-law index. Generally, the deflection of any axial-FGB affects the “stiffness” of this beam, and 
the “stiffness” of FGB is the multiplication of “modulus of the elasticity (E) and second moment of area (I)”. In axial-FGB, the 
beam modulus changes in axial-direction, therefore, the stiffness of FGB changes too. The deflection of an axial-functionally 
graded beam is affected by the supporting conditions, type of applied load, modulus ratio of the parents and power-law index.
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Figure 1. Variation of Material Properties in Axial Direction.
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RAYLEIGH METHOD

The non-uniformity area and non-homogenous mechanical and physical properties cause a variation in stiffness of beam, 
and the calculation of “equivalent stiffness” of uniform simply supported axial-functionally graded beam is the main challenge in 
Rayleigh method (RM). Firstly, the equivalent stiffness of the axial-FGB is estimated and then the deflection at any point in the 
axial-functionally graded beam is determined. The following points are used to determine the deflection:
• The axial-FGB is divided into (M) segments and the number of points is (M+1).
• The elastic modulus and Poisson’s ratio at each point (m point) using Eqs. 2 and 3 when the location of any point in axial 

direction is determined by (x = Δx*i) where (Δx=L/M) and i=1,2,3,….M+1 (see Fig. 2).

  (2)

  

  (3)

 

mpoint = 1 mpoint = M

mseg = 1 mseg = M-1mseg = 2 mseg = M

mpoint = 2 mpoint = M+1
∆x

x

Source: Elaborated by the authors.

Figure 2. The Division and Numbering of A-FG Beam.

• In each segment, the elastic modulus and Poisson’s ratio are estimated in Eq. 4 and 5:

  (4)

  (5)

The equivalent stiffness of the simply supported axial-functionally graded beam is determined by:
•  The center of the area of the axial-functionally graded beam (Xc) is determined using the Eq. 6:
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  (6)

Where Aj is the cross section area of (j) segment. The center of axial-functionally graded beam in this work is (0.5*L), because it 
has a uniform area.
• The simply supported axial-functionally graded beam is divided into two cantilever beams as shown in Fig. 3.
• The “equivalent stiffness” of free-clamped and clamped-free axial-FG beams are estimated depending on the supporting type 

(Clamped – Free or Free - Clamped A-FG beam) using Eq 7 and 8 (for more details, see Abdulsamad et al. (2021), Al-Ansari 
(2012; 2013), Al-Ansari et al. (2018; 2019), Diwan et al. (2019), Wadi et al. (2022), Zainy et al. (2018)):

  (7)

  (8)

The total equivalent stiffness is (Eq. 9):

  (9)

Where: LLeft + LRight = L and in this work LLeft + LRight = L/2

L

L/2 L/2

PL

PL

PR

PR

XR

XR

XL

XL

Source: Elaborated by the authors.

Figure 3. Dividing the Simply Supported A-FG Beam From the Center of Area into Two Cantilever A-FG Beams.

• The deflections of simply supported axial-functionally graded beam are estimated using the Eq. 10:

  (10)

Where: [Y] is the deflection matrix, [δ] is delta matrix using Fig. 4 to estimate this matrix assuming W=1, and [Y]  = fi where 
i = 1, 2, 3, ... M + 1 is the force matrix and when the distributed load (ω) (N/m) is applied, the values of fi are calculated in Eq. 11:
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  (11)
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Figure 4. Deflections Formula of Simply Supported Beam at Different Points.

The calculating procedure, described in this section, is programmed using FORTRAN Power Station.

FINITE ELEMENT MODEL

In this work, the commercial software ANSYS APDL is used to simulate the simply supported A-FG beam to study the static 
deflection under the uniform-distributed load. The “BEAM189” is used and the properties and characteristics of this element 
is “The BEAM189 element is suitable for analyzing slender to moderately stubby/thick beam structures. The element is based 
on Timoshenko beam theory which includes shear-deformation effects. The element provides options for unrestrained warping 
and restrained warping of cross-sections. The element is a quadratic three-node beam element in 3-D. With default settings, six 
degrees of freedom occur at each node; these include translations in the x, y, and z directions and rotations about the x, y, and z 
directions. An optional seventh degree of freedom (warping magnitude) is available. The element is well-suited for linear, large 
rotation, and/or large-strain nonlinear applications” (ANSYS, Inc., 2016, ANSYS Version 17.2).

