Volume 27, N. 2, pp. 151-173, 2008

SR
&APPL]ED opyright -© 2008 SBMAC
w ISSN 0101-8205

www.scielo.br/cam

Residual iterative schemes for large-scale
nonsymmetric positive definite linear systems

WILLIAM LA CRUZ™* and MARCOS RAYDAN?**

leto. de Electronica, Computacion y Control, Escuela de Ingenieria Eléctrica
Facultad de Ingenieria, Universidad Central de Venezuela
Caracas 1051-DF, Venezuela
2Dpto. de Computacion, Facultad de Ciencias, Universidad Central de Venezuela
Ap. 47002, Caracas 1041-A, Venezuela

E-mails: william.lacruz@ucv.ve / mraydan@kuaimare.ciens.ucv.ve

Abstract. A new iterative scheme that uses the residual vector as search direction is proposed
and analyzed for solving large-scale nonsymmetric linear systems, whose matrix has a positive
(or negative) definite symmetric part. It is closely related to Richardson’s method, although the
stepsize and some other new features are inspired by the success of recently proposed residual
methods for nonlinear systems. Numerical experiments are included to show that, without precon-
ditioning, the proposed scheme outperforms some recently proposed variations on Richardson’s
method, and competes with well-known and well-established Krylov subspace methods: GMRES
and BiICGSTAB. Our computational experiments also show that, in the presence of suitable precon-
ditioning strategies, residual iterative methods can be competitive, and sometimes advantageous,

when compared with Krylov subspace methods.
Mathematical subject classification: 65F10, 65F25, 499M07.

Key words: linear systems, Richardson’s method, Krylov subspace methods, spectral gradient
method.

#722/07. Received: 08/V/07. Accepted: 28/X1/07.

*This author was supported by CDCH project PI-08-14-5463-2004 and Fonacit UCV-
PROJECT 97-003769.

**This author was supported by the Graduate Program in Computer Science at UCV and
Fonacit UCV-PROJECT 97-003769.



152 NONSYMMETRIC POSITIVE DEFINITE LINEAR SYSTEMS

1 Introduction

We are interested in solving linear systems of equations,
Ax = b, €))

where 4 € R"™" is not symmetric, (4 + A7) is positive (or negative) definite,
b € R”, and n is large. This kind of linear systems arise in many areas of
scientific computing. For example, when discretizing the two point boundary
value problems or the partial differential equations that frequently appear in oil-
reservoir engineering, in weather forecasting, or in electronic device modelling
among others, linear systems like (1) need to be solved (see, e.g., [1, 16]).

The well-known Richardson’s method (also known as Chebyshev method) and
its variations are characterized by using the residual vector, r(x) = b — Ax, as
search direction to solve linear systems iteratively (see, e.g., [7, 11, 12, 24, 26]).
In general, these variations of Richardson’s method have not been considered
to be competitive with Krylov subspace methods, which represent nowadays
the best-known options for solving (1), specially when combined with suitable
preconditioning strategies. For a review on Richardson’s method and variations
see [8, 29, 30].

Nevertheless, from a different perspective, solving linear systems of equations
can be seen as a particular (although very special) case of solving nonlinear
systems of equations. For nonlinear systems, some new iterative schemes have
recently been presented that use in a systematic way the residual vectors as search
directions [19, 20]. These low-memory ideas become effective, and competitive
with Newton-Krylov ([3, 9, 10, 18]) schemes for large-scale nonlinear systems,
when the step lengths are chosen in a suitable way.

In this work we combine and adapt, for linear systems, the ideas introduced in
[19, 20] for the nonlinear case. To be precise, we present in Section 2 a scheme
that takes advantage of the method presented in [19] for choosing the direction,
plus or minus the residual, depending on the sign of a Rayleigh quotient closely
related to the step length. Italso takes advantage of the new globalization strategy
proposed and analyzed in [20] that allows the norm of the residual to decrease
non monotonically and still guarantees convergence.

It is worth noticing that since our proposal uses plus or minus the residual
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as search direction, then it can be viewed as a new variant of the well-known
Richardson’s method. However, there are significant new features. The most
important is the use of the spectral steplength choice, also known as the Barzilai-
Borwein choice, ([2, 13, 17, 22]) that has proved to yield fast local convergence
for the solution of nonlinear optimization problems ([4, 5, 6, 15, 23]). However,
this special choice of step size cannot guarantee global convergence by itself, as it
usually happens with other variations (see, e.g., [7, 11, 12, 24, 26]). For that, we
combine its use with a tolerant globalization strategy, that represents the second
new feature. In section 3 we present a preliminary numerical experimentation to
compare the proposed scheme with some variations on Richardson’s method, and
also with well-known and well-established Krylov subspace methods: GMRES
and BiCGSTAB, with and without preconditioning. In section 4 we present some
concluding remarks.

