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ABSTRACT - Intermediate Representations in the Learning of Combina-
torial Situations. The article analyses identification, conversion and treat-
ment of registers in combinatorial situations. Two studies were carried
out: 1) identification of conversions and 2) with intermediate representa-
tions between registers in natural language and in numerical expression.
Hypotheses of greater difficulties in the combination situation and in the
conversion to numerical expression were confirmed. Intermediate repre-
sentations (tree of possibilities or systematized listing) for the teaching
of Combinatorics were indicated, however, working with trees resulted in
better performance - because they have more congruence with numerical
expressions. It is recommended, therefore, the intermediation of represen-
tations in the identification, conversion and treatment of combinatorial
situations.

Keywords: Identification. Conversion. Treatment. Combinatorial Situa-
tions. Intermediate representations.

RESUMO - Representacgdes Intermedidrias na Aprendizagem de Situacdes
Combinatérias. No artigo analisa-se identificacdo, conversao e tratamento
de registros em situagdes combinatérias. Foram realizados dois estudos:
1) de identificacdo de conversoes e 2) com representagdes intermedidrias
entre registros em lingua natural e em expressao numérica. Confirmaram-
se hipoteses de maiores dificuldades na situacdo de combinacao e na con-
versao para expressao numeérica. Indicou-se representacoes intermedidrias
(arvore de possibilidades ou listagem sistematizada) para o ensino da
Combinatéria, entretanto, trabalhar com &arvores resultou em melhores
desempenhos — por terem mais congruéncia com expressoes numéricas.
Recomenda-se, assim, a intermediacao de representacdes na identificacao,
conversdo e tratamento de situagdes combinatorias.

Palavras-chave: Identificacao. Conversdo. Tratamento. Situacdes combi-
natérias. Representacdes intermedidrias.
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Introduction

According to the National Curriculum Parameters — Pardmetros
Curriculares Nacionais, PCN (Brasil, 1997), Mathematics enables stu-
dents to arouse their curiosity in learning, and instigates their gen-
eralisation capacity. Combinatorics, specific content of this area of
knowledge, which is characterized as a type of counting based on multi-
plicative reasoning, can promote these abilities listed by this document,
because, as Batanero, Navarro-Pelayo and Godino claim, combinatorial
problems can be used to stimulate “[...] the students in counting, mak-
ing conjectures, generalisation and systematic thinking [...]” (Batanero;
Navarro-Pelayo; Godino, 1997, p. 181).

Vergnaud (1986), author of the Theory of Conceptual Fields (TCF),
considers Combinatorics part of the conceptual field of multiplicative
structures and identifies problems of this nature as products of mea-
sures. These problems, according to Vergnaud, involve a ternary rela-
tion, that is, between three variables, of which one quantity is the prod-
uct of the other two. Pessoa and Borba (2010) articulate these problems
— also called Cartesian products — to others (arrangements, combina-
tions and permutations) in a unique classification of combinatorial sit-
uations, and emphasize that in solving these situations there is a great
variety of representations used by students, such as: drawings, listings,
trees of possibilities, tables, diagrams, use of formulas and Fundamen-
tal Counting Principle', among others.

Vergnaud (1996, p. 191) points out that in the process of concep-
tualisation symbolic representations are as important as situations and
their operative invariants, since, for him, language and mathematical
symbols play a relevant role in conceptualisation, as without them, “I...]
the schemes and the situations, remain empty of meaning”.

Still on representations, Duval, in his Theory of Semiotic Repre-
sentation Registers (TSRR), states that “It is not possible to study phe-
nomena related to knowledge without resorting to the notion of rep-
resentation [...]” (Duval, 2009, p. 29), because all knowledge must be
mobilized by means of representation.

This author emphasizes, therefore, that representations are indis-
pensable for the understanding of a concept. However, representations
cannot be confused with the concept itself. In this case, he calls atten-
tion to a paradox that raises the need to work with many representa-
tions of the same concept, and thus to have access to the concept itself
and not only to its representation (Duval, 2011).

In addition, the author emphasizes that representations may be
more or less congruent with each other, depending on the degree of dif-
ficulty in the conversion between these representations, and with this,
the need for transitional auxiliary representation registers arises. Such
registers are characterized in this way, because, to the extent that stu-
dents understand faster and more formal registers, they abandon these
auxiliary registers (Duval, 2011).

2 Educagao & Realidade, Porto Alegre, v. 45, n. 1, €87693, 2020.



Montenegro; Borba; Bittar

The two theories discussed here detail the processes of identifica-
tion, conversion and treatment through intermediary representations
(TSRR) and emphasize how situations and their invariants must also be
taken into account, besides the representations (TCF) in conceptualisa-
tion processes. Thus, it is necessary to analyse identification, conver-
sion and treatment processes for each combinatorial situation, accord-
ing to its invariants.

In this sense, the present study aims at discussing the use of dif-
ferent representation registers — such as natural language, listings, trees
of possibilities, and numerical expressions, such as those applying the
Fundamental Counting Principle (FCP) - in expanding knowledge of
different combinatorial situations: Cartesian products, arrangements,
combinations and permutations. In the research carried out, natural
language was the starting register; trees and listings were worked on
as intermediate registers; and numerical expressions were the arrival
register.

The Use of Different Representations in the Teaching
and Learning of Mathematical Situations and Relations

According to Vergnaud (1986), the teaching and learning of Math-
ematics presupposes mastery of situations over a long period of time,
taking into account relational and operative invariants, as well as their
connection with symbolic representations. Duval (2009) also indicates
that for the development of cognitive functioning of thought, the diver-
sity of semiotic representations is paramount.

Combinatorics, as a branch of Mathematics, is the study of the
counting of the elements of a set, in which different types of representa-
tions can be used, from the most intuitive, such as listings and draw-
ings, through tables, to the formal representations of Mathematics — as
the generalisation? of possibilities by means of a multiplication, the
Fundamental Counting Principle (FCP) and formulas, as emphasized
previously.

Colombo, Flores and Moretti (2007, p. 183) point out that the idea
of conceptual acquisition of Vergnaud (1986) assumes that “[...] a con-
cept can only be defined by considering three sets that form a tripod:
situations, invariants and representations”. In this way, Vergnaud ar-
gues that for the formation of new concepts it is necessary to consider
the three dimensions simultaneously, so as to consider the situations
that give meaning to the concept, its relational and in-action invariants
that elicit the use of different symbolic representations.