In ANSYS model, the axial-functionally graded beam is divided into 20 parts and the part is also divided into 5 elements to 
apply the convergence criteria discussed by Wadi et al. (2022). The A-FG beam in ANSYS software is drawn using twenty-one 
key points and the twenty lines which represent twenty segments. The elastic modulus and Poisson ratio of each segment are 
calculated using Eq. 4 and 5 (i.e. M=20 in ANSYS model).

Accuracy of the Present Models:
In order to exam the accuracy of Rayleigh and FE models, was there a comparison between the non-dimensional deflection 

estimated by Rayleigh and FE models and that obtained by Walaa (2021). Walaa (2021) applied 2-D FE model using ANSYS Workbench.
In this study, dimensions of axial-FGB and mechanical properties are listed in Table 1 and 2 respectively. The non-dimensional 

static deflection can be determined by the Eq. 12:

  (12)

Where: Y(x) is the non-dimensional static deflection at any point (x) in axial-direction. y(x) is the static deflection at any point 
(x) in axial-direction. (ymax.)at n = 0 is the maximum static deflection at zero power index (n=0).

Table 1. The Used Dimensions of the Axial-FGB.

No. Dimension Magnitude 

1 Length of Beam (l) 1 meter

2 Width of Beam (W) 0.01 meter

3 Thickness of Beam (h) 0.01 meter

Source: Elaborated by the authors.
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Table 2. The Mechanical Properties of Left and Right Materials of the Axial-FGB.

Material Property Magnitude

Metal (Right Material)

Elastic Modulus of (ER) 210 G Pa.

Poisson Ratio (νR) 0.3

Density (ρR) 7800 kg/m3

Ceramic (Left Material)

Elastic Modulus (EL) 390 G Pa.

Poisson Ratio (νL) 0.23

Density (ρL) 3960 kg/m3

Source: Retrieved from Walaa (2021).

Figure 5 illustrates the comparison between the maximum non-dimensional static deflection estimated by present models and that 
obtained by Walaa (2021), while Fig. 6 shows the discrepancy percentage of the Rayleigh and 1D ANSYS results with respect to Walaa (2021) 
results. From Fig. 5 and 6, an excellent agreement is found between the results of Rayleigh method and that calculated by ANSYS software: 
the maximum discrepancy percentage is smaller than 2.5 % when the power-law index is approximately 1.5 and then the discrepancy 
percentage decreases with increasing power-law index (i.e. when the power-law index increase, the A-FG beam tend to be pure ceramic).
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Figure 5. The Comparison Between the Non-Dimensional Static Deflection of the Present 
Model and That Calculated by Walaa (2021).
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RESULTS AND DISCUSSION

In addition to the accurateness of the present numerical models, the influences of two important parameters (modulus-ratio 

(ME-Ratio) and power-law index (material distribution index)) on the non-dimensional static deflection of a simply supported 

A-FG beam are studied in this work. The power-law index (n) refers to the material distribution along the A-FG beam and it 

changes from (0 to 100). Modulus ratio (ME-Ratio) refers to the ratio of the elastic moduli of the parents of A-FG beam (i.e. EL/ER), 

in other words, it also refers to materials positions at the two ends of the A-FG beam. The values of modulus ratio (ME-Ratio), 

used in this work, are (0.25, 0.5, 0.75, 1, 1.333, 2 and 4).