2 General algorithm and convergence

We now present our general algorithm for solving the minimization problem
min f(x) = [lg()|?,
xeR”

where
g(x) = 4x — b, )

and || - || denotes, throughout this work, the Euclidian norm. The new algorithm
generates the iterates using plus or minus the residual vector as search direc-
tion, and a spectral steplength closely related to the Barzilai-Borwein choice of
steplength [2], as follows

X1 = X+ sgn(Be) (1/ Br—1)r,

where B = (rjAry)/(riry), and ry = b — Axx = —g(x;) is the residual vec-
tor at x;. The use of the this steplength is inspired by the success obtained
recently for solving nonlinear systems of equations [19, 20]. Properties of the
spectral step length, ax1 = (rfry)/(riAry), for the minimization of convex
quadratic functions were established in [22], and further analyzed in [13]. For a
review containing the more recent advances on spectral choices of the steplength,
see [17].
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154 NONSYMMETRIC POSITIVE DEFINITE LINEAR SYSTEMS

To guarantee convergence, from any initial guess xo and any positive initial
steplength 1/, the nonmonotone line search condition

F(rp) < L) +me — yALlg(oll?, 3)

needs to be enforced at every k, fora0 < A; < 1. Obtaining A, viaa backtracking
process to force (3) represents a globalization strategy that is inspired by the
proposition presented in [20], and requires some given parameters: {n;}, y, and
Omin < Omax- Let us assume that {r;} is a given sequence such that n; > 0 for
all £ € N (the set of natural numbers) and

> ne=n < oo. )
k=0

Let us also assume that y € (0, 1) and 0 < oppjn < Opax < 1.

Algorithm 2.1. Residual Algorithm 1 (RAI)

Given: xg € R", a9 > 0,y € (0,1), 0 < Omin < Omax < 1, {Ni}ren such
that (4) holds. Setrqg = b — Axg, and k = O;

Step 1. Ifr, = 0, stop the process (successfully);

Step 2. Set i = (rpAry)/(rire);

Step 3. If B, = 0, stop the process (unsuccessfully);

Step 4. (Backtracking process) Set A < 1;

Step 5. If || — sgn(Be) (/) Arell* < llrell” + mx — ¥ A [lre]|* go to Step 7;

Step 6. Choose 0 € [0min, Omax], S€t A <— o A, and go to Step 5;

Step 7. Set Ay = A, xp1 = xp +sgn(Br) (A /ap)ry, and rpy = rp — sgn(Br) (A/
o) Ary;

Step 8. Set oy 1 = |Bl, kK = k+ 1 and go to Step 1.

Remark2.1. Inpractice, the parameters associated with the line search strategy
are chosen to reduce the number of backtrackings as much as possible while
keeping the convergence properties of the method. For example, the parameter
y > 0 is chosen as a very small number (y & 1.D — 4), and n is chosen as a
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large number when & = 0 and then it is reduced as slow as possible making sure
that (4) holds (e.g., ny = 10*(1 — 107%)%). Finally oy < Opmax are chosen as
classical safeguard parameters in the line search process (e.g., omin = 0.1 and
Omax = 0.5).

Remark 2.2. Forall £ € N, the following properties can be easily established:
(1) gCrrs1) = g(xr) — sgn(Br) (Are/ax) Ag(xi).

(ii) di = sgn(B)(1/a)ri = — sgn(Be) (1/ ) g (xk).

(iti) f (v + Ady) = lIrx — sgn(B) (A /o) Arg||.

(iv) llrx — (A /o) sgn(Bo) Arell> < Il + mx — y 22 Il

In order to present some convergence analysis for Algorithm 2.1, we first need
some technical results.

Proposition 2.1. Let {x;}ren be the sequence generated by Algorithm 2.1.
Then, dy. is a descent direction for the function f, for all k € N.

Proof. Since V f(x) = 24'g(x), then we can write

Vfa'de = 2(g0x) A)(—sgn(Br)(1/a)g(xx))
= —2(g(xx) Ag(xx)) sgn(Br) (1 /o)
= —2(Bi(g(xp) g(xi))) sgn(Br)(1/ax)
= =2(|Bl/ap)llgx)|I> < 0, fork € N.

