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Abstract. In this paper we introduce a new approach to solve constrained nonlinear non-
smooth programming problems with any desirable accuracy even when the objective function is
a non-smooth one. In this approach for any given desirable accuracy, all the nonlinear functions
of original problem (in objective function and in constraints) are approximated by a piecewise
linear functions. We then represent an efficient algorithm to find the global solution of the later
problem. The obtained solution has desirable accuracy and the error is completely controllable.
One of the main advantages of our approach is that the approach can be extended to problems
with non-smooth structure by introducing a novel definition of Global Weak Differentiation in
the sense of L norm. Finally some numerical examples are given to show the efficiency of
the proposed approach to solve approximately constraints nonlinear non-smooth programming

problems.
Mathematical subject classification: 90C30, 49M37, 49M25.
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1 Introduction

Frequently practitioners need to solve global optimization problem in many fields
such as engineering design, molecular biology, neural network training and so-

cial science. So that the global optimization becomes a popular computational
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428 A GLOBAL LINEARIZATION APPROACH TO SOLVE NONLINEAR NONSMOOTH

task for researchers and practitioners. There are some interesting recent papers
for solving nonlinear programming problems [3], non-smooth global optimiza-
tion [6, 10], solving a class of non-differentiable programming based on neural
network method [11] and controllability for time-varying systems [4].

One of the efficient approaches for solving nonlinear programming problems
is to linearize the nonlinear functions when the domain of the function is parti-
tioned to very small sub-domains. However many realistic problems cannot be
adequately linearized. So throughout its domain efforts to approximate nonlinear
problems efficiently is the focused of the new researcher. Two other aspects that
should be considered are non-convexity and non-smooth dynamics due to our
ability to obtain the global solution of nonlinear, non-convex and non-smooth
problems(when they exist) is still limited. So an efficient approach which is
applicable in the presence of non-convex and non-smooth functions should be
investigated (see [1, 2, 5]).

In this paper we introduce a new approach to solve approximately nonlinear
non-smooth programming problems which don’t have any limitation upon con-
vexity and smoothness of the nonlinear functions. In this approach any given
nonlinear function is approximated by a piecewise linear function with controlled
error. In this manner, the difference between global solution of the approximated
problem and the main problem is less than or equal a desirable upper bound which
is shown by ¢ > 0. Also we represent an efficient algorithm to find global solu-
tion of approximated problem. One of the main advantages of our approach is
that it can be extended to problems with non-smooth functions by introducing
a novel definition of Global Weak Differentiation in the sense of L;-norm. The
paper is organized as follow:

In section two we explain our approach for one dimensional nonlinear program-
ming problem. In the third section we deal with the extension of our approach for
n dimensional nonlinear programming problems. In section four the approach
was extended for non-smooth nonlinear programming problems by introducing
the definition of global weak differentiation. In the fifth sections some illustrative
examples are given to show the effectiveness of the proposed approach. Some
suggestions and Conclusions are included in Section 6.
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2 Proposed approach for one dimensional problem

Consider the following non-constrained nonlinear minimization problem:
Minimize f(x) (1)
subjectto x € [a, b]

where f : [a, b)] —> R; is a nonlinear smooth function. We may approximate
the nonlinear function f(x) by a piecewise linear function defined on [a, b].
Let us mention the following definitions.

Definition 2.1. Let P,([a, b]) be a partition of the interval [a, b] as the form:
Py(la,b]) ={a =x¢,x1,-++ , x, = b}
where h = b% and x; = xo + i/4. The norm of partition defined by:
HBAM,MH%=Q£§{xr—m_d- )
It is easy to show that || P,([a, b])|| — 0 as n — oo.
Definition 2.2. The function f;(x, s;) is defined as follows:
fiG,s) = f(s)x + f(si) —si f/(s); x € [xi1, xi] i=1,---,n (3

where s; € (x;_1,x;) is an arbitrary point. The function f;(x,s;) is called
the linear parametric approximation of f(x) on [x,_1, x;] at the point s; €
(xi—1, x;). (In usual linear expansion the point s; is fixed, but here we assume
s; is a free point in [x;_1, X;]).

