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ABSTRACT: In this paper, an analytical solution for time-fixed optimal low-thrust limited-power transfers (no rendezvous)
between elliptic coaxial non-coplanar orbits in an inverse-square force field is presented. Two particular classes of
maneuvers are related to such transfers: maneuvers with change in the inclination of the orbital plane and maneuvers
with change in the longitude of the ascending node. The optimization problem is formulated as a Mayer problem
of optimal control with the state defined by semi-major axis, eccentricity, inclination or longitude of the ascending
node, according to the class of maneuver considered, and a variable measuring the fuel consumption. After applying
Pontryagin’s maximum principle and determining the maximum Hamiltonian, short periodic terms are eliminated through
an infinitesimal canonical transformation. The new maximum Hamiltonian resulting from this canonical transformation
describes the extremal trajectories for long duration transfers. Closed-form analytical solution is then obtained
through Hamilton-dacobi theory. For long duration maneuvers, the existence of conjugate points is investigated through
the Jacobi condition. Simplified solution is determined for transfers between close orbits. The analytical solution is
compared to the numerical solution obtained by integration of the canonical system of differential equations describing
the extremal trajectories for some sets of initial conditions. Results show a great agreement between these solutions
for the class of maneuvers considered in the analysis. The solution of the two-point boundary value problem of going
from an initial orbit to a final orbit, based on the analytical solution, is also discussed.

KEYWORDS: Low-thrust limited-power trajectories, Transfers between non-coplanar orbits, Optimal space trajectories.

INTRODUCTION

In the last thirty years, important space missions have made use of low-thrust propulsion systems. The two pioneer missions
were NASA-JPL Deep Space 1 and ESAs SMART-1. Deep Space 1 was the first interplanetary spacecraft to utilize Solar Electric
Propulsion. It was developed by NASA in the New Millennium Program to testing new technologies for future Space and Earth
Science Programs. It was launched on October 24, 1998, and its mission terminated on December 18, 2001, when its fuel supply
exhausted. SMART-1 was the first of a series of ESA’s Small Missions for Advanced Research in Technology. It was used to test

solar electric propulsion and other deep-space technologies. It was launched on September 27, 2003, and its mission ended on
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September 3, 2006, when the spacecraft, in a planned maneuver, impacted the lunar surface. Interesting details about these space
missions can be found in Rayman ef al. (2000), Racca et al. (2002) and Camino et al. (2005).

Low-thrust electric propulsion systems are characterized by high specific impulse and low-thrust capability (the ratio between
the maximum thrust acceleration and the gravity acceleration on the ground is small, between 10™* and 10-?) and have their
greatest benefits for high-energy planetary missions (Marec 1979; Racca 2003). Several researchers have obtained numerical
and analytical solutions for several maneuvers involving specific initial and final orbits and specific thrust profiles (Gobetz 1964,
1965; Edelbaum 1964, 1965, 1966; Marec and Vinh 1977, 1980; Haissig et al. 1993; Geffroy and Epenoy 1997; Sukhanov 2000;
Kiforenko 2005; Bonnard et al. 2006; da Silva Fernandes and das Chagas Carvalho 2008; Jamison and Coverstone, 2010; Jiang
et al. 2012; Huang 2012; Quarta and Mengali 2013). In the most of the analytical studies, averaging techniques are applied and
solutions of the averaged equations are obtained such that only secular behavior of the optimal solutions is discussed. Few works
discuss the inclusion of periodic terms, which are, in general, considered only for transfers between close orbits (Gobetz 1964,
1965; Edelbaum 1965, 1966).

In two previous works (da Silva Fernandes and das Chagas Carvalho 2008; da Silva Fernandes et al. 2015), the authors presented
complete analytical solutions based on canonical transformation, which include the short periodic terms, for the problem of
optimal time-fixed low-thrust limited-power transfers between arbitrary elliptic coplanar orbits and between coplanar orbits
with small eccentricities.

The main goal of this work is to extend the previous results and develop an approximated analytical solution, which includes short
periodic terms, for the problem of optimal time-fixed low-thrust limited-power transfers (no rendezvous) between non-coplanar
coaxial orbits in a Newtonian central gravity field. Two particular classes of maneuvers are related to such transfers: maneuvers with
change in the inclination of the orbital plane and maneuvers with change in the longitude of the ascending node. The optimization
problem is formulated as a Mayer problem of optimal control theory with semi-major axis, eccentricity, inclination or longitude of
the ascending node, and a variable measuring the fuel consumption as state variables. Both maneuvers are described by a simplified
set of the well-known Gauss equations of Celestial Mechanics. Pontryagin's maximum principle (Pontryagin et al. 1962) is applied to
determine candidates for optimal trajectories, called extremals. After applying the set of necessary conditions provided by Pontryagin’s
maximum principle and determining the maximum Hamiltonian which describes the extremal trajectories, the short periodic terms
are eliminated through an infinitesimal canonical transformation built using Hori method - a perturbation canonical method based
on Lie series (Hori 1966). The new maximum Hamiltonian resulting from the infinitesimal canonical transformation describes the
extremal trajectories for long duration transfers. A set of first integrals is derived for the canonical system of differential equations
governed by the new Hamiltonian function. Closed-form analytical solutions are then obtained through Hamilton-Jacobi theory.
The separation of variables technique is applied to solve the Hamilton-Jacobi equation. For long duration maneuvers, the existence
of conjugate points is investigated through the Jacobi condition. An iterative algorithm based on the first-order analytical solution is
described for solving the two-point boundary value problem of going from an initial orbit to a final orbit. For transfers between close
orbits a simplified solution is straightforwardly derived by linearizing the new Hamiltonian and the generating function obtained
through the Hori method. This simplified solution is given by a linear system of algebraic equations in the initial value of the adjoint
variables, such that the two-point boundary value problem can be solved by simple techniques. The analytical solutions are compared
to the numerical solutions obtained by integration of the canonical system of differential equations describing the extremal trajectories
for some sets of initial conditions.

It is noteworthy to mention that the results presented in this paper and obtained through canonical transformation theory
are a complement of the works by Edelbaum (1965) and Marec and Vinh (1977, 1980).