This completes the proof. O

By Proposition 2.1 it is clear that Algorithm 2.1 can be viewed as an iterative
process for finding stationary points of f. In that sense, the convergence analysis
for Algorithm 2.1 consists in proving that the sequence of iterates {x;}cn is such
that lim;_, . V f(xz) = 0.

First we need to establish that Algorithm 2.1 is well defined.

Proposition 2.2. Algorithm 2.1 is well defined.
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156 NONSYMMETRIC POSITIVE DEFINITE LINEAR SYSTEMS

Proof. Since n; > 0, then by the continuity of f(x), the condition
fO+rd) < f () + e — v A2 g 1%,
is equivalent to
Ik — (/o) sgn(Be) Arell* < rell® + me — y A2 Ml
that holds for A > 0 sufficiently small. (Il

Our next result guarantees that the whole sequence of iterates generated by

Algorithm 2.1 is contained in a subset of R”.

Proposition 2.3. The sequence {x;}reN generated by Algorithm 2.1 is con-

tained in the set

Pp={xeR":0=< f(x) < f(xo) +1n}. (5)

Proof. Clearly f(x;) > 0 for £ € N. Hence, it suffices to prove that f(x;) <
f(x0) + n for k € N. For that we first prove by induction that
k-1

S < fxo) + D i (6)
i=0
Equation (6) holds for £ = 1. Indeed, since A; satisfies (3) then

S (x1) = f(xo0) + no.

Let us suppose that (6) holds for £ — 1 where k > 2. We will show that (6) holds
for k. Using (3) and (6) we obtain

k-2 k=1
S o) < fx—1) + -1 = f(x0) + Zﬂi + M1 = f(xo0) + Z’?i,
i=0 i=0

which proves that (6) holds for £ > 2. Finally, using (4) and (6) it follows that,
fork > 0:

k
SGr) < fxo)+ Y mi < f(xo) + 1,
i=0
and the result is established. (Il
For our convergence results, we need the following two technical propositions.
The next one is presented and established in [14] as Lemma 3.3. We include it
here for the sake of completeness.
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Proposition 2.4. Let {a;}ren and {bi}ren be sequences of positive numbers
satisfying

a1 = (1+bag +bg and Y by < oo.
k=0

Then, {ai}ren converges.

Proposition 2.5. If {x;}ien is the sequence generated by Algorithm 2.1, then

o0
D "l — xill* < oo, (7
k=0
and
lim Allg(xp)ll = 0. )
k—o00

Proof. Using Proposition 2.3 and the fact that &, is clearly bounded,
{llg(xi) I} xen 1s also bounded. Since ||xx11 — xxll = Akllg(xr)|l, then using
(3) we have that

1
e — xell2 = 221G 1P < % (/0 = f0ki)). )

Since 1, satisfies (4), adding in both sides of (9) it follows that

o0

2
D lkgr — xl
k=0

A

| — | —
=Y m+ =D (SO0 = f(rn)
gy gy

n+ f(xo)
427 s
14

’

which implies that

lim [[xz11 — x|l =0,
k— o0

and so
lim Axllg(xp)ll = 0.
k—o00

Hence, the proof is complete. (Il

Proposition 2.6. [f {x;}rcN is the sequence generated by Algorithm 2.1, then
the sequence {||g(xi) ||} ren converges.
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Proof. Since f(x;) > 0 and (1 + ;) > 1, for all £ € N, then using (3) we
have that
SGorr) < ) +me < (4 f () + mie

Setting a; = f(x;) and by = ny, then it can also be written as
apy1 < (1 + bp)ag + by,

and ) 2, by < n < oo. Therefore, by Proposition 2.4, the sequence {ay}ien
converges, i.e., the sequence {f(x;)}reny converges. Finally, since f(x) =
lg(x) ||, then the sequence {||g(xx) | }xeny converges. O

We now present the main convergence result of this section. Theorem 2.1
shows that either the process terminates at a solution or it produces a sequence

{ri}tken for which limy_ o rf Ary = 0.

Theorem 2.1. Algorithm 2.1 terminates at a finite iteration i where r; = 0, or

it generates a sequence {ry}ren such that
lim r; Ary = 0.
k— 00

Proof. Letus assume that Algorithm 2.1 does not terminate at a finite iteration.
By continuity, it suffices to show that any accumulation point x of the sequence
{xi}ren satisfies g(x)' Ag(x) = 0. Let x be a accumulation point of {x;}ien.
Then, there exists an infinite set of indices R C N such that limy_, o ker X = X.