Now, we define g,(x) as the parametric linear approximation of f(x) on
[a, b], associated with the partition P, as follows:

n

gn(x) = Z [ﬁ(x, Si)X[x,'_l,xi](x)] (4)

i=1

where x4 is the characteristic function and defined as below:

) 1 xeAd
X) =
X 0 xdd.
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430 A GLOBAL LINEARIZATION APPROACH TO SOLVE NONLINEAR NONSMOOTH

The following theorems are shown that g, (x) is convergence uniformly to the
original nonlinear function f'(x) when || P,([a, b])|| = 0. In the other word we
show that

gn — f uniformlyon [a,b] as | P,([a,b])] — 0

Lemma 2.3. Let P,([a, b]) be an arbitrary regular partition of [a, b). If f(x) is
continuous function on [a, b] and x, s € [x;,_1, x;] are an arbitrary points then

Jilx,si) = f(x).

lim
1 Py ([a,b]D) | =0

Proof. The proof is an immediate consequence of the definition.

This lemma shown that g, — f point-wise on [a, b].
Definition 2.4. A family F' of complex functions f defined on aset 4 in a metric
space X, is said to be equicontinuous on 4 if for every ¢ > 0 there exists § > 0

such that | f(x) — f(y)| < &€ whenever d(x,y) < 8,x € A,y € A, f € F.
Here d(x, y) denotes the metric of 4 (see [7]).

Since {g,(x)} is a sequence of linear functions it is trivial that this sequence
is equicontinuous.

Theorem 2.1. Let {f,} is an equicontinuous sequence of function on a com-
pact set A and { f,,} converges point-wise on A. Then { f,,} converges uniformly
on A.

Proof. Since {f,} is a sequence of equicontinuous function on 4 then:

Ve>035§>0 s.t
dix,y) <é—= |fu(x) = i) <& x,y€ed; n=12,---.

For each x € A there exists § > 0 such that 4 € | J__, N(x,8). Since 4 is a
compact, this open covering of 4 has a finite sub-covering. Thus, there exists a fi-

xeA

nite number of points such as x1, x2, ..., x, in 4 such that 4 C Ule N(x;, d).
Therefore for each x € A4 there exists x; € 4 i = 1,2,...,r; such that
d(x,x;) < 6.
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We know f, is point-wise convergent sequence then there exists a natural
number N such that for each » > N, m > N we have:

| fn(¥) = fn ()]

| fon (X) = Jfn(Xi) + fn(x0) — fu (i) + fu(Xi) — fu ()]
S NS X)) = S GO+ 1 fn (i) — fuGe)] + 1 fa(xi) — fu(X)]
3e.

A

Then according to the Theorem 7.8 in [7] the sequence { f,,} is uniformly con-
tinuous on 4 and the proof is completed.

Theorem 2.2. Let g,(x) is a piecewise linear approximation of f(x) on [a, b]
as (4). Then:
g, — [ uniformly on |a, b].

Proof. The proofis animmediate consequence of Lemma 2.3 and Theorem 2.1.

Now, we introduce a novel definition of global error for approximated f(x)
with linear parametric function g, (x) in the sense of L;-norm which is a suit-
able criterion to show the goodness of fitting.

Definition 2.5. Let f(x) be a nonlinear smooth function defined on [«, ] and
let g,,(x) defined in (4) be a parametric linear approximation of f(x). Let the
global error for approximation of the function f'(x) with function g,(x) in the
sense of L-norm is defined as follows:

b n Xi
E= [ 17w - atoldx =3 [ 170 - ficodx, 5)
a i=1 v Y¥i-l

It is easy to show that E, tends to zero uniformly when || P,([a, b])|| — O.

This definition is used to make the fine partition which is matched with a
desirable accuracy. These partitions can be obtained according to the following
iterative algorithm.