Gitirana, Campos, Magina and Spinillo (2014, p. 10) emphasize
that situations “[...] make the concept meaningful”, being the invariants
“[...] objects, properties and relations that can be recognized by the sub-
ject to analyse and dominate situations”, and the symbolic representa-
tions that can be used to represent invariants and situations.
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In the Theory of Semiotic Representation Registers, Duval states
that the conceptual grasp happens when the subject mobilizes the dif-
ferent registers of the same mathematical object in a way that he/she
can differentiate the representative and what is represented (Colombo;
Flores; Moretti, 2007). Thus, it is through semiotic representations that
Duval believes a conceptual grasp is possible, since for him “[...] one
cannot have understanding in mathematics if one does not distinguish
an object from its representation” (Duval, 2009, p. 14).

Duval (2012) identifies a register of semiotic representation as a
system endowed with rules. A semiotic system characterizes a semiotic
representation register when it satisfies three conditions: 1) Identifica-
tion —when the individual is able to identify the concept represented; 2)
Transformation of Treatment — internal to the register itself; and 3) Con-
version Transformation — passing from one register to another register.

In addition, Duval (2009) emphasizes that the conversions carried
out can generate a difference in the understanding of the knowledge
in question, due to the level of congruence between the registers. This
author states that “[...] every task in which conversion is not congruent
gives way to a more or less weak rate of success according to the de-
gree of non-congruence” (Duval, 2009, p. 19). The level of congruence
occurs when a situation takes into account three fundamental criteria:
the first, relative to semantic correspondence — to each simple signifi-
cant unit of one of the representations can be associated an elementary
significant element; the second, related to the presence of terminal se-
mantic univocity — at each elementary significant unit of the starting
representation, it corresponds a single elementary significant unit in
the register of arrival representation; and finally, the third, which con-
cerns the ordering of the signifying units that make up each one of the
representations — units in semantic correspondence in the same order
in the two representations.

Duval (2011) also emphasizes the importance of intermediate rep-
resentations. He points out that they are used mainly in situations whose
conversion from the mother tongue to the resolution in numerical ex-
pression does not present congruence, that is, the more non-congruous
the conversion, the greater the need for an intermediate representation.
This is because, in this type of situation, the numerical expression is
not clear enough for the students to make use of it, without any specific
intervention. Thus, after instruction, students gradually use a mathe-
matical representation that seems to them less slow and costly, making
this auxiliary representation a transitional representation.

Combinatorial situations are characterized by non-congruence in
the conversion between the natural language registers of the utterance
and the formal mathematical register of its resolution, since they do not
have a semantic correspondence or semantic univocity. This is because
the numbers that appear in combinatorial problem statements are not
always used directly in the numeric expressions that can be used to
solve them. In this sense, an intermediate register that has an approxi-
mation with the starting and ending registers can help in the articula-
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tion between statements and numerical expressions of combinatorial
problems.

The present research highlights the contributions of the TCF,
drawing attention to the three dimensions necessary for the formation
of a concept (situations, invariants and representations), as well as the
TRRS, regarding the fundamental role of the identification, conversion
and treatment of representations in conceptualisation.

Combinatorics in K-12 Education

Combinatorial Analysis® is an area of Mathematics related to the
counting of discrete quantities. Morgado, Pitombeira de Carvalho, Car-
valho and Fernandez (1991) point out that one of the first activities of
children in schools is related to quantities of objects in a given set, enu-
merating them. During the following grades of basic schooling prob-
lems are dealt with another type of counting based on the multiplica-
tive principle.

Several authors (Guirado; Cardoso, 2007; Pessoa; Borba, 2009;
Azevedo; Borba, 2013) argue that even in the initial grades of Elemen-
tary School, it is necessary for teachers to work with their students situ-
ations that require combinatorial reasoning, so that they can develop
systematic and generalized ways of thinking in the enumeration of ele-
ments combined one with each other.

According to Borba (2010, p. 3), combinatorial reasoning is under-
stood as a way of thinking that is present in the analysis of situations in
which, given certain sets, one must select elements from them, in order
to meet specific criteria (choice and/or ordering the elements) and de-
termine —directly or indirectly — the total number of possible groupings.

In this way, combinatorial thinking is characterized by a type of
reasoning that enables the enumeration, systematisation, generalisa-
tion and abstraction of a situation that indicates certain conditions that
need to be respected for its resolution.

Pessoa and Borba (2009) emphasize that the learning of Combi-
natorics must begin in the first grades of schooling, through different
combinatorial situations. The authors argue that in this way new learn-
ing can be stimulated in the different levels of schooling, as well as the
mistakes and the difficulties presented initially may be overcome, thus
favouring the moment of systematic learning offered in High School.

Thus, even though Combinatorics is more intensively worked dur-
ing High School, through the use of formulas, it is essential that combi-
natorial relations and properties be discussed from the earliest grades
of Elementary School. In this direction, Guirado and Cardoso (2007)
point out that by working on combinatorial problems from the earliest
grades, students can be led to “[...] abstraction and generalisation, and
the habit of guessing the right formula to solve a problem of combina-
torics will be replaced by a work of analysis and synthesis” (Guirado;
Cardoso, 2007, p. 1). Thus, it is understood that for this to be possible,
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it is necessary that, from the earliest grades of Elementary Education,
students be given the opportunity to come into contact with different
combinatorics problems, so that they use different ways of represent-
ing their combinatorial solutions and can discuss them with their peers
and teachers, establishing greater articulation with the relations pres-
ent in combinatorial reasoning.

Pessoa and Borba (2009) organize combinatorial problems into a
single classification that indicates four different situations in the rela-
tions and properties of each problem: Cartesian product, arrangement,
permutation and combination. The authors, based on the Theory of
Conceptual Fields (Vergnaud, 1991), point out that these problems are
different from the point of view of relational calculus, that is, from the
point of view of understanding the logic of the problem. Borba (2010)
also points out that these combinatorial situations differ according to
the criteria of choice and ordering, which are characterized as the rela-
tions and properties of these situations. Thus, the problems involving
the Cartesian product situation are those where the choice is made from
two (or more) data sets in which one element of each set is grouped, so
that the order in which those elements are grouped does not create new
possibilities. In combination problems, from a single set, some elements
are chosen so that their ordering does not generate new possibilities. In
the problems involving the arrangement situation, the choice also hap-
pens from a single set given in which some elements of this set will be
grouped, however, in this type of problem one must take into account
the order of these elements. In permutation problems, one must take
into consideration in the choice of elements that they will all be used
only by modifying the order in which they will be grouped.