Figure 7 illustrates the effect of power-law index (n) on the maximum non-dimensional static deflection of a simply supported 

A-FG beam at a different elastic moduli ratio (ME-Ratio). Generally, the maximum non-dimensional static deflection changes 

sharply when the power-law index is smaller than (10). This change in maximum non-dimensional static deflection is affected 

by the value of elastic moduli ratio (ME-Ratio). When the elastic moduli ratio (ME-Ratio) equals 1, the A-FG beam has a 

homogenous properties (i.e. pure material), in this case, the maximum non-dimensional static deflection is constant because the 

effective modulus of FG beam is constant. If the elastic moduli ratio (ME-Ratio) is smaller than 1 (i.e. ER>EL) , the maximum 

non-dimensional static deflection increases with increase of the power law index (n), because the effective modulus of FG beam 

decreases with the increasing of the power law index (n) and equal to ER at n>10 (i.e. the effective modulus →ER ). But, the 

maximum non-dimensional static deflection decreases with the increase of the power law index (n) when the elastic moduli ratio 

(ME-Ratio) is more than 1 (i.e. ER<EL).
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Figure 7. The Variation of the Maximum Non-Dimensional Static Deflection Due to an Increase in the Material Distribution 
Index (n) at Different Elastic Moduli Ratio (ME-Ratio) for the Present Models (a) Rayleigh Method (RM); (b) ANSYS- 1D Model.

When power-law index equals zero (i.e. the material of axial-FGB is pure right material) (see Eq. 1), the maximum non-

dimensional static deflection is not affected by the elastic modulus ratio (ME-Ratio) because the increase of elastic modulus ratio 

(ME-Ratio) is made by increasing the modulus of left material (EL). The maximum non-dimensional static deflection decreases 

with the increase of the elastic moduli ratio (ME-Ratio) for any power-law index (n,) and the rate of decreasing of maximum 

non-dimensional static deflection reduces with increasing power-law index (n) as displayed in Fig. 8.

For more comparison between the present models (ANSYS- 1D Model and Rayleigh Method (RM)), Fig. 9 illustrates the 

convergence between the results of non- dimensional static deflection calculated be the two models.
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Figure 8. The Variation of the Maximum Non-Dimensional Static Deflection Due to increase Elastic Moduli Ratio (ME-Ratio) 
at Different Material Distribution Index (n) for the Present Models (a) Rayleigh Method (RM); (b) ANSYS- 1D Model.
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Figure 9. Comparison Between Non-Dimensional Static Deflections Calculated by ANSYS-1D Model and Rayleigh Method 
(RM) for Different Power-law Index (n) and Elastic Moduli Ratio (ME-Ratio). (a) ME-Ratio = 0.25; (b) ME-Ratio = 0.5; 

(c) ME-Ratio = 0.75; (d) ME-Ratio = 1.333; (e) ME-Ratio = 2; (f) ME-Ratio = 4.