Step 1. Let select an acceptable upper bound for desirable global error of ap-
proximation which called U, and setn = 1.

Step 2. n is substituted by 2n and then determine E,, as in (5).
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432 A GLOBAL LINEARIZATION APPROACH TO SOLVE NONLINEAR NONSMOOTH

Step 3. If £, > U, go to 2 and else end the process.

The value of » which is achieved in the above algorithm indicates the number
of points in the suitable partition which is matched with the desirable accuracy.
Let f'(x) in the problem (1) is replaced with its piecewise linear approximation
2,(x). So, we will have the following minimization problem:

Minimize g, (x) (6)

subjectto x € [a, b].

Where its solution is an approximation for the solution of the problem (1) we
want this approximated solution have a given desirable accuracy. For this mean
the partition should be chosen enough fine. But we don’t know how fine the
partition should be chosen? In the next section this question will be answered.

2.1 Error analysis for one dimensional problem

Assume that global optimum solution of (6) and (1) are happened at x = «

and x = B respectively. It means that:

gn(a) = gu(x) Vxela,b] and f(B) =< f(x) Vxe€la,b]

Now it is desirable to find an appropriate partition such that for any given
& > 0 the following inequality is hold:

gn () — f(B)] < &. (7

The following theorems are proved to show the achievement to the above goal.

Theorem 2.3. Consider nonlinear real function f(x) and it’s piecewise linear
approximation g,(x) defined in (4). Then, for each x € [a, b] and ¢ > 0 such
that ¢ < b — a, we have:

En En
gn(x) - ? =< f(X) = ? +gn(x)a

where E, is a global error of fitting defined in (5).
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Proof. We know that [a,b] = [a,b) | J{b}. Thus the above inequality is
proved separately for [a, b) and {b} as follows:

Let [a, b) is considered then for each x € [a, b) there exist & > 0 such that
[x,x + &1] C [a, b]. Therefore we have:

x—+eq b
f Iﬂm—&wmhsf|ﬂm—&umm

According to (5) the right hand side of the above inequality is £,. Additionally,
if &) is chosen such that ¢; <« b — a the left hand side of the above inequality is
calculated approximately using the rectangular role. Therefore we have:

|f(x) —gn(x)| x &1 < E,
E,

lf(x) —gn(x)| = —.
&1

Let {b} is considered then for x = b there exist &, > 0 such that [x — &, x] C
[a, b]. Therefore we have:

X b
/ If(X)—gn(x)Idxsf | f(x) — g (x)|dx.

If &, be chosen such that ¢, < b — a the left hand side of the above inequality

is calculated approximately in the same manner which yield:

|f(x) — gu(x)| X &2 < E,
Ey,
|f(x) —gn()| = —.
&2
Let ¢ < {e1, &2}. According to the above discussion for any x € [a, b) | J{b} =
[a, b] there exists ¢ > 0 such that:
E,
If(x) —gn(x)| < .

or
n

E E,
gn(x) — - = S(x) < . + &g (x).
Thus the proof is completed.

Theorem 2.4. Let f(x) is a nonlinear function if for each ¢ > 0 we have
E, < & then (7) is satisfied.
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Proof. Lete < b — a according to the Theorem 2.3 we have:

E, E,
gn(x) — . < fx) =< . +g,(x) Vx €la,b].

First, consider the right inequality i.e.:

Sx) = % +gn(x) Vx €la,b].

According to the definition of f(8) we have:

E,
f(B) < . +g,(x) Vx €la,b].

Let x = «, so we have:

E,
f(B) < . +gu(@) Vx €a, b]

or
E,

S(B) —gula) < - Vx € [a, b].

Now consider the left inequality i.e:

2 (x) — E? < f(x) Vxela,b]

or
E,
gn(x) < f(x) + e Vx € [a, b].

According to the definition of g, (o) we have:
E,
@) < f(x)+ ? Vx € [a, b].