FORMULATION OF THE OPTIMIZATION PROBLEM

A low-thrust limited-power propulsion system — LP system - is characterized by low-thrust acceleration level and high specific

impulse. For such a system, the fuel consumption is described by the variable ] defined as (Marec 1979):
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B 5 f yZdt’ M

where: y is the magnitude of the thrust acceleration vector y, used as a control variable. The consumption variable ] is a monotonic

decreasing function of the mass m of the space vehicle,

J=p (Lo L
m m,

where: P is the maximum power and 1, is the initial mass. The minimization of the final value of the fuel consumption, ] , is
equivalent to the maximization of m,.
The motion of a space vehicle P, powered by a limited-power engine in an inverse-square force field, can be described by the

well-known Gauss equations of Celestial Mechanics. These equations are given by Battin (1987):

%=ﬁ[esmﬂe+(1+ecosf)s], )
§=%[Sm £ Re(cos Ecos £)S]. ®

%:ﬁ(g)cos(aﬁf)W, (4)
§=m(g)sm(a}+ﬁm 8

dow l1-¢° 1 cos/ (r

—=——"|-cosfR+sin f|l+——— |S| ———F———| —|sin(w+ f) W,
dt nae / / l+ecos f na\1-e*sinl a) ( f) ©

dM 1-¢ 2 : 1
—n+—¢ cosf——e R-smf|1l+——[§], )
dt nae l+ecos f l+ecos f

where: a, e, I, Q, w, M are the classical orbital elements: a is the semi-major axis, e is the eccentricity, I is the inclination of
the orbital plane, Q is the longitude of the ascending node, w is the argument of periapsis, and M is the mean anomaly; and
r is the radial distance. R, S and W are, respectively, radial, circumferential and normal component of the thrust acceleration.
E is the eccentric anomaly, f is the true anomaly and # is the mean motion, n*> a® = y, with g denoting the gravitational
parameter.

According to Marec and Vinh (1977, 1980), the optimal transfers between coaxial orbits are coaxial transfers, that is, the
argument of periapsis does not change during the transfer, and two classes of maneuvers are related to the transfers between
non-coplanar coaxial orbits: change in the inclination of the orbital plane and change in the longitude of the ascending node. For

the first maneuver, w = 0° or w = 180° and Q = 0°, and, for the second one, w = 90° or 270° and I = 90°. A sketch of the geometric
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configuration of the initial orbit and the final orbit for these maneuvers is represented in Fig.1 (only “visible” portion of the orbits
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above the reference plane is represented).
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Figure 1. Geometric configuration of the initial orbit and the final orbit: (a) represents the maneuver with change in the
inclination of the orbital plane and (b) represents the maneuver with change in the longitude of ascending node.

Therefore, at time , the state of a space vehicle P is defined by five variables: a, e, I or , M and J. The inclination of the orbital
plane or the longitude of the ascending node is used according to the class of maneuver considered in the analysis.

The optimization problem can be formulated as a Mayer problem of optimal control as follows:

Itis proposed to transfer the space vehicle from the initial state (a, €, I, or €, M, 0) at time £, to the final state (a,, e, [ or Q,,
Mf, ]f) at time tf,
simple transfers (no rendezvous) the mean anomaly at time tfis free.

such that the final consumption variable | is a minimum. The duration of the transfer t,— 1, is specified. For

So, taking into account the characterization of the two classes of maneuvers related to the transfers between non-coplanar
coaxial orbits, described in the preceding paragraphs, one finds that the state equations are given by Gauss” equations for

semi-major axis, eccentricity and mean anomaly, as defined by Egs. 2, 3 and 7, respectively, and, by the following differential

equations:
dae 1 r
—=x——F+———|—|cosf W, 8
dr navl-e* \ @ ®
d—J=l(R2+S2+W2). 9)
2

The variable 0 is introduced to denote the inclination of the orbital plane or the longitude of the ascending node according to
the maneuver considered. The upper (lower) sign refers to the maneuver with change in the inclination of the orbital plane with
w = 0° (w = 180°) or maneuver with change in the longitude of the ascending node with w = 90° (270°). Note that Eq. 8 is derived
straightforwardly form Egs. 4 or 5 following the conditions described for each maneuver — maneuver with change in the inclination
of the orbital plane or maneuver with change in the longitude of the ascending node - as described in a preceding paragraph.

According to the Pontryagin’s maximum principle (Pontryagin et al. 1962), the adjoint variables (Lagrange multipliers associated
to the constraints represented by state equations) p, p,, p,  p,,and p, are introduced and the Hamiltonian function H (a, ¢, 6, M,
L, PpsP.> Py> Py Py» R S, W) is formed using the right-hand side of Egs. 8 and 9,
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H=np,, +;\/_{2a [esinfR+(1+ecosf)S]Pa+(1—ez)[sinfR+(cosE+cosf)S] P,

nav1-ée* (10)
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The control variables R, S and W must be selected from the admissible controls such that the Hamiltonian function reaches

its maximum along the optimal trajectory. Thus, the components of the optimal thrust acceleration are given by:

. 1 . , 1-e)”
R =—m[(2aesmf)pa+(1—ez)smfpe +&(cosf L)PM , (11)
J

e _1+ecosf

1

3/2
1 1-¢é?
( ) sinf(1+7)pM . (12)
l+ecos f

S =——— — [2a(l+ecos +(1-¢*)(cos E + cos S S
e IR S

r
———— |~ |cosf p,.
p,naN1-eé’ (a) ’ (13)

These equations can be simplified if it will be taken into account that the adjoint variable p, is a first integral of the canonical
system governed by the maximum Hamiltonian; that s, p, is a constant whose value is obtained from the transversality condition,
p, (t,) = -1. Accordingly, p, (t) = 1. So, introducing this result into Egs. 11 and 12, one finds the components of the optimal
thrust acceleration.

Introducing Egs. 11-13 into the Eq. 10, one finds:

H =H,+H, (14)

where H; denotes the undisturbed Hamiltonian and H*, is the part related to the optimal thrust acceleration. These functions are

expressed by:
H,=np,, (15)
H - l(1—c052f)[2aep +(1—ez)p ]2 +4(l e2)3/zsinf 2 +cos f
Toonta? (l—ez) 2 ‘ ¢ l+ecos f

(1-¢)

2e

ap, Py + PPy

(1—62)3 —De ’ 2fa\ 2(a
Mo (e rae e (07 sl (2)

e l1+ecos f

2 4ar(1—e2)5/2 1 2(1 2)5/2
(cosE+cosf)pape+(l—ez) (cosE+cos f)?p? —— 1 (4 sin f | 14— | p. Py ey
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2

(1—e2)3/2 1 ryY
)pepM + —7sinf(l+7)pM +(—) coszfp;}.
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It also be noted that the part of the maximum Hamiltonian related to the optimal thrust acceleration can be expressed in a
compact form:
1
* _ - * 2
H, = 5 yEe.
This result is used to compute the fuel consumption by simple quadrature of Eq. 9.