From Proposition 2.5 we have that

Jim 20 = 0

that holds if
lim |[g(xp)| =0, (10)
k—o00
or if
liminf A, = 0. (11)
k—o00

If (10) holds, the result follows immediately.
Let us assume that (11) holds. Then, there exists an infinite set of indices
K =1{k\, ky, k3, ...} € N such that

lim )‘kj = 0.

Jj—>00
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If RN K = @, then by Proposition 2.5

im g (el = 0.

Therefore, the thesis of the theorem is established.

Without loss of generality, we can assume that K € R. By the way Ay, is
chosen in Algorithm 2.1, there exists an index j sufficiently large such that for
all j > j_ , there exists Pk; (0 < Omin < pr; < Omax) for which A = Mk, / Pk; does
not satisfy condition (3), i.e.,

)ka )“i/ 2
flxwe +—dy | > fOr) 4+ — v llgG)ll
Pk; P

J kj
kij 2
> fOx) —v— gl
kj

Hence,

S (xkj + %dkj) — /(x;)

Ak

M 25 M 2
. > —y—llga )" = =y —llglxx) "
k; / Pk Pk; Omin
By the Mean Value Theorem it follows that
t Ak./' 2 . I
V(¥ + tigdi) di; > =y ——llgCa)I?, for j = j, (12)
min

where t, € 10, Ak, /px;] tends to zero when j — oo. By continuity and the

definitions of 8; and d, we obtain

N
lim d;, = — sgn (g(x)—g(x)) (1/@)g(®). (13)
jmoo g(x)'g(x)

where @ = limy_ o0 rcx 0. We can assume that @ > 0. If @ = 0, then

by the definition of the oy, the thesis of the theorem is established. Setting
d = lim j>o0 dkj and noticing that (x; : —i—tkjdkj) — X when j — o0, then taking
limits in (12) we have that
Vf(x)'d > 0. (14)
Since V f(x)'d = 2g(x)' Ad, @ > 0,and V f(x)'d < 0, then by (13) and (14)
we obtain
g(¥) 4g(x) = 0.

This completes the proof. ]
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Theorem 2.1 guarantees that Algorithm 2.1 converges to a solution of (1)
whenever the Rayleigh quotient of 4,

x'Ax

c(x) = ——, x #0, (15)
xtx
satisfies that |c(r;)| > 0, for £ > 1. If the matrix A is indefinite, then it could
happen that Algorithm 2.1 generates a sequence {ry}ien that converges to the
residual 7 such that 7' A7 = 0 and 7 # 0.

In our next result, we show the convergence of the algorithm when the sym-
metric part of 4, A, = (A" + A)/2, is positive definite, that appears in many
different applications. Of course, similar properties will hold when 4, is negative
definite.

Theorem 2.2. If the matrix A, is positive definite, then Algorithm 2.1 termi-
nates at a finite iteration i where r; = 0, or it generates a sequence {ry}ren such
that

lim ry = 0.
k—o00

Proof. Since 4, is positive definite, [ Ary = rf Agry > 0,7 # 0, forallk € N.
Then, by the Theorem 2.1 the Algorithm 2.1 terminates at a finite iteration i

where 7; = 0, or it generates a sequence {ry}ren such that limg_, o7, = 0. [

To be precise, the next proposition shows that if A4 is positive definite, then in
Algorithm 2.1 it holds that 8; > 0 and d; = (1/a)ry, for all k € N.

Proposition 2.7. Let the matrix A, be positive definite, and let i and otmax be
the smallest and the largest eigenvalues of A, respectively. Then the sequences
{Brlren and {di}ren, generated by Algorithm 2.1 satisfy that di = (1/ap)ry,
fork e N.

Proof. It is well-known that the Rayleigh quotient of 4 satisfies, for any x # 0,
0 < omin < e(X) < Oax- (16)
By the definition of 8; we have that
Br = c(ry) > omin > 0, for £ > 0.

Comp. Appl. Math., Vol. 27, N. 2, 2008



WILLIAM LA CRUZ and MARCOS RAYDAN 161

Moreover, since B; > 0 for £ > 0, then
dr = sgn(B) (1 /ap)ry = (1/a)ry, for k> 0. O

Proposition 2.7 guarantees that the choice dy = (1/ax)r; is a descent di-
rection, when A is positive definite. This yields a simplified version of the
algorithm for solving linear systems when the matrix has positive (or negative)
definite symmetric part. This simplified version of the algorithm will be re-
ferred, throughout the rest of this document, as the Residual Algorithm 2 (RA42),
for which By = ayq1 = (r[ Ary)/(riry) and sgn(B;) = 1 for all &.