Pessoa and Borba (2009) analysed the comprehension of students
from the 2™ grade of Elementary School to the 3™ grade of High School
on situations involving combinatorial reasoning based on the Theory of
Conceptual Field (Vergnaud, 1991). In this study, 412 students from pub-
lic and private schools participated in the 11 grades of schooling stud-
ied. All students answered a test with eight combinatorial situations,
two of each type of problem (arrangement, combination, permutation
and cartesian product). The authors point out that:

[...] students from the initial grades to the final grades of
K-12 Education are able to understand problems of com-
binatorial reasoning, and their performanceisinfluenced
by the type of school they attend, the period of schooling,
the type of combinatorial problem they are solving (and
implicitly by the properties and relations involved in each
type of problem), by the form of symbolic representation
used to solve situations, as well as by the order of magni-
tude of the numbers involved (Pessoa; Borba, 2009, p. 11).

Thus, Pessoa and Borba (2009) observed that one of the factors
that can influence the resolution of combinatorial problems are the
symbolic representations used. It was found that many students — even
those in High School who had already been formally instructed in Com-
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binatorial Analysis — preferred to represent situations through more
transparent register systems, such as listings, in which different pos-
sibilities were visible, rather than use of procedures in which the cases
identified were not clearly shown - such as when using the Fundamen-
tal Counting Principle or formulas.

Moro and Soares (2006), in a study with 4** and 5" grade Elemen-
tary School children, investigated the development of combinatorial
reasoning in Cartesian product situations. The authors emphasise in
their results that there are different levels of combinatorial thinking,
from the absence of a combinatorial solution to a more advanced level,
when students indicate the correct answer through the use of tables,
diagrams or multiplicative operations.

Duro and Becker (2015) conducted a study using the Piagetian
clinical interview method with regular High School students and with
Adults Education students. In this study, involving the four types of
combinatorial situations, the authors state that there is a progression
of combinatorial thinking from when students use random procedures
(level I) to using systematic procedures for organizing possibilities (lev-
el III). The use of systematisation indicates a multiplicative generalisa-
tion, whereas random procedures derive from additive generalisation,
which does not converge with combinatorial thinking.

Fischbein, Pampu and Minzat (1970) observed the effect of spe-
cific instructions on the ability to deal with permutations and ar-
rangements through the tree of possibilities diagram with 10, 12 and
14-grade-old students. The authors point out that “[...] even 10-grade-
olds have learned to use the tree diagram and the appropriate proce-
dures for permutations and arrangements” (Fischbein; Pampu; Minzat,
1970, p. 261). Fischbein (1975) argued that only the development of log-
ical-mathematical thinking will not be sufficient for the resolution of
combinatorial problems, so a specific instruction is necessary, for ex-
ample, with the use of a tree of possibilities, so that students can orga-
nize and systematize information and generalize possibilities.

Azevedo (2013) analysed the influence of the construction of trees
of possibilities, with and without the use of an educational software
aimed at the teaching and learning of Combinatorics, together with 5%
grade students. The author points out that both groups (with and with-
out the use of the software) significantly developed their combinatorial
reasoning after the intervention, because, through an immediate post-
test, applied immediately after the intervention processes, it was pos-
sible to perceive that they had improved their performance in solving
combinatorial problems. Also, in a later post-test, applied nine weeks
after the immediate post-test it was possible to verify that the students
remained in development.

Azerédo (2013) argues that the semiotic representations of the
multiplication operation are instruments of pedagogical mediation in
the teaching and learning process of this content. In her study, carried
out with eight teachers who taught in the 2", 31, 4hand 5" grades of
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Elementary School and their respective students, different multiplica-
tive situations were approached, including a combinatorial situation of
Cartesian product. Specifically about this combinatorial situation, with
anillustration of inputs and outputs, students from early grades did not
relate the illustration to problem solving, which, according to the in-
terviewed teachers, came as a surprise, since students were expected
to use the illustration as a strategy to convert natural language to solve
the problem.

In the research reported in the present article, there is the inten-
tion to verify and corroborate with the work involving different types
of representation, such as the tree of possibilities and the list, but also
including the work with numerical expressions, since it constitutes an
important strategy for the teaching and learning of Combinatorics. This
idea converges with the thinking of the theories presented by Vergnaud
(1986) and Duval (2009), since intermediate registers (trees and listings)
will be used between the natural language and the numerical expres-
sion and that will take into account identification, conversion and treat-
ment of different combinatorial situations.

Method

The purpose of the present study was to analyse the role that the
identification and transformation of treatment and the conversion of
registers have in the expansion of knowledge of different combinatorial
situations by Elementary School students.

To reach this objective, two studies were carried out: one of prob-
ing (survey) of knowledge and another of intervention. The aim of the
first study was to analyse the identification of conversions by students
of initial grades of Elementary School in different combinatorial situ-
ations, so that it was required to identify two conversions: from natu-
ral language to tree of possibilities or to listing; and from tree or list-
ing to numeric expression. The intervention study, based on the results
of the survey, aimed to investigate the effect of pedagogical interven-
tions, which mobilize identifications and transformations of registers,
through different intermediate representations, which may be more or
less congruent with numerical expressions, in the performance of El-
ementary School students in different combinatoric problems.

In the first study, a test was applied with 16 students from the 5"
grade of a private school in Recife. The test consisted of eight combi-
natorial problems, two of each type of situation (arrangement, com-
bination, permutation and Cartesian product). In each problem there
was the written statement in natural language, two alternative answers
represented in tree or listing, in which only one of them was true and
then four alternatives with numerical expressions, in which only one
of them was true. Thus, students should perform the identification of
two conversions: the first one was related to the choice of the correct
alternative for the tree representation or listing, and the second, choos-
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ing the correct alternative for the numerical expression that correctly
answered the situation.