The problem of determining a first-order analytical solution of the system of differential equations governed by the maximum

Hamiltonian H* is solved by means of the theory of canonical transformations as it will be described later.

FIRST-ORDER ANALYTICAL SOLUTION

A first-order analytical solution of the canonical system governed by the maximum Hamiltonian H* is derived by means
of canonical transformation theory. Firstly, the short periodic terms are eliminated through an infinitesimal canonical
transformation built using Hori method (Hori 1966). Hori method is a perturbation method based on Lie commutation
theorem (Lie 1888) and it provides an explicit canonical transformation between old and new canonical variables, differently
from the classical perturbation methods based on Hamilton-Jacobi theory, in which the transformation of variables
involves new and old variables in a mixed form and requires the solution of an inversion problem to get the final form of
the transformation of variables. We note that the new maximum Hamiltonian resulting from the infinitesimal canonical
transformation describes the extremal trajectories for long duration transfers. A set of first integrals is then derived for the
canonical system of differential equations governed by the new Hamiltonian function and a closed-form analytical solution
is obtained through Hamilton-Jacobi theory. The separation of variables technique is applied to solve the Hamilton-Jacobi

equation (Lanczos 1970).

ELIMINATION OF SHORT PERIODIC TERMS

In order to eliminate the short periodic terms from the maximum Hamiltonian, it is assumed that the undisturbed Hamiltonian
H, is of zero order and the disturbing part H is of the first-order in a small parameter defined by the magnitude of the thrust
acceleration.

Consider an infinitesimal canonical transformation,

(a?e7H7Mapaape7pﬁapM)%(a,rel7glaM,?p;7p;Jp;7p],\4)'

The new variables are designated by the prime.

According to the algorithm of Hori method, at order 0, one finds:

Iy =n'p,,.

F, denotes the new undisturbed Hamiltonian.

In order to determine the higher order terms of the new Hamiltonian and the generating function of the canonical
transformation, the algorithm proposed by da Silva Fernandes (2003) is applied. According to this algorithm, based on
the method of variation of constants, the Poisson brackets involving the generating function and the new undisturbed
Hamiltonian, that defines the general equation of the algorithm, is converted into a time partial differential equation. This
procedure simplifies the determination of the new Hamiltonian and the generating function, since it eliminates the Hori
auxiliary parameter.

So, consider the canonical system described by F,;:

J. Aerosp. Technol. Manag., Sdo José dos Campos, v10, 1918, 2018
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@ _ AL
dt d  2a "
e’ _ dp. _
dt dt
a0’ _ P _ g
dt dt
at’_ Py _ g
dr dr ’
general solution of which is given by:
(t-1
a'=a P.= P L ,°) 34
‘2 a
r_ "t
€ =¢ pe_peo
0'=6, Py =Dj,
M'=M;+n'(t-t,) Pl = Ply, -

The subscript 0 denotes the constants of integration.
Introducing this general solution into the equation of order 1 of the algorithm of Hori method, one finds:
a8 *
1 _ HV _
Jt

1>

with the functions H, written in terms of the constants of integration.

Following the proposed algorithm, one finds:

' 5 (1+4e’2)
F=— 4a12p;2+_ l_erz p;2+—p12 , 17
1 2;“ 2( ) 2(1_6/2) 0 (17)
S, 1 ﬁ{Se'sinE'a'zp'z+8(1—e'2)sinE'a'p'p'+(1—e’2) D sin B+ S sin2F - L ¢ sin3E pr
1 ﬂ3 a al’e 4 4 12 e
(18)

12 \" 9 ’ ’ : ’ 1 1 ’ : ’ 1 ’ e ’ ’
+(1—ez) 1 [(—Ze +e3)s1nE +(Z+Ee2)sm2E -3¢ sin3E ]p;}.

Terms factored by p’, have been omitted in equations above, since only transfers (no rendezvous) are considered. Note that p’,,

is a first integral of the average canonical system; that is, p’,, is constant and its value is computed from the transversality condition

which gives p’M(tf)z 0 for simple transfers (the final position of the space vehicle is free). This result simplifies the expressions of

the new Hamiltonian and the generating function as given by equations above.
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A SET OF FIRST INTEGRALS OF THE AVERAGED CANONICAL SYSTEM

Consider the Mathieu transformation (Lanczos 1970) defined by the following equations:

- n= 19
€ =sing ! = Cf:¢ (20)
0 =6" Dy =Dy (21)

The Hamiltonian function F, is invariant with respect to this transformation,

a” 5 1
Fr/ - 40”2 n”2 += "2 += 1 + 5 tanz "2 )
2‘[,[ { pa 2 p(p 2 ( ¢)p6’

The averaged canonical system governed by the Hamiltonian function F” has a set of first integrals, which can be derived
straightforwardly from the differential equations as described by Pines (1964) and Edelbaum and Pines (1970).

The first integrals are given by the following equations:

a" n2 _m 5 n2 l 2 "”2
5{441 D, +5p(p +5(1+5tan ¢)p3 }=E, (22)
p;'f +p,>tan” p=C7, (23)
(24)

n
Py =C,,
E, C,i=1,2 are constants.

CLOSED-FORM SOLUTION OF THE CANONICAL SYSTEM GOVERNED BY HAMILTONIAN
FUNCTION F”

Consider the canonical transformation,

(a".9.6", P11} Py —(C..CoE. P ey )

defined by a generating function W such that the constants C,, C, and E become the new generalized coordinates.
Since the new Hamiltonian function F” is a quadratic form in the adjoint variables or conjugate momenta, the separation of

variables technique will be applied for solving the Hamilton-Jacobi equation (Lanczos 1970).

