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Abstract. The nonlinear conjugate gradient method is a very useful technique for solving
large scale minimization problems and has wide applications in many fields. In this paper, we
present a new algorithm of nonlinear conjugate gradient method with strong convergence for
unconstrained minimization problems. The new algorithm can generate an adequate trust region
radius automatically at each iteration and has global convergence and linear convergence rate
under some mild conditions. Numerical results show that the new algorithm is efficient in practical

computation and superior to other similar methods in many situations.
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1 Introduction
Consider an unconstrained minimization problem
min f(x), x € R", (1)

where R” is an n-dimensional Euclidean space and f : R” — R is a continu-
ously differentiable function.
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When 7 is very large (for example, n > 10°) the related problem is called
large scale minimization problem. In order to solve large scale minimization
problems, we need to design special algorithms that avoid the high storage and
computation cost of some matrices.

The conjugate gradient method is a suitable approach to solving large scale
minimization problems. For strictly convex quadratic objective functions, the
conjugate gradient method with exact line searches has the finite convergence
property. If the objective function is not a quadratic or the inexact line searches
are used, the conjugate gradient method has no finite convergence property or
even no global convergence property [6, 20].

When the conjugate gradient method is used to minimize non-quadratic ob-
jective functions, the related algorithm is called the nonlinear conjugate gradient
method [17, 18]. There has been much literature to study the nonlinear conjugate
gradient methods [3, 4, 5]. Meanwhile, some new nonlinear conjugate gradient
methods have appeared [8, 11].

The conjugate gradient method has the form

Xpr1 = Xp +opdy, k=0,1,2,..., (2)
where x is an initial point, o is a step size, and dj can be taken as

d, = 8k 3)
—g + Brdi—1, k>1,
in which g = V f(x;). Different 8, will determine different conjugate gradient
methods. Some famous formulae for g are as follows.

Bt = ”!‘jf'l'iz ; (Fletcher-Reeves [10]) 4)

BPRP — gk”fg’;%ﬁ’;l), (Polak-Ribiére-Polyak [15, 16])  (5)

gis = %, (Hestenes-Stiefiel [12]) (6)

Bl = _dﬂg—ljg”:l’ (Conjugate-Descent [11]) (7)
k—18k—
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2
pPY = %, (Dai-Yuan [16]) ®)
T —
LS = _gkf,'ng—gkgk_l)' (Liu-Storey [13]) )
k—18k—1

Although some conjugate gradient methods have good numerical performance
in solving large scale minimization problems, they have no global convergence
in some situations [6]. We often have two questions. Whether can we construct a
conjugate gradient method that has both global convergence and good numerical
performance in practical computation? Whether can we design a conjugate
gradient method that is suitable to solve ill-conditioned minimization problems
(the Hessian of objective functions at a stationary point is ill-conditioned)?

Yuan and Stoer [19] studied the conjugate gradient method on a subspace
and obtained a new conjugate gradient method. In their algorithm, the search
direction was taken from the subspace span{gy, diy_1} at the kth iteration (k > 1),
1.e.,

dy = vkgk + Brdi—1, (10)

where y; and B, are parameters.

Motivated by [19], we can apply the trust region technique to the conjugate
gradient method and propose a new algorithm of nonlinear conjugate gradient
methods. This new algorithm has both global convergence and good numerical
performance in practical computation. Theoretical analysis and numerical results
show that the proposed algorithm is promising and can solve some ill-conditioned
minimization problems.

The paper is organized as follows. Section 1 is the introduction. In Section 2,
we introduce the new conjugate gradient method. In Sections 3 and 4, we analyze
the global convergence and convergence rate of the new method. Numerical

results are reported in Section 5.
2 New Algorithm
We first assume that

(H1) The objective function f(x) has a lower bound on R".
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(H2) The gradient function g(x) = V f(x) of the objective function f(x) is
Lipschitz continuous on an open convex set B that contains the level set
L(xg) = {x] f(x) < f(x0)}, i.e., there exists L > 0 such that

lg(x) =gl = Llix =yl Vx,yeB. (11)

Lemma 2.1. Assume that (H2) holds and x;,, x; + d;, € B, then
1
SOt do) = fi < gidic+ S L. (12)

Proof. The proofis easy to obtain from mean value theorem and here is omit-
ted. (Il

Algorithm (A)

Step 0. Choose parameters u© € (0, 1), p € (0,1) and My > Ly > 0; given
initial point xo € R”, setk := 0.

Step 1. If ||gx || = 0 then stop else go to Step 2.