The tests varied so that, in one type, the first four situations were
presented with the intermediate representation in tree and the last four
in listing. In the other type, the order was changed. There was also a
variation of the test in relation to the explanation of the repeated cases
in the combination problems, in which there was explicitness with re-
peated cases crossed out, and there was no explicit explanation.

There were two hypotheses with respect to this study: in the first
one, it was believed that combination problems would be the most dif-
ficult to identify conversions, since it is necessary to disregard repeated
cases and the numerical expressions representing the situation need to
take the repetitions into account, through division. The second hypoth-
esis was related to a greater difficulty in identifying the second request-
ed conversion (to numerical expression), since children may not easily
recognize numerical expressions.

In the second study, based on the results of the first study, an in-
tervention was proposed with 5%, 7" and 9'® grade students, divided into
two groups. In the first group (Gl), after answering a pre-test asking
what were all possibilities and which operation could be used to answer
each of the eight problems, the students reworked the pre-test questions
using the tree of possibilities as an intermediate representation, that is,
between the starting representation (uttered in natural language) and
the arrival representation (numerical expression). In the second group
(G2), the intervention occurred in the same way, and the intermediate
representation used was the systematized listing. In the first interven-
tion session, the first four problems of the pre-test were worked out. In
the second session, the last four problems were worked out. In the inter-
ventions, the combination situations were worked out making explicit
all the cases, and then to crossed out the repeated cases, since the re-
sults of the first study indicated this need.

After the intervention sessions, the students solved a post-test
also with eight combinatorial problems. Unlike the pre-test, when all
questions did not exceed 24 possibilities, in the post-test only the first
four problems had a low number of possibilities. The last four problems
resulted between 56 and 120 possibilities, so that to answer to these sit-
uations, numerical expressions were the most viable option.

It was believed that both groups would have progress in their per-
formance, but that for the group that had intervention using the tree of
possibilities it would be easier to indicate a multiplication correspond-
ing to the resolution of the combinatorial problem. This is because this
representation seems to indicate more clearly the one-to-many rela-
tionship involved in combinatorial situations, since the organisation in
branches indicating this multiplicative idea is apparently more congru-
ent with the mathematical operation required for problem solving.

The results were analysed quantitatively and qualitatively. The
Statistical Package for the Social Sciences — SPSS was used for a quan-
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titative analysis. For the qualitative analysis the representations used
by the students in the different stages of the research were examined. It
was believed that, from these different modes of intervention, students
would advance more in their combinatorial reasoning, as well as per-
ceive the multiplicative reasoning implicit in combinatorial situations.

Results of the Survey Study

Table 1 shows the number of correct identifications for the con-
versions requested in the different test types (Test 1 — combination
problem not considering repeated cases; Test 2 — combination problem
with the presentation of repeated cases crossed out), with the first con-
version from natural language to listing or tree and the second conver-
sion from listing or tree to numeric expression.

Observing Table 1, it is possible to see that identifying which
listing or which tree of possibilities represents the natural language-
registered utterance was easier for the students when compared to the
second requested conversion — from the listing or the tree to a corre-
sponding numerical expression. In the conversion of natural language
to listing 36 items (of possible 64) were answered correctly and in the
conversion from natural language to tree, 33 items. In the second con-
versions, the score fell about 50% (16 items answered correctly, both
from listings and from trees).

Conversion from natural language to listing and natural language
to tree of possibilities practically did not present any difference, imply-
ing that the children equally understood the register in list and in tree.
This result can be justified by the fact that there is a great congruence
between listings and trees, since for each element present in the list-
ing there is a corresponding one in the tree of possibilities (semantic
matching criterion), which does not occur between listings/trees and
numerical expression.
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Table 1 - Correct identifications on each conversion by test type

Type of test Conversion 1 Conversion 2

NL->TP | NL> TP L>NE | TP>NE

1.1
(Test without repeated cases, 9 6 1 1
firstlistings and then trees.)

1.2
(Test without repeated cases, 5 8 1 2
first trees and then listings.)

Total Test 1 14/32 14/32 2/32 3/32
(43.75%) (43.75%) (6.25%) (9.375%)
2.1

(Test with repeated cases

crossed out, first listings and 12 9 5 7
then trees.)
2.2
(Test with repeated cases
crossed out, first trees and 10 10 9 6
then listings.)
Total Test 2 22/32 19/32 14/32 13/32
(68.75%) | (59.375%) | (43.75%) | (40.625%)
Total Test 1 + Test 2 36/64 33/64 16/64 16/64
(56.25%) = (51.56%) (25%) (25%)

NL: Natural Language; L: Listing; TP: Tree of possibilities; NE: Numerical
Expressions. Source: Montenegro (2018).

In Table 1 it can be observed that there were more correct an-
swers, both for the first conversion and for the second one. However,
the difference between the tests was only in the combination situations;
in these situations, the repeated cases were crossed out, so that it made
explicit that, for this situation, the order of choice of the elements does
not generate new possibilities. It can be inferred that, possibly, mak-
ing explicit the order invariant in the combination situation may have
influenced the performance of the students also in the other types of
combinatorial problems. Thus, the students paid more attention to the
differences between the problems with regard to the ordering of the ele-
ments, constituting or not, different possibilities.

Table 2 shows the results by type of problem. It is perceived that
performance is similar in Cartesian product, combination, and ar-
rangement problems. Permutation problems, on the other hand, have a
better performance. Nevertheless, when it is analysed the conversion to
Numerical Expression (NE), it can be seen that in the Cartesian product
situations, of the 14 correct answers in the first conversion, 9 also are
correct in the second one. In the problems of permutation there are 22
correct answers in the first conversion and, of these, 11 correct answers
in the second conversion.
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Table 2 - Correct identifications in each conversion by
combinatorial problem type

Conversion 1 Conversion 2
Problem
type
NL->L NL-> TP L-> NE TP > NE Total
CP 7 7 4 5 23
C 9 6 4 2 21
A 8 10 2 4 24
P 12 10 6 5 33
36/64 33/64 16/64 16/64 101/256

NL: Natural Language; L: Listing; TP: Tree of possibilities; NE: Numerical
Expressions; CP: Cartesian Product; C: Combination; A: Arrangement; P:
Permutation. Source: Montenegro (2018).