Consider the transformation equations:

W b oW 05
“oa" SR TeA
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Py = % Pc, = ﬁ (26)
Y e,
- pe--22 (27)
A = O’
where: W= W (a”, ¢, 07, C,, C,, E) is the generating function.
The corresponding Hamilton-Jacobi equation is then given by:
a' AR LANE o\’
—14d" | — | +=| — +—(1+5tan2 go) —| L=E. (28)
2u da 2\ dp 2 a0

Following the separation of variables technique (Lanczos 1970), it is assumed that the generating function W is equal to a sum

of functions, each of which depends on a single old variable, that is:

w0 ,C,C,E)y=W(d",C,,C,.E)+W,(¢,C,,C,,E)+ W, (6",C,,C,,E). (29)

Therefore, from Eqs. 22-29, it follows that

2

3 2
(sz) +(8W;) tan’ ¢ = C},
op a0

aw,

i=Cz’

00
a’ L ANEICANE! o, \’
—14a"” | —L| += : +—(1+5tan2(p) 2 L=E
2u da 2\ dp 2 a6

A complete solution of these equations is given by:

5C2 4‘LtE 1/2 ) 4#E 1/2
VVl:_VTﬂS(’za"_l] _tanl[S(’za"_l] ’ o

W, = [JC -G tan” g deg, (31)

w,=C0", (32)

with 5C? + C? = 5C % We note that W, is given as indefinite integral, since only its partial derivatives are needed (see
Egs. 25-27), as shown in the next paragraphs.
Now, consider the differential equations for the conjugate momenta of the canonical system governed by the new Hamiltonian

F” = E. These equations are:
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c@q=0 c@q=0 dpe _
dt dt dt ’

whose solution is very simple:

P = P, =y Pe=0;-1, (33)

where: a, i = 1, 2, 3 are arbitrary constants of integration.
Introducing the generating function W, defined by Egs. 29-32, into the transformation equations, defined by Eqs. 25-27, and

taking into account the general solution defined by Eqgs. 33 for the conjugate momenta, one finds:

n 1

pa 2\/561”2 [
D, = «/Clz —C22 tan” ¢, (35)

pg =(C,, (36)

4ﬂEa” _ SczanZ ]1/2 , (34)

1/2

- ——=tan

« hzﬁml ( 4 _1)
ooc\N2 5C%a" JC2+ (2 JC' =C; tan’ @

__1 égtan_l(( - _1)1/2J+tan‘l G tang G A NG G tang -6
Sczau

%, s\2 C 2 2 2 2 2 tan 2 2 2 >
JCI -Citan’ @ C +G JC -G, tan” @

12

t 4#Ea” - 5C2a”2 ] . (39)

P
’ 2\2Ed" [

From the above equations one finds, after some simplifications, the solution of the canonical system governed by the Hamiltonian

F” for a given set of initial conditions:

"

@) = :

1+a°(Et2—a(’)'pZt) (40)
u\2 ’
a"sin’ k, = a; sin’ (\/51/1 +k, ) , (41)
C
Yp=—r—roo-(r-1,),

s(c7+C2) @
sin@ =sink sint, (43)
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6" =k, +tan”' (tanz/seck, ) - %rcos k,,

ny\3 "
n2 ao n2 1 n2 2 aO 1
=|— + — 5 SecC k - 4 — 5 |>
pa ( al/ ) pao 8 pHO ( 1 )( al/3 a”2 )

"2 _ n2

P, =Py (sec2 k, —sec’ ¢),
Po =D,

with the auxiliary constants k, k, and k, defined as functions of the initial value of the adjoint variables by:

8(agpgo )2 +p,;'02 (55602 k, —4)

2
csc k, = ,
"2 2
De, (SSec k, —4)
”2 ”2 2
21 = Pa P4 5 9
sec 1= "2 4
90

k, =6, —tan”' (tan170/seckl)+§z'0 cos k.

Combining Eqs. 34 and 39, one finds:

a'pl =a,p! —Et.

o

This equation can also be used to evaluate the adjoint variable p” along the trajectory, as well as Eq. 45.

The constants C, C, C, and E can also be written as functions of the initial value of the adjoint variables:
=L (sseck -4
) —gpgo sec” k, —4),
"2

2 2 2
G =p;0 + Py, tan” ¢,

C,=py»
44E = a(’)'(g(a(’)’p;’() )2 + Do (5sec2 k, —4))

»  »

(44)

(48)

(49)

(51)

In all equations above, the initial conditions are defined by a” (0) = 4}, ¢” (0) = sing, and 67(0) = 6, and 7, is obtained from

the Eq. 43, that is, sing = sink sin,.
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An alternative expression for variable y can be determined from Egs. 42, 49, 51, 52 and 53, as it follows:
1 )
1/J=§\/1+4SII’1 k (7-1,). (55)

This equation will be useful in the analysis of conjugate point for long duration transfers, discussed later. Note that y does not

depend on k.

FIRST-ORDER SOLUTION OF THE CANONICAL SYSTEM GOVERNED BY
HAMILTONIAN FUNCTION H*

Following the algorithm of Hori method (Hori 1966), the partial derivatives of the generating function S, with respect to the
adjoint variables must be determined in order to obtain a first-order solution of the canonical system governed by Hamiltonian

functionH*. Computing these partial derivatives and applying the initial conditions, one finds:

15
a(t) = a’(t)+ a_3 [8e’sinE’a’2p; +4(1—e’2)sinE’a'p;]i , (56)
M 0

t

15
e(t)=e'(t)+\/i;:3 [4(1—e'z)sinE'a’p; +(1—e'2)[—%e'sinE'+%sinZE'—%e'sini%E']p;} . (57)

f

15 !

’ a 12 \7! 9 ’ ! . ! 1 1 ’ . ’ 1 [ ’ !
6(1)=6'(1)+ —3(1—62) [(—Ze +e3)smE +(Z+Eez)sm2E ¢ sm3E]pg] , (58)

u

fo

with @’ , ¢, ..., p’, previously defined through the Mathieu transformation given by Eqs. 19-21. The eccentric anomaly E’ is

computed from the well-known Kepler’s equation with the mean anomaly given by:

M(t)=M(tO)+ft0ndt. (59)

An approximate expression for the fuel consumption along the extremal trajectory is obtained by simple quadrature of Eq. 9

and can be put in a compact form as (da Silva Fernandes and das Chagas Carvalho 2008):

J=E(t—10)+ASI, (60)

with AS =S (M) - S, (M), with S, given by Eq. 18. Note that Eq. 60 includes the periodic terms through the generating function S,.