Remark 2.3.
(i) Algorithm RA2 is well defined.
(i1) The sequence {x;}ren generated by Algorithm RA2 is contained in .
(1ii1) Since oy = c(ry) and c(x) satisfies (16), then
0 < dmin < ap < Apax, for k> 1. (17)

Moreover,

0 < (A\i/ag) < Omaxi, for k > 1.

min?

(iv) Since Algorithm RA2 is a simplified version of Algorithm 2.1 when A; is
positive definite, then its convergence is established by Theorem 2.2.

3 Numerical experiments

We report on some numerical experiments that illustrate the performance of
algorithm RA2, presented and analyzed previously, for solving nonsymmetric
and positive (or negative) definite linear systems. In all experiments, computing
was done on a Pentium IV at 3.0 GHz with MATLAB 6.0, and we stop the

iterations when
7l

el 18
bl = ° (18)

where 0 < ¢ <« 1.
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As we mentioned in the introduction, our proposal can be viewed as a new
variant of the well-known Richardson’s method, with some new features. First,
we will compare the behavior of algorithm RA42 with two different variations of
Richardson’s method, whose general iterative step from a given x; is given by

Xk+1 = Xk + )‘krk»
where the residual vectors can be obtained recursively as
Tkl =Tk — )\Al’k.

Itis well-known that if we choose the steplengths as the inverse of the eigenvalues
of 4 (i.e., Ay = Ai_l for 1 <i < n), then in exact arithmetic the process termi-
nates at the solution in at most » iterations (see [8] and references therein).
Due to roundoff errors, in practice, this process is repeated cyclically (i.e.,
A= A7

. mod n forall k > n). In our results, this cyclic scheme will be re-

ported as the ideal Richardson’s method.

A recent variation on Richardson’s method that has optimal properties con-
cerning the norm of the residual, is discussed by Brezinski [7] and chooses the
steplength as follows:

I"kka

e = (19)

w kT Wy ’
where wy = Ary. This option will be referred in our results as the Optimal
Richardson’s Method (ORM).

For our first experiment, we set n = 100, b = rand(n, 1), ¢ = 107!, and
the matrix

A = —Gallery (lesp’, n).

The results for this experiment are shown in Figure 1. We observe that the ideal
Richardson’s method is numerically unstable and requires several cycles to ter-
minate the process. The ORM has a monotone behavior and it is numerically
stable, but requires more iterations than the R42 algorithm to reach the same ac-
curacy. Itis also worth noticing the nonmonotone behavior of the R42 algorithm
that accounts for the fast convergence.

We now present a comparison on several problems with well-known Krylov
subspace methods. GMRES [25] and BiICGSTAB [28] are among the best-known
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10 T T

““““ Ideal Richardson’s method
‘‘‘‘‘ Optimal Richardson’s method
——RA2

0 100 200 300 400 500 600 700 800
Iterations

Figure 1 — Behavior of the ideal and the optimal Richadson’s method when compared
with the RA2 algorithm for 4 = —Gallery ('lesp’, 100).

Krylov iterative methods for solving large-scale non symmetric linear systems
(see, e.g., [27, 29]). Therefore, we compare the performance of algorithm RA2
with these two methods, and also with ORM, without preconditioning and also
taking advantage of two classical preconditioning strategies of general use: In-
complete LU (ILU) and SSOR. For the preconditioned version of ORM [7], the
search direction is given by z; = Cry, where C is the preconditioning matrix;
and the steplength is given by (19) where now w; = Az;. In the preconditioned
version of RA2 the residual is redefined as r, = C(b — Ax;,) forall k£ > 0, where
once again C is the preconditioning matrix.