In the combination problems, in which there is a difference be-
tween the tests, there are 15 correct answers in the first conversion, of
which 10 are in Test 2 in which repeated cases are crossed out. In the
second conversion, to Numerical Expression, there are only 6 correct
answers, of which, 5 are in Test 2, highlighting the importance of mak-
ing explicit the repeated cases.

Thus, it is possible to perceive that identification of conversion,
when performed from natural language to listing or to tree of possibili-
ties, results in a higher success rate, while identification of conversion
to numerical expression the success rate is weaker. The results seem to
indicate, therefore, that the reason for greater success in the identifi-
cation of conversions occurs when there is greater congruence, in the
case of register from natural language to listing or a tree of possibilities,
while from tree or listing to numerical expression, the congruence level
is lower.

Table 3 shows that the number of incorrect or blank rationales
(87.5%) for the answers given is much higher than the correct rationales
(12.5%). In the incorrect rationales presented, in general, there is no expla-
nation, in fact, of the reason why a numerical expression corresponds to the
statement in natural language or to the listing and tree of possibilities. In
some cases, they were related only to the isolated treatment of operations
or, for example, difficulties in understanding tree representation, as it can
be seen in Figure 1.

12 Educacéo & Realidade, Porto Alegre, v. 45, n. 1, e87693, 2020.



Montenegro; Borba; Bittar

Table 3 — Quantitative of the response type according to each type
of problem and the type of intermediate conversion performed

Typeof @ Intermediate conver- Correctra- Incorrect Blankration-
problem sion type tionale rationale ale
cp Listing 3 6 7
Tree 2 7 7
C Listing 1 9 6
Tree 1 8 7
A Listing 0 8 8
Tree 2 7 7
Listing 4 6 6
P Tree 3 6 7
Total 16 (12,5%) 57 (44,5%) 55 (43%)

CP: Cartesian Product; C: Combination; A: Arrangement; P: Permutation. Source:
Montenegro (2018).

In Figure 1 the student responded incorrectly both to the first re-
quested conversion and to the second one. In the rationale, according
to personal criteria, he spoke about the reasoning he used to respond to
the situation, stating: “You do not eat 4 desserts at a time and John has
4 desserts and Mary has 2 desserts”. This statement leads to the conclu-
sion that the student could not interpret the situation as a tree of possi-
bilities, because there is no possibility with four desserts, but each des-
sert indicating a different possibility.

The correct rationales indicate textually why the chosen opera-
tion indicates the correct response, as it can be seen in Figure 2, below.
In this example, the student replied that “3 people x (times) 2 other posi-
tions of the people behind results in 6 positions”, that is, there are three
people to position themselves in a queue and when one is first in the
queue, the other two people occupy either the second or the third place,
thus, there are two possibilities for each occupying the first position in
the queue. With the rationale it is possible to observe that the student in
question perceived the multiplicative principle involved in the problem
and coordinated in a satisfactory way the three registers of representa-
tions presented in the situation — the natural language statement, the
tree of possibilities and the corresponding numerical expression.
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Figure 1 - Cartesian product situation incorrectly answered by
Student 14 with solution presented in tree

] ——
L] =
[ amp— _amy—
e <
| e = |
S e e

L ! /|
Ol dlos dois vock acha que estd cerlo? o T2
(Qual @ operaglio guo vocd Bcha que reschve esse protiema?
8) 4424258 bj4x2=8% c)4x2x2=16% ) 4xZ+4x2T=16"
Justfique sua resposta

b ol

fafe badol U rolinovpros o rvpnaia Qube, 9

oty ahndin

Source: Montenegro (2018).

Figure 2 - Permutation situation correctly answered by Student 2,
with solution presented in list

pe quanias maneias dferontes irbs pessoas ;
ey " P (Maria, Lisis @ Carlos} podem posicionar-se

Jodo respondeu assim
Mana, Luis e Carios

| Cartos, Luis o Masia
Luis, Maria @ Carlos
Carlos, Maria e Luis
Luis, Carlos & Maria
Carios, Luis & Maria

Maris respondey sasim e
[ Maria, Luls & Carlos. Luis, Mana @ Carios. Carlos, Maria & Luis.
|Mcmor_uls Luis, Carlos @ Maria Carios, Luls & Maria.

Qual dos dois vool acha que estd ceno?

Qual & cperaciio que vock acha que resclve esse problema?
wf 3x2x1=6
b) 3x3=8
c) 3+6=9
d) 3+3=6

Jusiifique sua resposta
3Ponnmee ¢ T sty Az

Source: Montenegro (2018).

Itis important to emphasize that reverse thinking is more complex
and may be the main reason for the difficulties in presenting correct ra-
tionales for the identifications made. This activity is configured in a new
conversion that indicates a return to the representation register used
initially (natural language), a task identified as complex. Duval (2009, p.
109) states that:
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Montenegro; Borba; Bittar

Here, the arrival record is a description of the situation
presented by the intermediate representation and not by
the output representation. The complexity of inverse con-
version sticks to the fact that we are in the presence of a
composition of two successive conversions.

The initial register, in natural language, went through an inter-
mediate register (tree or listing) until the arrival record in numerical
expression, however, in the end, a rationale was requested in which the
students were expected to write in natural language. This activity, to
present rationales in natural language, is characterized as a very dif-
ficult conversion, which presented a high number of blank responses,
which ratifies its complexity.

Results of the Intervention Study

The tests applied before and after the interventions were analysed
according to the possibilities survey and the numerical expression (op-
eration) used to respond to the situation.

In the survey of possibilities, it was considered an error in cases
where the answers were blank, or those that did not present a combi-
natorial reasoning in its resolution. In this case, the question did not
receive any points. The answers with combinatorial reasoning in which
there were less than half the possibilities that answered the situation
were considered Partial Correctness 1 and received one point. Two
points were given for those questions that presented what was consid-
ered Partial Correctness 2. In this score were the cases in which half or
more of the number of possibilities were presented, but there was still
no exhaustion of all possibilities. Three points were given to those that
were able to correctly answer the problem with the exhaustion of all
possibilities. Thus, in the test containing eight situations, each student
could reach a total of 24 points (eight problems x three points in each
problem).