LONG DURATION TRANSFERS

In what follows is presented a discussion about the existence of conjugate points through the analysis of Jacobi condition,
and a description of an algorithm for solving the two-point boundary value problem of going form an initial orbit to a final
orbit for long duration transfers. Such transfers are described by the general solution of the canonical system governed by the

Hamiltonian F”
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EXISTENCE OF CONJUGATE POINT

Consider Eqs. 41-44, which define a two-parameter family of extremals in the phase space (a”, ¢”, 0”) for a given initial phase
point (a; , ¢, 6) corresponding to an initial orbit. By eliminating the auxiliary variables 7 and v (see Eq. 55), « =a”/ a; and 6”
can be written as explicit functions of ¢, that is, & = a(¢, ¢, k, k,) and 6” (¢, ¢, &, k,). The conjugate points to the phase point
(@), ¢, 6)) are determined through the roots of the equation (Bliss 1946):

da 90" da 960"

Since 6” does not depend on k, 6”/0k, = 0.
On the other hand, from Eq. 41 and from the remark about Eq. 55, one finds:

8_&__ 2\/5 (a_zx/;cos(\/il//)+l)l/2 =0.

ok, ~ sin k,

Thus, the problem of determining the conjugate points reduces to the analysis of the roots of the following equation:
a 0”
ok,

From Egs. 43 and 44, it follows that

0" =6, - 4 cosk, Isin™ SR ) —sin | 229 |y sin ™ NG ) _ it [ % | (61)
5 sink, sink, tan k, tank,

The partial derivative 08” = 0k, is then given by

00" : 4 sin sin ? n
—=——(r—‘ro)smkl+—cot2kI _S%  Sm@) see k, tan ¢, B tan @ ()
ok, 5 COS7, COST| ftank \/ tan’ k, — tan® ¢, \/ tan’ k, —tan” g,
The auxiliary variable 7 is reintroduced to simplify the expression.
Therefore, after some simplifications, one finds that the conjugate points are given by the roots of following equation:
(1 +4sin’ k, )sin (t-17,)+4(7-7,)sin’ k, cosTcosz, = 0. (63)

If a conjugate point 7* exists, or, equivalently, ¢* (see Eq. 43 connecting 7 and ¢), then the extremal does not yield a local

minimum. This is the necessary Jacobi condition in the Calculus of Variations for an extremum (Bliss 1946).

SOLUTION OF THE TWO-POINT BOUNDARY VALUE PROBLEM
In what follows, the solution of the two-point boundary value problem of going from an initial orbit to a final orbit for long

duration transfers is discussed.
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To describe this solution, a new consumption variable is introduced (Edelbaum 1965). This new variable is defined by:
u=~2Et.

Accordingly, Egs. 40 and 41 can be put in the form:

2—1

a—”= 1—2(l)cosk0 +(l) , (64)
a, Vo Vo

u)_ sm(ﬁ?/}) )
vo ) sinlV2y + k,

where v, = Vu/a; . These equations are the same ones obtained for transfers between coplanar orbits (da Silva Fernandes and das
Chagas Carvalho 2008).

By eliminating k| from the above equations, one finds:

(i) = 1—2,[0—‘,’, cos(ﬁi/})+ (a—(,’,) (66)
Vo a a

On the other hand, J = Et, thus:
2 /I
A%
=2 1—21,—005(\/7’1#) —” :
2t (67)

Note that £, = 0 in equations above. Equation 67 describes the time evolution of the fuel consumption during a long-time
maneuver.

The solution of the two-point boundary value problem of going from an initial orbit O (a,, e, 0,) to a final orbit
Oy: (a,, e, 0) defined by Eqs. 41-44 involves the determination of the initial value of the adjoint variables p’, p”; and py,
or equlvalently, the determination of the auxiliary constants k, k, and k,. Note that k, is written in terms of e, §’and k1 through
Egs. 43 and 50. Accordingly, the solution of the two-point boundary value problem reduces to determine the other two constants.

Note that from the preceding section, Eq. 61, 6” only depends on k. Accordingly, k, can be determined by solving Eq. 61,
iteratively by means of Newton-Raphson method, for the given final conditions; that is, for 6”(t) = 6. Thus,

k _ eﬂ(kln ) _ef
1n+1 In (dﬁn/dk ) 4

ky=ky,

with the partial derivative (06”/ ok)

Dk =k, computed from Eq. 62. Note that the Newton-Raphson algorithm fails, if a conjugate

point exists.
The constant k, is then determined as follows. Given k , the auxiliary variable y, can be calculated from Eq. 55. Solving
Eq. 41 for k, one finds:
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Sin(‘/iz/’f)
\/Z - cos(x/iz/!f )

tank, =

where

4
,=—L.
aO

Once the two-point boundary value problem has been solved, the fuel consumption variable ] can be calculated from Eq. 67.

The initial value of the adjoint variables p’, p” and p, are then obtained as follows. From Egs. 41 and 64, one finds:

2
" Vo Uy
pao = 2 " _ COSkO’ (69)
agl; \ v,
with u /v, given by Eq. 66.
Now, solving Egs. 48 and 49 for p” and py, it follows that
n_.n 2
2 ’ (aop“" ) (70)
“ cot? k, (5 sec’ k, — 4)
pal =y (5602 k, —sec’ (po) 1)

The steps of an iterative algorithm for solving the two-point boundary value problem can be described as:

¢ Foragiven set of initial conditions (a,, ¢)) and final conditions (a,, ¢,), compute &, ¢, = sin"' ¢, and ¢ = sin"" e..

*  Guess a starting value for k..

e Compute 7, and 7 from Eq. 43.

e Compute 0” (tf) from Egs. 44 and 50.

o If 9”(tf) z0” = adjust the value of k, (through Newton-Raphson algorithm) and repeat steps 2 and 3 until |9”(tf) -0 » | <§,
where § is a prescribed small quantity.

¢ Compute y, from Eq. 55.

¢ Compute (/v ) from Eq. 66.

e Compute k, using Eq. 68.

>

*  Compute successively p”,

, p,, and p;, using the Eqs. 69-71.
The solution of the two-point boundary value problem for long duration transfers is used as starting guess for the solution of

the complete problem as described later.