In all the experiments described here we use the Householder MATLAB im-
plementation of GMRES, based on [27, Alg. 6.11, page 172], with the restart
parameters m = 20 (GMRES(20)) and m = 40 (GMRES(40)), and the MAT-
LAB implementation of BICGSTAB, based on [27, Alg. 7.7, page 234]. For
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164 NONSYMMETRIC POSITIVE DEFINITE LINEAR SYSTEMS

all considered methods we use the vector xo = 0 as the initial guess. For algo-
rithm RA2 we use the following parameters: og = ||b]|, y = 1074, oppin = 0.1,
Omax = 0.5, and n; = 10* (1 — 10_6)k. For choosing a new A at Step 4, we use
the following procedure, described in [20]: given the current A. > 0, we set the

new A > 0 as
Ominhc, 1A, < Ominhes

A= Umax)\ca 1f)\t > O—max)“c;
At otherwise;
where 5
Az f (x)
Ag

= TG+ red) + Qi — D fGp)

In the following tables, the process is stopped when (18) is attained, but it
can also be stopped prematurely for different reasons. We report the different
possible failures observed with different symbols as follows:

* 1 The method reaches the maximum (20000) number of iterations.
** : The method stagnates (three consecutive iterates are exactly the same).

**% . Overflow is observed while computing one of the internal scalars.

For our second experiment we consider a set of 10 test matrices, described
in Table 1, and we set the right hand side vector b = (1, 1,...,1)" € R". In
Table 1 we report the problem number (M), a brief description of the matrix, and
the MATLAB commands to generate it.

We summarize on Table 2 the behavior of GMRES(20), GMRES(40),
BICGSTAB, ORM, and RA2 without preconditioning. We have chosen ¢ =
10719 in (18) for stopping the iterations. We report the matrix number (M) from
Table 1, the dimension of the problem (7); the number of iterations (Iter); and
the CPU time in seconds until convergence (T). GMRES(m) requires per iter-
ation one matrix-by-vector multiplication, solving one preconditioned system,
and computing 2(Iter mod m) inner products. BICGSTAB requires per iteration
two matrix-by-vector multiplications, solving one preconditioned system, and
computing 4 inner products. Finally, ORM and RA2 require per iteration one
matrix-by-vector multiplication, solving one preconditioned system, and com-
puting 2 inner products.

Comp. Appl. Math., Vol. 27, N. 2, 2008
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’ M ‘ Description

MATLAB Commands

1 | Sparseadjacency matrix from NASA | MATLAB demo: airfoil
airfoil.
2 | Singular Toeplitz lower Hessenberg | A=gallery(’chow’,n,1,1)
matrix
3 | Circulant matrix A=gallery(’circul’,v), where v € R”
is such that
1076, i=1,
1, i=n/2,
vi = -1, i = n,/
0, otherwise.
4 | Diagonally dominant, ill condi- | A=gallery(’dorr’,n,1)
tioned, tridiagonal matrix
5 | Perturbed Jordan block A=gallery(’forsythe’,n,-1,2)
6 | Matrix whose eigenvalues lie on a | A=gallery(’hanowa’,n,n)
vertical line in the complex plane
7 | Jordan block A=gallery(’jordbloc’,n,2)
8 | Tridiagonal matrix with real sensi- | A =-gallery(’lesp’,n)
tive eigenvalues
9 | Pentadiagonal Toeplitz matrix A=gallery(’toeppen’,n,1,10,n,-10,-1)
10 | Upper triangular matrix discussed by | A=gallery(’triw’,n,-0.5,2)
Wilkinson and others

Table 1 — First set of test matrices.

In Tables 3 and 4 we report the results for the matrices 4, 5, 6, 7, 8 and 9, when

we use the following two preconditioning strategies.

(A) Incomplete LU factorization with drop tolerance

(B) The SSOR preconditioning strategy

The preconditioning matrix is obtained, in MATLAB, with the command

[L, U] =luinc(4,0.5).

The preconditioning matrix is given by

(D — wE)D™ (D — wF),
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166 NONSYMMETRIC POSITIVE DEFINITE LINEAR SYSTEMS

where —F is the strict lower triangular part of 4, —F is the strict upper
triangular part of 4, and D is the diagonal part of 4. We take w = 1.

In this case, we set & = 5 x 10713 in (18) for stopping the iterations. In Figure 2
we show the behavior of all considered methods when using preconditioning
strategy (A) for problems 5, 7 and 8; and in Figure 3 for problems 4, 5, 7 and 8
when using preconditioning strategy (B).