The analysis for the numeric expression that responded to the situ-
ation was also performed with scores from 0 to 3 points, with no points
received in the blank answers or that presented a calculation that did
not correspond to the one used to respond to the situation. Students who
wrote the type of operation that should be performed but did not indi-
cate which numerical expression or numerical response were also scored
with zero score. Partial Correctness 1 and 2, for numerical expression, are
characterized as those that indicated the correct numerical expression,
however they erred the numerical calculation itself, thus hitting what
Vergnaud (1986) calls relational calculus, however, with difficulties in
numerical calculation; or difficulty in the treatment within the registry
itself, as pointed out by Duval (2012). Thus, when the student answered
correctly the relational calculus but missed the numerical calculation in-
dicating less than half the number of possibilities, it was characterized as
Partial Correctness 1; and when he/she answered correctly the relational
calculation but missed the numerical calculation indicating half or more
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of the number of possibilities, it was characterized as Partial Correctness
2. Also, partial correctness was found with incomplete generalisation of
possibilities. The 3 points were assigned to those who indicated the cor-
rect numerical expression, either by means of a generalisation of possibili-
ties or by the FCP.

In Table 4 it is possible to observe the mean of performances, both
for the survey of possibilities and for the numerical expression. It can
be noticed that the mean in the pre-test of all groups is low, consider-
ing that the total average could reach 24 points, mainly in the numerical
expression. It is also possible to note that all groups advanced in their
performance after the intervention, and, through the statistical analysis
performed with the SPSS software, it is highlighted that this advance was
significant! in all groups®, revealing that both intermediate representa-
tions used are important strategies for working with combinatorial situ-
ations.

Table 4 — Mean pre-test and post-test performance by teaching
grade and by intervention group

Source: Montenegro (2018).

It is also important to highlight that the mean performance of the
groups that worked with the tree of possibilities is higher in the post-test
in all grades of schooling surveyed, what may be justified because this
representation has more congruence with the numerical expression —the
initial hypothesis of this study. However, when the statistical analysis
was performed, in the comparison between the results of the post-test
in GI and the post-test of G2, it was verified that the higher advance of
G1 was not significant in relation to G26. In this way, both the tree of pos-
sibilities and the list are auxiliary representations that help in the devel-
opment of combinatorial reasoning, including the presentation of cor-
responding numerical expressions.

The difference between the groups was also analysed taking into
account only the results in situations where the number of possibilities
in the response was high, and therefore the use of a numerical expres-
sion is recommended. The results indicate a significant’ difference be-
tween groups. Thus, Group 1, which had intervention using the tree of
possibilities, obtained better performance in situations where it was
advisable to use a numerical expression. The explanation of this result
may be due to the fact that this intermediate representation has a great-
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er degree of congruence with the numerical expression necessary for
the resolution of combinatorial problems.

The means that can be observed in Table 4 indicate that 5* and
7t grades have similar performances before and after the intervention
process, indicating that there was probably no specific work with com-
binatorial situations between those grades of schooling. After the 7t
grade, probably this work happened, since the results in the 9th grade
pre-test are matched with the 5 and 7" grade post-test results. It is im-
portant to point out that, although the 9" grade already presented bet-
ter results in the pre-test, it continued to advance in its combinatorial
reasoning, since it advanced in its performance in the occasion of the
post-test. Statistical analysis indicated that the 9** grade presented sig-
nificant differences with the 5" and the 7" grades, both for the survey
of possibilities (9™ x 5*: p = 0.003; 9" x 7*: p = 0.023) and for the indica-
tion of a corresponding numeric expression (9" x 51: p = 0.007; 9th x 7th:
p = 0.007). However, the 5 and 7t grades did not show any differences
between them, neither in the survey of possibilities (p = 0.650) nor in the
numerical expression (p = 0.991).

Regarding the representations used, all the school grades had
preference for listings in the pre-test (Figure 4), or for a mathematical
operation, which could be correct or incorrect for the situation (Figure
5). The FCP was used in the pre-test only in situations of Cartesian prod-
uct, when the numbers of the statement are used to answer the problem
(Figure 3). In the 9" grade, the use of the generalisation of possibilities,
by means of a systematic listing followed by a multiplication that cor-
rectly answers the situation (Figure 6), was observed already in the pre-
test.

Figure 3 - Situation of Cartesian product with correct answer
by numerical expression that answers the problem, used by a 5
grade student

5.  Jane possui quatro blusas (amarela, rosa, laranja e vermelha), duas saias
(preta e branca), dois pares de sapato (dourado e prateado).
De quantas maneiras diferentes ela podera se vestir usando uma de suas
blusas, uma de suas saias e um de seus pares de sapato?

Y x A ¥a=76

Qual a conta que resolve este problema?

M P, cochn

Source: Montenegro (2018).
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Figure 4 — Combination situation with correct answer through
listing and diagram, used by a 7" grade student

8. Marcia tem em casa quatro tipos de fruta (mamao, abacaxi, laranja e banana) e
quer fazer uma salada usando trés dessas frutas.
De gquantas maneiras diferentes ela pode combinar essas frutas?

\ [ .. \ : .‘.‘_'.‘\‘

Qual a conta que resolve este problema?

Source: Montenegro (2018).

Figure 5 — Cartesian product situation with partially correct
response 1 with incorrect numerical expression, used by a 9
grade student

- - -
1. Na festa de Sao Jodo da Escola Saber o 5° ano ira dangar quadrilha. Na turma tem
seis meninos (Gabriel, Thiago, Matheus, Renato, Otévio e Felipe) e quatro meninas
(Taciana, Eduarda, Catarina e Rayssa). A professora quer que todos os meninos
dancem com todas as meninas.
Quantos casais (um menino e uma ina) diferentes podem ser fc

i s & edonn i ngg 2 hen Conn dion Maricay 5 dion He

‘;LL_'M.—«'-\,\MM
* mq\némm.w“l T

dos?

Qual a conta que resolve esse problema?

Source: Montenegro (2018).

Figure 6 —- Permutation situation with correct answer through
generalisation of possibilities, used by 9*" grade student

7. Quantas palavras com e sem sentido podem ser formadas com as letras da
palavra AMOR?
ARMO
AMoR
AOMR
ARO M
AM RO

AORM o,
Qu:gl a ct;ntaoqua resolve este problema? x;{ = 1K

Source: Montenegro (2018).