TRANSFERS BETWEEN CLOSE ORBITS

For transfers between close non-coplanar coaxial orbits, a simplified and complete first-order solution can be obtained through
a linearization of the right-hand side of Eqs. 56-58, 59 and 60 about a reference orbit O with semi-major axis @ and eccentricity
e. This simplified solution can be put in the form:

Ax=Ap,, (72)

where Ax = [Aa Ae AB]" denotes the imposed changes on orbital elements (state variables), « = a/a, p, = ap,, p, denotes the

3 x 1 vector of initial values of the adjoint variables, and, A is a 3 X 3 symmetric matrix. In this simplified solution, the adjoint
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variables are constant and the matrix A is given by:

aa aae aaﬁ
A= ea aee ae@ >
aﬁa aﬂe aﬁﬁ
where:
a .- -
a,,=4|— [M+2EsinE]
u o
a =a_= 5—5 (1 Ez)sinE t
ae ~ Yea T ﬂ3 [ :Ifo
aaﬁ = aﬁa = 0
—5 t
a,, = 0—3(1—52) —M—EésinE+isin2E—iEsin3E
1 4 4 12 .

aeﬁ = aﬁe = 0

=5 =2 t
gy = a—g% ﬂ]\_l+ —2E+E3 sinf + l+l€2 sinZE—iésin3E
w(1-¢)| 2 4 472 12

fo

(74)

(77)

(78)

(79)

E is the eccentric anomaly determined from Kepler’s equation with the mean anomaly M=M , tn(t-1t)and ¢ is the initial

time. Since the imposed variations on the orbital elements are linear in the adjoint variables, Eq. 72, the solution of the two-point

boundary value problem is very simple and can be obtained by standard techniques.

For transfers between close orbits, the consumption variable can be written as:

J = % (AP + P2 + o |

witha ,a ,and a given by Eqs. 74, 77 and 78, respectively.

(80)

SOLUTION OF THE TWO-POINT BOUNDARY VALUE PROBLEM

An iterative algorithm based on the complete first-order analytical solution is briefly described for solving the two-point

boundary value problem of going from an initial orbit O:(a,, €, 6,) to a final orbit O :(a,, e, 6,) at the prescribed final time £ .

For a given final time, Eqs. 56-58, 59 and 60 can be represented as follows:

(1) =8ty Puy Py s, ) =123,

J. Aerosp. Technol. Manag., Sdo José dos Campos, v10, 1918, 2018



Analytical Solution for Optimal Low-Thrust Limited-Power Transfers Between Non-Coplanar Coaxial Orbits 17,28
TR e e e e e e e e e e e e e e e e e e e et e e e e e e e e e e e e e e e e e e e e e e e e e e e e

where y = a, y,= eand y,= 0. Note that p_, p and p, appear explicitly in the short periodic terms and also implicitly through
a (t), € (t), 0°(t) and E’(t). Thus, functions g, i = 1, 2, 3, are nonlinear in these variables.

So, the two-point boundary value problem can be stated as: Find p_, p and p,, such that n(t)=a,y,(t)=e.y(t)= 0 - This
problem can be solved through a Newton-Raphson algorithm (Stoer and Bulirsch 2002), with the partial derivatives of functions
g computed numerically by means of a procedure of centered differences. As previously mentioned, the starting guess for the

iterative procedure is given by the solution of the two-point boundary value problem concerning transfers with long duration.

RESULTS

Two types of problems are considered: a direct problem, which corresponds to generate extremals trajectories for a
given set of initial conditions for the state and adjoint variables, and an indirect problem concerning the solution of the
two-point boundary value problem. In the first problem, a comparison between the complete, nonlinear and linear, first-
order analytical solutions, derived in the preceding sections, and a numerical solution obtained by integrating the canonical
system of differential equations governed by new Hamiltonian function H*, given by Eqgs. 14 and 15, is discussed and the
accuracy of the analytical approach is established. The second problem involves the comparison of the complete first-order
analytical solution, including the short periodic terms, and the secular analytical solution (which describes the long duration
transfers) in solving the two-point boundary value problem of going from an initial orbit O:(a e, 8,) to a final orbit
Og(ay, e, 0,) at the prescribed final time . A Runge-Kutta-Fehlberg method of orders 4 and 5, with step-size control,
relative error tolerance of 107'!, and absolute error tolerance of 107'%, as described in Forsythe et al. (1977), has been used

in the numerical integrations.

DIRECT PROBLEM

Figures 2-4 show the results for a comparison between three distinct solutions: the complete first-order analytical
solution, the secular analytical solution, and the numerical solution. Two sets of initial conditions (state and adjoint
variables) and transfer duration, defined in Table 1, are used in the comparison. Note that a transfer with moderate time
of flight and a long duration transfer are computed. In Table 2, final values of state variables are shown. In these tables

and in all figures, the state variables are expressed in canonical units, except the inclination of the orbital plane given

1.005 1.12 —
1.0045 A
1.004 — L1
. ‘2
P 1.0035 £ 1o
S 1.003 g
=y e
T 10025 - E 106 -
- =
£ 1.002 — 3
%)
“ o015 - 1044
' —<o— Secular solution
1.001 1.02 —m— Analytical solution
1.0005 A — @ Numerical solution
1 T T T T T T T T T ] 1 b T |O 2|0 3!0 T 4!0 ]
0 25 5 75 g0 1250 175 00 225 o 0 29 100 190 200 250 300 390 490 430 500
Time Time

Figure 2. Comparison between secular, analytical and numerical time evolution of semi-major axis for maneuver 1 with
t,—t,=25.0and t - t, = 500.0.
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0.1008 — 0.116 |
0.1007 - 0.114 7
0.1006 — 0.112 —
0.1005 1 0.11 1
2 0.1004 — % 0.108 —
3 =
i -
S 0.1003 T g 0.106 1
] 3
G_]’ 0.1002 — m 0.104 —
0.1001 A 0.102 A
—<o— Secular solution
0.1 — 0.1 —&— Analytical solution
0.0999 - 0.098 — @ Numerical solution
0.0998 r I T T T T T T T 1 0.096 T T T T T T T T T ]
0 25 4 7.5 10 12,5 15 17.5 20 22525 0 50 100 150 200 250 300 350 400 450 500
Time Time
Figure 3. Comparison between secular, analytical and numerical time evolution of eccentricity for maneuver 1 with
t,—t,=25.0 and t.- t, = 500.0.
10.1 — 125 =
10.09 4 12.25 A
10.08 — 12 —
10.07 4 11.75 A
o 10.06 —| g 115 —
£ S
- -
.g 10.05 4 ‘g 11.25
2 1004 g 11
= =]
10.03 4 10.75
—<— Secular solution
10.02° 10.5 —=— Analytical solution
10.01 - 1025 - @ Numerical solution
0 25 5 75 10 12:5 15 17:5 20 225 25 0 100 200 300 400 500
Time

Figure 4. Comparison between secular, analytical and numerical time evolution of inclination of orbital plane for maneuver 1
with t - t;=25.0 and t, - t, = 500.0.