Setting x = B,we have:

E,
gn(a) < f(B) + . Vx € [a, b]

or
n

E
(o) — f(B) < ? Vx € [a, b].

Let n is chosen such that £, < e2. Then the above inequality is transformed to
the following ones:

gn(a) — f(B) <&

and the proof is complete.
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2.2 Described algorithm for one dimensional problem

According to the previous section in the first step of our algorithm for finding
the optimum solution of nonlinear constrained programming problem with a
desirable accuracy ¢ we must find an appropriate partition of [a, b]. Then the
function f'(x) must be approximated by the parametric linear function g, (x).
At the next step the global optimum solution of the problem (6) must be calcu-
lated which is an accurate approximation for the global optimum solution of the
problem (1). Here an efficient algorithm to solve the problem (6) is represented.
In each sub-interval of the form [x;_1, x;] we have the following optimization

problem:
Minimize; <; <, fi(x) (8)
subject to x € [x;_1, xi]
where f;(x) is a parametric linear approximation of f(x) which is defined
in (3). Since f;(x) has an affine form such as a;x + b; (a; = f’(s;) and
b; = f(s;) — s; f'(s;)) based on the sign of a; the global minimum of f;(x) is
happened at extreme points of its validity domain or equivalently on {x;_1, x;}.
Thus the optimization problem (8) is transferred to the following ones:

Minimize; <; <, fi(x) 9
subject to x € {x;_1, x;}.
Here we define «; i = 1, --- , n as the global solution of problem (9). So «;

can be formulated as follows:

| Az w0
| ) w <o

Therefore the optimization problem (6) is converted to the following ones:

i

Minimize;<j<, o;.

3 Extension of the proposed approach for » dimensional problems

Consider the following nonlinear minimization problem:
Minimize f(x) (10)

subjectto x € 4
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where 4 = ]_[l’.':l[al-, b;] € R" and f(.) : A — R is nonlinear smooth function.
Here we introduce a piecewise linear parametric approximation for f(x) which
is the extension of Definition 2.2.

Definition 3.1. Consider the nonlinear smooth function f(.) : 4 — R where
A= ]_[l'.':l[ai, b;]. Also consider P,([«;, b;]) as a regular partition of [a;, b;],
i=1,...,n as follows:

Pn([ai,bi]):{ai:xlp,---,x{q,---,x‘ni = b;}

1 1
where k;, =0,1,...,n; and i =1,...,n.

Therefore A is partitioned to N cells where N = n; x --- x n,. Let us show
the k™ cell by Ex, k =1,...,N. Letsy = (s,i, ..., 5;) be an arbitrary point
of Ey. Now f(x) is defined as a linear parametric approximation of f(x) for
x € Ej as follows:

Je(x) =V f(X) vy - (x — %) + f(s0) (11)

wherex € Ey, k=1,..., N.

Now gy (x) is defined as a piecewise linear approximation of f(x) as follows:

N

en(x) = Y [fix) x xg,(X)].

k=1
we have lim|p,—0gn(x) = f(x) orequivalently lim y_ gn(x) = f(x).

Now a definition of global error of approximation nonlinear function f(x)
and it’s piecewise linear approximation g, (x) in the sense of L-norm is intro-
duced which is the extension of Definition 2.5.

Definition 3.2. Consider the nonlinear smooth function f(x) and it’s piece-
wise linear approximation gy (x). We define a global error of approximation in
the sense of L-norm to be E y as follows:

N

By = [ 110 —gviix =3 [ 17w - fiods. a2)

k=1 Y Er
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Remark 3.3. The iterative algorithm which is presented in Section 2 can be
used to find the appropriate number of partitions. According to that manner this

number increases until the approximation is achieved with a desirable accuracy.

Therefore the following minimization problem must be solved:
Minimize gy (x)
subjectto x € l_[[a,-, b;].
i=1
The solution of this optimization problem is an approximated solution of the
original problem (10). Since we want to achieve to a given desirable accuracy

the partition should also be chosen enough fine. Therefore the method which
has been explained in Section 2.1 is extended.