In the post-test, it was found lists and trees of possibilities used as
intermediate representations for the generalisation of possibilities in all
school grades (Figures 7, 8, 11 and 12), indicating the use of successive
conversions to arrive at the numerical expression. The same happened
with the use of the PFC, and this procedure was more used by the 7" and
9t grade students (Figures 9 and 14).
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Figure 7 - Arrangement situation with partially correct type 2
response through the generalisation of possibilities using the
tree and with numerical expression that partially responds to the
situation, used by a 5" grade student

6. Cinco turmas do 5° ano da Escola Saber (Turma A, Turma B, Turma C, Turma D e
Turma E) vo disputar um tomeio de queimado.
_ De quantas maneiras diferentes pode-se ler o primeiro, segundo e lerceiro lugar no
. lomeio?

/'Qual a conta que resolve este problema? °

Source: Montenegro (2018).

Figure 8 — Arrangement situation with correct answer through
the generalisation of possibilities with use of the list, used by a 5
grade student

2. Aturma da terceira série quer eleger o representante e o vice-representante da turma.
Ha seis alunos (Amanda, Luciana, Priscila, Jodo, Talita e Diego) interessados nesses
cargos. De quantas maneiras diferentes estes alunos podem ser eleitos para esses dois
cargos (representante e vice-representante)?
premarmda ¢ Lalclosms

O L P Lies, 3

Qual a conta que r&owe este problema? S bz

Source: Montenegro (2018).

Figure 9 — Arrangement situation with correct response through
the Fundamental Counting Principle, used by a 5" grade student

6. Cinco turmas do 5° ano da Escola Saber (Turma A, Turma B, Turma C, Turma D e
Turma E) vao disputar um torneio de queimado.
De quantas maneiras diferentes pode-se ter o primeiro, segundo e terceiro lugar no

torneio? Gl
A
b
\ gl N
/ ‘1. )
L Q D (]
. Qual a conta que resolve este problema?

1 o 2

Source: Montenegro (2018).

In the combination situations, the 5" grade did not present any
corresponding numerical expression, indicating that the conversion of
the combination situation to a numerical expression is more difficult at
this stage of Elementary School. In the 7 and 9 grade, students were
able to develop a numerical expression for this situation (Figures 10
and 13), corroborating with the results of the first study that indicated
the difficulty of the 5" grade students to recognize the numerical ex-
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pressions for this type of situation. The conversion of natural language
to the FCP without the need of an auxiliary representation happened
in the 5™ grade only in Cartesian product problems. In the 7! and 9"
grades, the direct conversion to the use of the FCP also happened in
other combinatorial situations.

Figure 10 —- Combination situation with correct answer through
the Fundamental Counting Principle, used by a 7" grade student

8. Uma escola tem oito professores (Ricardo, Ténia, Luiza, Antonio, Sueli, Geraldo,
Patricia e Carlos). Para o passeio da escola serfio escolhidos trés professores para
acompanhar os alunos. De quantas maneiras diferentes podem ser escolhidos esses
trés professores? . . e |

’.I % % 44'4. = 3 2, ()= L) P aganot 1

g 2F 5° Luins — iereun — Sand
-yt :M}f.\ oY - .
=N 56 \‘\’. oo T S

‘:_&)lt_L_F— o Gt riediD.
st roviomar 3 W
Qual a conta que e este problema?
D

-_'%F_.

Source: Montenegro (2018).

Figure 11 - Arrangement situation with correct answer through
the generalisation of possibilities, used by a 7 grade student

6. Cinco turmas do 5° ano da Escola Saber (Turma A, Turma B, Turma C, Turma D &
Turma E) vao disputar um torneio de queimado.
De quantas maneiras diferentes pode-se ter o primeiro, segundo e terceiro lugar no
tornein?
Abe D, Lt A -[; D a0,
.'—li.ij,._ 4,¢,E Ay - |2 1=
F\ %, \:’/ P - _\ | ” )
By T RN
gt A\d | &2
Qual a conta que resolve este problema? 7 \ )
412x5- bho 3

Source: Montenegro (2018).

Figure 12 - Arrangement situation with correct answer through
generalisation of possibilities, used by a 9" grade student
6. Cinco turmas do 5° ano da Escola Saber (Turma A, Turma B, Turma C, Turma D &

Turma E) vio disputar um tomeio de queimado.
De quantas maneiras diferentes pode-se ter o primeiro, segundo e terceiro lugar no

torneio? 4
¢ 52
B¢ ﬂ
. ;
Ja c%
Ne
eV

Quil a conta que resolve este problema?
£
xz =€o
Source: Montenegro (2018).
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Figure 13 - Combination situation with correct answer using a
numerical expression, used by a 9" grade student

4. Seis pessoas (Daniel, Bi Felipe, Sandra, Carla e Francisco) vo formar dupias
para jogar pingue-pongue. Quantas duplas diferentes podem ser formadas?

. R T S L )
-~ X _)-./-'—p.___ _'g'r

Qual a conta que resolve este problema?

8 B c T g v
|'t,-'|‘,_,__k_l.d;;'f'l'”-" el e [aadanca

Source: Montenegro (2018).
Figure 14 — Permutation situation with correct response through
the PFC, used by a 9'" grade student

7. De quantas maneiras possiveis pode-se escrever nimeros de cinco algarismos
diferentes, usando os algarismos 1, 3, 5, 7 e 97

Qual a conta que resolve este problema?

Sxyxa xant= T30

Source: Montenegro (2018).

Although results of low performance in the final test are still pre-
sented, interventional processes, that is, teaching with systematized
listings or with trees of possibilities, resulted in significant improve-
ments in performance in both groups and in the three school grades.

The group that worked with trees of possibilities had better per-
formance than the group that worked with systematized listings, in the
problems with greater number of possibilities. This shows that this reg-
ister may be a better intermediate representation between statements
in natural language and numerical expressions.