Table 1. Set of initial conditions and transfer duration.

a, 1.00 1.00

€ 0.10 0.10

I, (degrees) 10.0 10.0
P 4.90002 x 10° 6.07832 x 10
P 1.15518 x 10° 1.92206 x 10+
Py 1.28967 x 10 3.99208 x 10

25 500
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in degrees. It should be noted that similar results can be obtained for maneuver with modification of the ascending
node, since this maneuver is equivalent to the one with modification of the inclination of the orbital plane, taking into
account the conditions described earlier (see paragraph after Eqs. 2-7). For simplicity, the results refer to maneuvers

with modification of the orbital plane.

Table 2. Final state variables.

. Analytical theory Numerical solution
State variables
Maneuver Secular solution Complete solution Runge-Kutt hiberg 4-5

25 500 25 500 25 500

a, 1.00491 1.10294 1.00489 1.10294 1.00489 1.10294

€ 0.10071 0.11348 0.10066 0.11349 0.10066 0.11349

! I(degrees) 10.09730 12.05344 10.09684 12.05351 10.09684 12.05351
J; 23338 x 107  4.6678 x 10°  2.3205x 107  4.6678 x 10° 23200 x 107 4.6680 x 10

a, 1.06354 5.06122 1.06199 4.91725 1.06199 4.92809

A 0.11222 0.43929 0.10953 0.41415 0.10952 0.41691

2 I(degrees) 10.31167 32.02676 10.31524 32.52541 10.31515 3226476
J; 2.0662x 10° 41324 x10% 1.9995x10° 41229 x10* 1.9986x10°  4.1111x 10*

From the results presented in Figs. 2-4 and 5-7, and in Table 2, note that there exists an excellent agreement between the complete
analytical solution and the numerical solution. The analytical solution has the same accuracy of the numerical solution for all state
variables — semi-major axis, eccentricity, inclination of the orbital plane and consumption variable — considering moderate time of
flight (¢ - £,= 25.0) and large time of flight (t-t,= 500.0). On the other hand, by analyzing the time evolution of the semi-major
axis, eccentricity and inclination of the orbital plane represented in the plots of Figs. 2-4 and 5-7, as given by the
complete analytical solution, the numerical solution and the secular solution, we can see that the amplitudes of the
short periodic terms are small, but they can be significant for transfers with short or moderate duration. Note that the
difference between the numerical solution and the secular solution decrease as the transfer duration increases. The

good agreement between the numerical solution and the complete analytical solution suggest that the latter can be

1.08 — 6 —
.07 55 4
5 _|
1.06 —
45
g 105 B
3 o4
- i
S
S 104 =35
g =
— = 3 _
§ 1.03 g
» L 25
1.02 — —<— Secular solution
2 —=— Analytical solution
1oL~ 1.5 A — @ Numerical solution
1
T I T T I T I T I 1 T I T I T I T I T I
0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25 0 50 100 150 200 250 300 350 400 450 500
Time Time

Figure 5. Comparison between secular, analytical and numerical time evolution of semi-major axis for maneuver 2 with
t,—t,=25.0and t - t, = 500.0.
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used in the solution of the two-point boundary value problem of going from an initial orbit to a final orbit, as previously
described. This last remark is relevant, since the numerical algorithm to compute optimal low-thrust trajectories based

on the analytical solution requires a simple Newton-Raphson method to solve the two-point boundary value problem, as

described above.

0.116 — 0.5 =
0.114 1 0.45 ~
0.112 0.4 _|
0.11 0.35 A
2 0.108 £ 03
k] 2
£ 0106 - 025 -
¥ Q
9
S 0104 a 02
0.102 4 0.15 ~
—<— Secular solution
0.1 0.1 —&— Analytical solution
0.098 - 0.05 - @ Numerical solution
0‘096 T I T I T I T I T I 0 T I T I T I T I T
0 22 5 73 g0 12515 17559 225 55 0 50 100 150 500 250 300 350 400 450 500
Time Time
Figure 6. Comparison between secular, analytical and numerical time evolution of eccentricity for maneuver 2 with
t,-t,=25.0and t - t;, = 500.0.
10.4 35 1
10.35 A 325 7
30 7
10.3 —
27.5 7
g 1025 A g |
= = 25
g g
£ 102 — = -
= 10 5 225
g = -
10.15 o 20
10.1 — 175 —<o— Secular solution
15 7| —&— Analytical solution
10.05 4 125 __ @ Numerical solution
10 T I T I T I T T I 10 T I T I T I T I T I
0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25 0 50 100 150 200 250 300 350 400 450 500
Time Time

Figure 7. Comparison between secular, analytical and numerical time evolution of inclination of orbital plane for maneuver 2 with

t,-t,=25.0and t - t, = 500.0.

INDIRECT PROBLEM
In view of the previous results, one sees that the complete analytical first-order solution gives an accurate solution for the extremals
trajectories concerning the transfers between coaxial non-coplanar orbits. So, in this section a study of some maneuvers is made using

the analytical solution. The solution of the two-point boundary value problem of going from an initial orbit O :(a, ¢, 6,) to a final orbit
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Oy:(a, e, 0,) at the prescribed final time £ is obtained considering the two versions of the analytical solution: the complete

non-linear solution and the simplified linear solution for transfers between close orbits. This analysis allows us to discuss the

applicability of the linear solution. Eight different maneuvers are considered, as described in Table 3. The initial orbit O, is the

same for all maneuvers and it is defined by the following set of orbital elements: a, = 1.0 canonical unit, ¢, = 1.0 and I, = 1.0

degrees. The final value of the consumption variable J is taken as a comparison parameter for five transfer durations. Table 4

shows the results obtained through the two analytical solutions.