GMRES(20) GMRES(40) BICGSTAB RA2 ORM
M n Iter T Iter T Iter T Iter T Iter T
1 | 4253 60 0.406 60 0.425 *x *x 64 0.047 75 0.094
2 | 1000 229 3.047 229 3.100 423 9.266 538 5.594 | 1044 20.703
3 | 5000 * * * * 1 0.00 2 0.00 1 0.00
4 500 | 20674 32375 | 20674 32.594 549 0.188 | 19449 4.969 * *
5 | 5000 28 0313 28 0.334 77 0.141 29 0.016 28 0.015
6 | 5000 17 0.188 17 0.189 21 0.047 31 0.021 27 0.016
7 | 5000 27 0.297 27 0.288 62 0.125 28 0.047 27 0.047
8 | 5000 2562 22.203 2562  21.266 | 4740 13.688 | 10943 10.297 * *
9 | 5000 4 0.031 4 0.031 4 0.031 4 0.031 4 0.031
10 | 5000 3067  26.172 3067 26.313 HHE HoHE 3408 3.203 | 3151 3.625

Table 2 — GMRES(20), GMRES(40), BICGSTAB, RA42, and ORM without precondi-

tioning.

GMRES(20) GMRES(40) BICGSTAB RA2 ORM
n | Iter T | Tter T | Tter T | Tter T | Iter T
50000 * * * * * * 3 0.088 2 0.094

500000 38 59.500 48  97.859 81  37.781 20 4.625 20 5.469
500000 1 0.715 1 0.715 1 0.715 2 0.547 1 0438
500000 37  57.500 38 84375 72 33.469 20 4.641 19  5.453
500000 21 34.359 21 35.438 46 22.969 10 2.516 11 3.391
500000 2 2.341 2 2.859 3 2.250 2 0719 20922

\OOO\]O\U!-bz

Table 3 — GMRES(20), GMRES(40), BICGSTAB, R42, and ORM with precondition-
ing (A).

For our third experiment we explore the effect, on the convergence behavior
of RA2, produced by clustering the eigenvalues. For that we consider the right
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GMRES(20) GMRES(40) BICGSTAB RA2 ORM
M n | Iter T | Iter T | Iter T | Iter T | Iter T
4 50000 * * * * * * 3 0.078 2 0.078
5 | 500000 25  286.641 25 288.563 46 266.906 11  61.844 11 62328
6 | 500000 1 0.425 1 0.425 1 0.425 2 0.391 1 0.266
7 | 500000 21 36.641 21 37.828 26 16.469 11 4.703 10 4.828
8 | 500000 11 14.500 11 15.000 | 23 11.703 7 2.063 8 2.766
9 | 500000 2 2.391 2 2.953 3 2.859 2 1.922 2 2.063

Table 4 — GMRES(20), GMRES(40), BICGSTAB, RA42, and ORM with precondition-
ing (B).

Problem 5

Problem 7

20

40 60 80 20
Iterations

40
Iterations

- - ~GMRES(20)

20 30 40
Iterations

10

50

60 80

Figure 2 — Behavior of all methods when using preconditioning techniques (A).

hand side vector b = (1, 1, ..., 1)! and the matrix

aln —1
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Problem 4

Problem 5

4 6 8 10 0 10 20 30 40 50
Iterations Iterations
= = =GMRES(20) —+—BICGSTAB ——RA2 ——ORM "' GMRES(40)
Problem 7 B Problem 8

0 5 10 15 20 25 30 25
Iterations Iterations

Figure 3 — Behavior of all methods when using preconditioning techniques (B).

where 7 = 10000, a;; = 3+ (i — 1) (22222, fori = 1,...,n, and dmax > 3.
It is clear that the symmetric part of A4 is a diagonal matrix whose eigenvalues are
Wi = a;;,fori =1, ..., n. Weconsider the following three cases: (i) ¢max = 10,
(ii) ctmax = 1000, and (iii) ozmaxy = 10000. We have chosen ¢ = 10~ in (18) for
stopping the iterations.

Figure 4 shows the behavior of R42, with and without preconditioning, for
the system Ax = b and each one of the cases (i), (ii) and (iii). We clearly
observe that clustering the eigenvalues of the symmetric part drastically reduce
the number of required iterations. We can also observe that preconditioning (A)
was more effective on cases (ii) and (iii), since the eigenvalues in case (i) are
already clustered. A similar behavior is observed when the clustering effect is
applied to ORM.