Step 2. x;.; = x; + di(oy), where a; is the largest one in {1, p, p2,...,}

such that
fr — [ + di(@)) -

> u, (13)
g1 (0) — gr(di(a))
in which
— k= 0;
—y& + Bdi-1, k>1,
and (y, B)T € R? is a solution to
. 1
min g (di(@)) = fi + g di(@) + 5Lk||dk<a>||2, s.t. ||d ()]l
(15)
_ allad
=L
Step 3.
_ T _
Lisi = max (Lo, min <|(gk+l gr) (Xk+12 xi)| ’ Mo)) o 6)
Ixk41 — Xkl
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or
Lyt = max (LO, min <M Mo>> ; (17)
k1 — x|l
or
_ . Igk+1 — &ll? _
Liy1 = max | Ly, min 7 , My ) ) (18)
[(gr+1 — &))" (X1 — Xp)]

Step 4. Set k := k + 1 and goto Step 1.

Remark 2.1. In Algorithm (A), the main task is to solve (15). In fact, if k = 0
then the problem (15) has a solution y = «/Ly. If k > 1 then the problem (5)

has the solution

Yk
-, el < eligells
I (19)
PEVEEE alad
- Vi lvell > allgll,
Lillyell
where y; = (y/, /)7 is a solution of the equations in two variables
Igell*y — (gl di—D)B = llgll*.
(20)

—(g{ de-1)y + lldi-11°B = —g{ di-1.

Moreover L is an approximation to the Lipschitz constant L of the gradient
of the objective function. If we set 8 = 0 then Algorithm (A) is very similar to
BB method [1, 7]. However, Algorithm (A) has global convergence.

Lemma 2.2. If (H2) holds then
Lo < Ly < max(L, My). (21)

In fact, by the Cauchy-Schwartz inequality, we have

I(gk+1 — &) (Xe1 — 1) - g1 — &kl - i1 — gell?
X1 — xll? T kst — Xl T (g — &) T Gkt — Xxk)
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and thus, Ly should be in the interval

|:|(gk+1 — g0 (k1 — xp)| gkt — gll? :|
Xe+1 — xell? (g1 — g T Ok — Xp)
Generally, we take
Lo - lgk+1 — &l
el =
k1 — Xkl

in practical computation.

3 Global convergence

Lemma 3.2. Assume that (H1) and (H2) hold, then
1
9x(0) — gi(di(e) = Zerligill”/ L. (22)

Proof. Set di(a) = —yg; such that ||di ()| = allgell/Lk, then dy(e) is a
feasible solution to (15). By noting o« € (0, 1] and d;(«) being an optimal
solution to (15), we have

qi(0) — g (di(@))

_ 1 _
= —gldi(a) — ELkndk(a)nz

qr(0) — qi(dr(a))

v

1
= allegll?/Li — Eazngknz/Lk

v

o L.
2 8k k

Theorem 3.1. Assume that (H1) and (H2) hold. Algorithm (A) generates an

infinite sequence {x;}. Then
lim [\l = 0. (23)
k—o00

Proof. It is easy to obtain from (H1), (H2) and Lemmas 2.1, 2.2 and 3.1, that

Je = SO+ di(e) 1‘
qi(0) — qi(di(a))

S — f O + di(@) — qi(0) + gr (dr (@)
qi(0) — qi(di(a)

Comp. Appl. Math., Vol. 27, N. 1, 2008



ZHEN-JUN SHI and JINHUA GUO 99

s LI @)l + 5 Lelldi(e)])?

= 1
sallgill?/ Ly
- 2max (L, My)||dy(c)|?
- allgrll?/ L
- 2max(L, My«
< I
| 2mamy
< Lo

— 0(x — 0).

1 —w)L — d
This shows that if o < ﬂ then we have Ji = J o+ di(@) > W
2max(L, My) 9k (0) — qi(di ()

Therefore, there exists ny > 0 such that oy > ny. By Lemma 3.2 and the

procedure of Algorithm (A), we have

Je — [k + di (o))

v

wlgr(0) — qi(di ()]

1
> Eﬂa“gkuz/Lk

1
= Sumollgell®/ max(L, Mo).
By (H1) and the above inequality, we assert that { f;} is a monotone decreasing

number sequence and has a lower bound. Therefore, { 1} has a limit and thus,

1 — .
S0/ max(L, Mo) ) llgell> < fo = lim fi < +o0,
—o k—o00
which implies that (23) holds. ]

4 Linear convergence rate

We further assume that

(H3) The sequence {x;} generated by Algorithm (A) converges to x*, V2 f(x*)
is a positive definite matrix and f(x) is twice continuously differentiable

on N(x*, €9) = {x| lx — x|l < €o}.