J

Linear

Maneuvers

0 N A U e W N

10
1 15
20
25
5
10
2 15
20
25
5
10
3 15
20
25
5
10
4 15
20
25

1.2257 x 10
5.7262 x 10
3.9004 x 10
2.8566 x 10
2.3348 x 10
8.4019 x 10
3.2064 x 10
2.7985 x 10
1.7661 x 10
1.6413 x 10
8.3527 x 10
5.3048 x 10
2.7761 x 10
2.4108 x 10
1.6888 x 10
4.7730 x 10
1.8159 x 10
1.1375 x 10
9.3576 x 10
7.6080 x 10

Table 3. Set of terminal orbits.

1.05
1.50
2.00
1.10
1.60
1.50
1.50
1.50

0.105
0.45
0.25
0.15
0.25
0.30
0.20
0.25

Table 4. Consumption variable.

1.2243 x 10
5.7226 x 10
3.9128 x 10
2.8568 x 10
2.3352 x 10
8.7410 x 10
3.6288 x 10
2.9243 x 10
1.9309 x 10
1.7601 x 10
1.0240 x 10
4.8075 % 10
3.4134 x 10
2.4108 x 10
2.0480 x 10
4.9924 x 10
1.8234 x 10
1.1402 x 10
9.3779 x 10
7.6363 x 10
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10
15
20
25
5
10
15
20
25
5
10
15
20
25
5
10
15
20
25

5.1744 x 10
22223 x 10%
1.7213 x 10
1.1276 x 10
1.0282 x 10
5.2947 x 10
2.0128 x 10
1.7472 x 10
1.0867 x 10
1.0112 x 10
4.8712 x 10
2.1484 x 10
1.6252 x 10
1.1214 x 10
9.6155 x 10
5.3652 x 10
2.2580 x 10
1.7871 x 10
1.1957 x 10
1.0520 x 10

is the consumption variable computed by Eq. 60, and

is the consumption variable computed by Eq. 80. In both cases, variable ] is expressed in canonical units. Figures 8-13 show

12
15
11
11
12
15
15

6.0723 x 10
2.1756 x 10
2.0148 x 10
1.2010 x 10
1.1878 x 10
5.8923 x 10
2.0770 x 10
1.9542 x 10
1.1831 x 10
9.9530 x 10
5.2944 x 10
2.2786 x 10
1.7622 x 10
1.1969 x 10
9.6277 x 10
5.8071 x 10
2.4075 x 10
1.9357 x 10
1.2827 x 10
1.0449 x 10
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the time evolution of the semi-major axis, the eccentricity, the inclination of the orbital plane and the consumption variable
for maneuvers 1, 3 and 7. Two transfer durations are considered: £ - £, = 25.0 and ¢, - £, = 250.0 time units. All variables are
expressed in canonical units, except the inclination of the orbital plane, given in degrees. It should be noted that there exists a
good agreement between the two analytical solutions, linear and non-linear, for maneuver 1, which corresponds to a transfer
between close orbits. On the other hand, for maneuver 3, which corresponds to a transfer with moderate amplitude, the results
given by the linear solution are not good. Similar conclusion applies to maneuver 7, although the behavior for larger duration
transfer is fair.

Now, consider the problem of solving the two-point boundary value problem for long-time transfers using the secular solution
and the complete analytical solution, which includes the short periodic terms. In order to compare these solutions, maneuver 3
described in Table 3 is considered, with two transfer durations, ¢ - ¢, = 125.0 and 500.0 time units. Table 5 shows the initial value
of the adjoint variables obtained by using the secular solution and by using the complete solution. Note that there exist small
differences between these initial values. As previously described, a small adjust of the initial value of the adjoint variables is made
by a Newton-Raphson algorithm when the short periodic terms are included. Note that this adjust become smaller for a very large
transfer duration. Moreover, Figs. 14-16 show that the secular solution of the TPBVP does not represent a mean solution of the
complete solution of the same TPBVP.

Figure 17 represents the optimal trajectory for maneuver 3 with time of flight equal to 125.0 time units. Note that the motion
of the vehicle resembles a spiral, departing from the initial orbit and arriving at the terminal orbit after twelve revolutions around
the central body. If the maneuver represents a transfer between two orbits around the Earth with the semi-major axis of the initial
orbit, @ = 1.0 distance unit, corresponding to 8000 km, then the maneuver lasts 39.35 hours and the magnitude of the average
acceleration is equal to 1.59 cm/s?. For such maneuver, the ratio between the average acceleration and the gravity acceleration on
the ground is approximately 1.6 x 10~ a typical value for low-thrust propulsion system. Similar conclusions are obtained for the

other maneuvers discussed in this section.
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Figure 8. Time evolution of state variables for maneuver 1 with t -t =25.0.
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Figure 13. Time evolution of state variables for maneuver 7 with t - t, = 250.0.

Table 5. Initial value of the adjoint variables.

Maneuver Secular solution Complete solution

Semi-major axis

T pao peo pIO pao peo pIO
3
125 0.001203 0.000370 0.000837 0.001215 0.000384 0.000801
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Figure 14. Secular solution and complete analytical solution of the TPBVP for maneuver 3 for both transfer durations —
evolution of semi-major axis.
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Figure 15. Secular solution and complete analytical solution of the TPBVP for maneuver 3 for both transfer durations —
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Figure 16. Secular solution and complete analytical solution of the TPBVP for maneuver 3 for both transfer durations —
evolution of inclination of orbital plane.
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CONCLUSION

An approximated first-order analytical solution for optimal time-fixed low-thrust limited power transfers (no rendezvous)
between elliptic coaxial non-coplanar orbits in an inverse-square force field is determined through canonical transformation
theory. The existence of conjugate point for long duration transfers is investigated through Jacobi condition. For transfers between
close orbits a simplified solution is straightforwardly obtained by linearizing the new Hamiltonian and the generating function
obtained through Hori method. For the direct problem of generating extremals trajectories, the analytical solution is compared to
the numerical solution obtained by integrating the canonical system of differential equations describing the extremal trajectories
for some sets of initial conditions, and the accuracy of the analytical approach is established. For the indirect problem, an iterative
algorithm based on the first-order analytical solution is described for solving the two-point boundary value problem of going
from an initial orbit to a final orbit. A comparison between the linearized and nonlinear analytical solutions is made and it has

been noticed that the linearized solution can provide good results for transfers between close orbits.
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