For our last test problem, we consider the second order centered-differences
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RA2 without preconditioning

—0
- - - (ii)
(i) ||
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RA2 with preconditioning (A)

I I I I I I I I
3 14 15 16 17 18 19 20 21 22 23 24 25

| |
0o 1 2 3 4 5 6 7 8 9 10 11 12 1
Tterations

Figure 4 — Behavior of RA2 for solving Ax = b when clustering the eigenvalues for

each one of the cases (i), (ii) and (iii).

discretization of
—Vu + y(ux + yu,) + Bu = f, (20)

on the unit square, with homogeneous Dirichlet boundary conditions, u = 0,
on the border of the region. We set the parameters y = 7100 and 8 = 100
to guarantee that the symmetric part of the matrix is positive definite. The
discretization grid has 71 internal nodes per axis producing an # X n matrix
where n = 5041. The right hand side vector is chosen such that the solution
vectorisx = (1, 1..., 1)’. Once again we compare GMRES(20), GMRES(40),
BICGSTAB, ORM, and RA42 with the preconditioning strategies (A) and (B).

In Table 5 we report the results obtained with GMRES, BICGSTAB, ORM,
and RA2 for solving problem (20), when using the preconditioning strategies
described in (A) and (B). We set ¢ = 10~'3 in (18) for stopping the iterations.
In Figure 5 we show the behavior of all methods when using preconditioning
techniques (A) and (B) for solving (20).

We observe that, in general, R42 is a robust method for solving non symmetric
linear systems whose symmetric part is positive (negative) definite. Moreover, it
is competitive with the well-known GMRES and BICGSTAB in computational
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GMRES(20) | GMRES(40) | BICGSTAB RA2 ORM
Strategy | Iter T | Iter T | Iter T | Iter T | Iter T
(A) 400 3.297 | 481 5.094 | ** *x 14 0.031 14 0.031
B) 400 3.031 | 240 24.844 | ** wx 10 0.984 10 0.906

Table 5 — GMRES(20), GMRES(40), BICGSTAB, RA2, and ORM for solving (20).

“““““““““

0 50 100 150 200 250 300 350 400 450 500
Iterations
= = = GMRES(20) GMRES(40) ==+ BICGSTAB ——RA2 —— ORM
. (B)
10° T
,,,,,,,,, N

107" I I I I I I I

0 50 100 150 200 250 300 350 400

Iterations
Figure 5 — Behavior of all methods when using preconditioning techniques (A) and (B)

for solving (20).

cost and CPU time, without preconditioning. We also observe that R42 and
ORM outperform GMRES and BICGSTAB when preconditioning strategies that
reduce the number of cluster of eigenvalues are incorporated.

4 Conclusions

We present a residual algorithm RA2 for solving large-scale nonsymmetric linear
systems when the symmetric part of the coefficient matrix is positive (or negative)
definite. Due to its simplicity for building the search direction, the method is very
easy to implement, memory requirements are minimal and, so, its use for solving
large-scale problems is attractive. MATLAB codes written by the authors are

available upon request.
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We have compared the performance of the new residual method, as well
as the Optimal Richardson Method (ORM), with the restarted GMRES and
BICGSTAB, on some test problems, without preconditioning and also using
two classical preconditioning strategies (ILU and SSOR). Our preliminary nu-
merical results indicate that using the residual direction with a suitable step
length can be competitive for solving large-scale problems, and preferable when
the eigenvalues are clustered by a preconditioning strategy. Many new precondi-
tioning techniques have been recently developed (see e.g., [27, 29] and references
therein) that possess the clustering property when dealing with nonsymmetric
matrices. In general, any preconditioning strategy that reduces the number of
cluster of eigenvalues of the coefficient matrix (suitable for Krylov-subspace
methods) should accelerate the convergence of the residual schemes considered
in this work. In that sense, the R42 method can be viewed as an extension of the
preconditioned residual method, based on the Barzilai-Borwein choice of step
length, introduced in [21].

In order to explain the outstanding and perhaps unexpected good behavior of
RA2 and ORM when an effective preconditioner is applied, it is worth noticing
that if the preconditioning matrix C approaches 4~! then the steplength chosen
by RA2, as well as the one chosen by ORM, approaches 1. Consequently, both
preconditioned residual iterations tend to recover Newton’s method for finding
the root of the linear map C Ax — Ch = 0, which requires for C = A~! only one
iteration to terminate at the solution.

For nonsymmetric systems with an indefinite symmetric part, the proposed
general scheme R4 can not guarantee convergence to solutions of the linear
system, and usually convergence to points that satisfy lim_, o Ary = 0 but
such that limy_, o, 7 # 0, as predicted by Theorem 2.1, is observed in practice.
For this type of general linear systems, it would be interesting to analyze in the
near future the possible advantages of using ORM with suitable preconditioning
strategies.
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