Teaching also served to broaden the repertoire of symbolic rep-
resentations used in combinatorial problems. Initially, listings were
the preferred register, but after the teaching, listings became more sys-
tematized and other registers were also used: trees of possibilities and
numerical expressions, especially in the 7" and 9" grades, that used
numerical expressions even in problems of combination or which re-
quires, in addition to multiplication, also dividing by the number of
equal possibilities among them.

Final Remarks

The present research had the objective of analysing the role that
the identification and the transformations of conversion and treatment
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of registers have in the expansion of the knowledge of varied combina-
torial situations. Two studies were carried out: the first one of probing
(survey) with students of the 5 grade of Elementary School; and the
second study, based on the results of the first one, of intervention with
the use of intermediate representations in the conversion of registers
and in the treatment within the realized register itself and in the expan-
sion of the combinatorial reasoning, so that the students perceived the
multiplicative character in the solving of combinatorial problems.

In the first study, the hypotheses initially raised, the greater diffi-
culty in the problems with the combination situation, were confirmed,
as well as the greater difficulty in converting to a numerical expression
corresponding to the resolution of the problem. This is because few stu-
dents identified the conversions for the corresponding numerical ex-
pression, few students were able to consistently justify their responses,
and only one student was able to justify the numerical expression for the
combination problem. This happened possibly due to the non-congru-
ence between the representations in natural language (utterance) and
the numerical expression, especially in the situations of combination,
where besides multiplication, it is necessary to divide by the number
of repeated cases. Thus, the difficulties of the students are emphasized
in the conversion of natural language from the utterance to the repre-
sentation in systematic listing or tree of possibilities, as well as, more
frequently, with the conversion to numerical expression, indicates the
necessity of teaching processes so that students can identify these dif-
ferent conversions (from natural language to trees or listings and from
those to numerical expression).

Due to these results, in Study 2, different interventions were pro-
posed, not only in the 5" grade of Elementary School, since the diffi-
culty with the use of the FCP was highlighted in this first study, but also
with classes from the 7** and 9" grade of schooling. In the 5" grade, the
objective was to verify if and how the difficulties to recognize the nu-
merical expression as representation of arrival could be overcome. In
the 7% and 9" grades, it was intended to observe how there is an expan-
sion of combinatorial knowledge, particularly with regard to the use of
numerical expressions/FCP.

In the second study, the results indicate that both the interme-
diate representations, tree of possibilities or systematized listing, are
good paths for the teaching of Combinatorics, since the mean accuracy
increased in the comparison between pre-test and post-test for both
groups, in all grades of schooling, both for the survey of possibilities
and for the numerical expression. In addition, this difference was sig-
nificant in all school grades surveyed. This may indicate that the con-
gruence between the starting (natural language), intermediate (listing
or tree) and arrival (numerical expression) registers can be evidenced in
the two types of intervention performed.

Although both groups progressed in their performance, it is note-
worthy that the groups that worked with the tree of possibilities (G1)
had better means in all the school grades surveyed. Also, it is highlight-
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ed that in these groups there were more correct answers in the second
part of the post-test, with a greater number of possibilities of the post-
test, indicating a significant difference with G2, since the correctness of
these problems was directly related to the use of the FCP or a generalisa-
tion of possibilities.

With the present research, we sought to claim that, based on the
Theory of Conceptual Fields and the Theory of Semiotic Representation
Registers, an intermediate, transparent and systematized representa-
tion register isrecommended to assist studentsin the interpretation and
representation of problem expressions involving various combinatorial
situations. It is also important that in the use of these representations
the invariants of the different combinatorial situations are discussed.
Another objective of this paper is to defend that among the interme-
diate registers of representation, the tree of possibilities can be more
efficient, because it has more congruence with numerical expressions.

The discussions revealed how necessary and important is a dis-
cussion that articulates TCF and TSRR. It was observed that conversions
have different levels of difficulty, depending on the type of register used
and the combinatorial situation treated. Thus, a close relationship be-
tween representation registers and combinatorial situations is demon-
strated.

Thus, it can be concluded that it is possible to develop and expand
the combinatorial reasoning of 5, 7" and 9" grade students. This can
be achieved by the use of both intermediate representations used in this
study, giving a better performance in the presentation of the numeri-
cal expressions corresponding to the resolution of the situations, espe-
cially with the use of trees of possibilities, since, in view of the above,
they seem to have greater congruence with the numerical expression.
Thus, in different grades of schooling it is possible to enable the learn-
ing of the Combinatorics, since it is possible for all to progress in their
performance, guaranteeing a gradual expansion of their combinatorial
reasoning.

Translated by Rute Borba and proofread by Ananyr Porto Fajardo
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Notes

1 Fundamental CountingPrinciple (FCP), also known as multiplicative principle,
is a way of solving combinatorial situations and is the basis of formulas used
in the study of Combinatorics, since it expresses the multiplicative nature of
the different types of combinatorial problems (Lima, 2015, p. 22). PFC can also
be announced as the Fundamental Enumeration Principle or Multiplication
Principle.

2 The generalisation of possibilities results from the multiplication of the number
of possibilities listed for a fixed element in the first choice by the total number
of elements, characterizing as a relational calculation different from that ex-
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pressed in the FCP. The numerical expression of the FCP is characterized by
multiplying the number of possibilities for each choice.

3 In this study, ‘Combinatorial Analysis’ and ‘Combinatorics’ are considered
synonyms.

4 In this study, significance level was considered p <0.05.

5 Prexpost-test: 5 grade: survey of possibilities (t (38) = -4.766; p <0.001); numeri-
cal expression (t (38) =-4.361, p <0.001). 7" grade: survey of possibilities (t (46)
=-8,878; p <0.001); numerical expression (t (46) = -6.156, p <0.001). 9" grade:
survey of possibilities (t (34) = -3.710, p = 0.001); numerical expression (t (34)
=-7.824, p <0.001).

6 Gl x G2: 5" grade: survey of possibilities (t (37) = 0.576, p = 0.568); numerical
expression (t (37) = 0923, p = 0.362). 7" grade: survey of possibilities (t (45) =
0.440, p=0.662); numerical expression (t (45) =0.166, p=0.300). 9" grade: survey
of possibilities (t (33) = 0.650, p = 0.520); numerical expression (t (33) = 1.341, p
=0.189).

7 Glx G2 situations with high number of possibilities: t (119) = 3.162; p = 0.002.
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