Figure 10 shows the profile of non-dimensional static deflection at any point on the axial direction for different elastic moduli ratio 
(ME-Ratio) and power-law index (n). Similar notes can be seen for the non-dimensional static deflection at any point in the axial-direction 
of axial-FGB comparing with the curves of maximum non-dimensional static deflection (i.e. Fig. 7 and 8). When the elastic moduli ratio 
(ME-Ratio) equals 1 or the power-law index (n) equals zero, the axial-FGB has homogenous properties (i.e. pure material) and the non-
dimensional static deflection is constant. If (ER>EL), the non-dimensional static deflection increases due to an increase of the power-law 
index (n) while the non-dimensional static deflection decreases with an increase of the power-law index (n), if (ER<EL). The non-dimensional 
static deflection increases with the decrease of the elastic moduli ratio (ME-Ratio) for any power-law index (n) and the rate of decreasing 
of non-dimensional static deflection reduces with increasing power-law index (n). But the position of the maximum non-dimensional 
static deflection calculated by ANSYS 1D model does not appear at the mid span of A-FG beam and there is a small deviation in position of 
maximum non-dimensional static deflection. This deviation in position of maximum non-dimensional static deflection is shown in Fig. 11 
and it decreases when the power-law index increases. Also, the deviation ME-Ratio =0.25 is similar to the deviation when ME-Ratio =4. 
This symmetrical deviation profile is also found for each value of elastic moduli ratio and its inverse (i.e. ME-Ratio and (1/ ME-Ratio)). 
There is no deviation in position of maximum non-dimensional static deflection when ME-Ratio =1, because the beam is homogenous 
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and uniform at the same time. The value of the deviation increases when the elastic moduli ratio (ME-Ratio) diverges from 1. Finally, the 
deviation in position of maximum non-dimensional static deflection is not found in the results of Rayleigh Method.
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Figure 10. Comparison Between Non-Dimensional Static Deflections Along the Dimension Length of FG Beam 
Calculated by ANSYS- 1D Model and Rayleigh Method (RM) for Different Power-law Index (n) and Elastic Moduli Ratio 
(ME-Ratio). (a) Rayleigh Method (RM), ME-Ratio = 0.25; (b) ANSYS- 1D Model, ME-Ratio = 0.25; (c) Rayleigh Method (RM), 
ME-Ratio = 0.5; (d) ANSYS- 1D Model, ME-Ratio = 0.5; (e) Rayleigh Method (RM), ME-Ratio = 0.75; (f) ANSYS- 1D Model, 
ME-Ratio = 0.75; (g) Rayleigh Method (RM), ME-Ratio = 1; (h) ANSYS- 1D Model, ME-Ratio = 1; (i) Rayleigh Method (RM), 
ME-Ratio = 1.333; (j) ANSYS- 1D Model, ME-Ratio = 1.333; (k) Rayleigh Method (RM), ME-Ratio = 2; (l) ANSYS- 1D Model, 

ME-Ratio = 2; (m) Rayleigh Method (RM), ME-Ratio = 4; (n) ANSYS- 1D Model, ME-Ratio = 4.
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Figure 11. Deviation of Non-Dimensional Position of Maximum Non-Dimensional Static Deflection Calculated by ANSYS-1 D 
Model at Different Power-law Index (n) and Elastic Moduli Ratio (ME-Ratio). (a) Total ME-Ratio; (b) ME-Ratio=0.25,1 and 4; 

(c) ME-Ratio=0.5,1 and 2; (d) ME-Ratio=0.75,1 and 1.333.

CONCLUSIONS

In this work, two numerical models are built for the studying of the deflection of a simply supported axial-functionally 
graded beam, the Rayleigh method is adopted to build the first model (new one) while the second model used the finite element 
technique to build 1 D – model utilizing the ANSYS APDL. In addition to the accuracy of the two models, the effects of elastic 
moduli ratio (ME-Ratio) and material distribution (n) on the maximum static deflection and its position are studied. From the 
figures, these points are concluded:
• The new model based on Rayleigh method gives results with an excellent agreement with the results of ANSYS– 1D model 

and available literatures;
• The A-FG beam has homogenous properties when the elastic moduli ratio (ME-Ratio) equals 1 or the power-law index (n) 

equal zero and in this case, the non-dimensional static deflection and its maximum are constant;
• The non-dimensional static deflection and its maximum decrease with the increase of the power-law index (n) when (ER<EL). 

If (ER>EL), the non-dimensional static deflection and its maximum increase with the increase of the power-law index (n);
• The non-dimensional static deflection increases with the decrease of the elastic moduli ratio (ME-Ratio) for any 

power-law index (n) and the rate of the decreasing of non-dimensional static deflection reduces with increasing 
power-law index (n);

• In ANSYS– 1D model only, the position of the maximum non-dimensional static deflection is deviated from the mid span 
of A-FG beam and this deviation in position of maximum non-dimensional static deflection decreases when the power-law 
index increases and increases when the elastic moduli ratio (ME-Ratio) diverges from 1;
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• The deviation in position of maximum non-dimensional static deflection is not found in the results of the Rayleigh method.
In future work, the deflection and dynamic behavior of non-prismatic simply supported axial-functionally graded beams will 

be investigated considering the effect of symmetrical and unsymmetrical boundary conditions.
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