Comp. Appl. Math., Vol. 27, N. 1, 2008



100 A NEW ALGORITHM OF NONLINEAR CONJUGATE GRADIENT METHOD

Lemma 4.1. Assume that (H3) holds. Then there exist m’, M’ and € with

0 <m' <M and e < €y such that

m'|lylI> < TV )y < MIyI2 Vx.y e NG*,e):; (24)

%m’nx —x*P < f0) = f@F) < %M’nx — X%, Vx e NG*, e (25)

Mx—yI* = gx) —goN x—p) =m'|lx —y|%  Vx.y e Nx* e); (26)
and thus

Mx —x** = g (x —x*) = m/|lx —x*|>,  V¥x e N(x*,e). (27)

By (27) and (26) we can also obtain, from Cauchy-Schwartz inequality, that
M'||lx —x*|| > llgto)ll = m'llx —x*[l,  Vx € N(x*,€), (28)

and
lgx) —gWIl < M'|lx —yll, Vx,y e N(x* e). (29)

Its proof can be seen from the literature (e.g. [11]).
Lemma 4.2. Assume that (H3) holds and Algorithm (A) generates an infinite

sequence {x;}. Then

o = i\r}kf{ak} > 0.

Proof. Without loss of generality, suppose that xo € N(x*, €). By Lemma 4.1
it follows that (H1) and (H2) hold. By the proof of Theorem 3.1, as long as

(I —w)Lo
~ 2max(L, M)’
we have
Je = S+ pr(@) . _ 2max(L, MO)a
qx(0) — g (ye(a)) - Ly '
Therefore,

S = f O+ pe(@)
9x(0) — qx (Vi (@))
which shows that there exists 7,:

9

1—wL
2max(L, M)
such that «; > ny. The proof is finished. O
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Theorem 4.1.  If the conditions of Lemma 4.2 hold, then {x;} converges to x*
at least R-linearly.

Proof. By the proof of Theorem 3.1 and Lemma 4.2, and noting Lemmas 2.2
and 4.1, we have

2482
fi = firer = plge(0) — qi(po)] > mugkn2
¢ 2 _ 2 o n 2
> max(L. My) llgxll nlgell” = nm™|lx — x7||
2nm/2 .
2 7 Se =15,
where
= 1o
2max(L, My)’
By setting

2
0= m’,/—n,
M/

we can prove that & < 1. In fact, since m’ < L < max(L, M) and ny < 1, by
the definition of 1, we obtain
2m"n 2m" puno

6% = < <u<l.
M~ 2max(L, MM’ —

By setting
w=y1-62,
(obviously w < 1), we obtain that
firi—fF < (1= (fi — ")
= o (fi—f)=...
< wz(k_k/)(fk’ﬂ - /).

By Lemma 4.1 we have

2
e —x*I17 < = (firr — /%)
m
/ 2 / _ *
< a)z(k’k) (fk+1 f)’
m'
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and thus,
o 2(fies1 = ) 2(fr+1 — )
k—k Ji+1 . k K+l

[xk41 =2 < @ o ie, [x—x"| <w T @D
We finally have

lim [jx; — x*|V* <w < 1,

k—o00
which shows that {x;} converges to x* at least R-linearly. [l

5 Numerical results

We choose the following numerical examples from [2, 9, 14] to test the new
conjugate gradient method.

Problem 1. Penalty function I (problem (23) in [14])
n n 1 2
f@) ; (v = D* + [(;x) 4] [xoli = i

Problem 2. Variable dimensioned function (problem (25) in [14])

n

n n 2 4
f&x) = Z(x[—1)2+[2i(x,»—l)} +|:Zi(x,-—l)} :
i=1 1

i= i=1

[xoli =1—i/n.

Problem 3. Trigonometric function (problem (26) in [14])

n

n 2
fx) = > |:n =) cos(x;) +i(l = cos(x))) — sin(xl-)i| :

i=1 j=1

[xoli = 1/n.

Problem 4. A penalty function (problem (18) in [2])

n n 2 n 2
fx) = 1+in+103(1—21/xi> —1—103(1—21'/)@) ,

i=1 i=1 i=1

[xoli = 1.
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Problem 5. Extended Rosenbrock function (problem (21) in [14])

n

S = 1000y —x2 1)+ —=x2-1)°],  [xohio1 = —1.2, [xolos = 1.

i=1

Problem 6. Penalty function II (modification of problem (24) in [14])

n . . 2
fx) = (x1 — 0.2)2 +107° 1222 [exp (%) + exp (er;l) - yi}
2n—1 . -1 2 n 2
+1075 ) [exP (%ﬁl) — exp <7>] + (|:Z(n —i+ 1)x,.2} - 1) ,
i=n+1 i=1
i i— n
Vi = exp (—) + exp (—) [x0l; =05, m = —.
m 10

Problem 7. Brown almost linear function (problem (27) in [14])

n—1

n 2 n 2
fx) = Z[x,-+2—(n+1)} +[(]_[> —1} . [x0i =0.5.
j=1

i=1 i=1

Problem 8. Linear function-rank 1 (problem (33) in [14], with modified initial

values)

m

n 2
f&x) = Z[i(Zm) - 1] m=n),  Ixl=1/i.
j=1

i=1

In the numerical experiment, we set the parameters © = 0.013, p = 0.5,
Lo = 0.00001 and M, = 10°°. We use Matlab 6.1 to program the procedure

and stop criterion is
gkl < 107% gl

The numerical results are summarized in Table 1. Strong Wolfe line search is
used in the traditional conjugate gradient methods such as FR, PRP, CD, DY,
HS and LS.

Strong Wollfe line serach. o is defined by

fOx +ady) — fi < pagldy, (30)
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T n NM PRP HS FR CD DY LS

1 10 | 29/63 | 37/78 | 17/58 | 37/78 | 37/78 | 37/78 | 37/78
5000 | 29/55 | 37/75 | 40/78 | 37/75 | 37/75 | 37/75 | 37/75

) 10 | 33/72 | fail fail | 37/128 | 37/128 | 37/128 | fail
5000 | 28/64 | fail fail | 37/121 | 37/121 | 37/121 fail

3 1000 | 19/38 | 23/42 | 35/74 | 19/40 | 29/50 | 25/46 | 24/45
500 | 24/40 | 29/49 | fail 30/49 | 36/56 | 27/46 | 31/51

4 10% | 32/76 | 39/96 | fail 38/80 | 38/80 | 38/80 fail
5000 | 23/55 | 40/85 | 37/76 | 41/83 39/79 | 40/80 fail

5 104 | 28/52 | fail | 36/87 | 37/69 | 32/58 | 33/62 | 35/72
5000 | 21/48 | fail | 27/67 | 32/72 | 30/69 | 26/57 | 27/71

6 10% | 25/53 | 29/66 | 28/61 | 28/53 | 26/64 | 28/53 | 22/78
5000 | 18/45 | 26/74 | 27/72 | 24/69 | 29/68 | 27/83 | 22/72

7 10* | 26/51 fail fail 28/60 | 28/72 | 28/72 fail
5000 | 21/51 fail fail 25/63 fail 24/58 fail

g 10% | 28/69 | 35/76 | fail 34/72 | 33/73 32/69 fail
5000 | 18/48 | 26/57 | 27/67 | 23/62 | 29/35 | 28/72 | 27/46

CPU — 178s — - 336s >275s | 234s -
Table 1 — Number of iterations and functional evaluations.
and
g+ ady) di| < —ogj dy, (1)
in which

uw = 025 and o = 0.75.

In Table 1, a pair of numbers denote the number of iterations and functional
evaluations. The symbol “fail” means that the corresponding conjugate gradient
method fails in solving the problem. “CPU” denotes the total CPU time of the
corresponding algorithm for solving all the problems. It can be seen from Table 1
that the new nonlinear conjugate gradient method (NM) is effective in practical
computation and superior (total CPU time (seconds)) to other similar methods
in many situations. Moreover, PRP, HS and LS may fail to converge in solving
some problems, while NM always converges in a stable manner when solving
the mentioned problems. The new method has the strong convergence property
and is more stable than FR, CD and DY conjugate gradient methods.
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Numerical results also show that the proposed new method has the best nu-
merical performance in practical computation. Meanwhile, the Lischitz constant
estimation of the derivative of objective functions plays an important role in the
new method.

6 Conclusion

In this paper, we presented a new nonlinear conjugate gradient method with
strong convergence for unconstrained minimization problems. The new method
can generate an adequate trust region radius automatically at each iteration and
have global convergence and linear convergence rate under some mild conditions.
Numerical results showed that the new conjugate gradient method is effective in
practical computation and superior to other similar conjugate gradient methods
in many situations.
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