3.1 Error analysis for n dimensional problems

Assume that the global minimum of gy (x) and f(x) on 4 = ]_[l'.':l[ai, b;] are
happened at x = « and x = S respectively. So the approximated partition must
be found such that:

() — f(B) < ¢

where ¢ is a given desirable error.

Since the above inequality must be satisfied thus the manner which has been
represented in Section 2.1 should be repeated in #» dimensions. Then, we find N
such that we have Ey < ¢"*!. (E, is defined in (12)).

3.2 Description of the algorithm for n dimensional problems

According to the above manner which is explained in the previous sections the

following independent linear optimization problem are defined:

Minimize  f;(x) (13)
subjectto x = (x1,--- ,x,) € Ex; k=1,---,N.

Where f;(x) is a linear parametric approximation of f(x) on E; which is de-
fined in (11). Since f;(x) has an affine form similar to

ar.x +b(ak =Vf(X)|y=y, and by = f(sp) — V f(x)]|x=s-Sk)
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based on the sign of g, the global minimum of f;(x) is happened at 2" extreme
points of its validity domain Ey.
Therefore the optimization problem (13) is transferred to the following ones:

Minimize f;(x) (14)
subject to x € {2” distinct extreme point of Ex} ; k=1,---, N.

Here we define o, £ = 1, ..., N as the global solution of problem (14). Thus
the optimization problem (13) is converted to the following simpler ones:

Minimize; <z <y 0.

4 Extension to nonlinear non-smooth problems

In general it is reasonable to assume that the objective function is a non-smooth
ones. Therefore we define a kind of generalized differentiation for non-smooth
functions in the sense of L -norm. This kind of differentiation is coincideing
with usual differentiation for smooth functions. Therefore the following the-
orem is represented.

Theorem 4.1. Consider the nonlinear smooth function f : A — R where
A = [/ la;, b;)). Then the optimal solution of the following optimization
problem is f’(x).

by by
Minimizep(,)/ . / | f(x) = (f(s)+ p(s).(x —s))|dxy---dx, (15)

where s = (s1, 82, -+ ,Sy) € A is an arbitrary point and p(.) = (p1(.), ...,
pn(.)) is a vector.

Proof. See [9].

Now based on Theorem 4.1 the following definition can be stated for non-
smooth functions.

Definition 4.1. Let f: 4 — R is a non-smooth function where 4 =
]_[;’Zl[al-, b;]. The global weak differentiation with respect to x in the sense

of L;-norm is defined as the p(.) the optimal solution of the minimization
problem which is shown in (15).
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5 Examples

In the current section we apply the performance of our method on some examples.

Example 5.1. Consider the following nonlinear minimization problem:

1
Minimize f(x) = x sin —
X

subjectto x € [0.1, 1].

Which is desirable to be solved with accuracy more than ¢ = 1073,

Based on our proposed approach we approximate f(x) with a piecewise linear
function with global error less than (1072)2. An appropriate number of parti-
tions which is matched with desirable accuracy is obtained as n = 128. Figure 1

shows f(x) and its accurate enough piecewise linear approximation.

—HB-f)=xsin{1/)
—*— Piece-wise linear approximation of f(x) with n=128

= = =
. m oo

=
[N

o M)

f(x) and its piece-wise linear approximation

0.2

Y] 02 03 0.4 04 06 07 0.8 ns 1
X

Figure 1 — Nonlinear function f(x) = x sin % and it’s piecewise linear approximation.

Table 5.1 compares approximated solution and exact solution of this example.
Comparison results show the effectiveness of the proposed approach to solve this
problem with desirable accuracy.
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Nonlinear Global Exact Approximated
function error solution solution
f(x) =xsint | 5.6527 x 1078 | —0.2172336 | —0.2174230

X

Table 5.1 — Numerical results of example 5.1.

Example 5.2. Consider the following minimization problem (see Schuldt [8])-

Minimize f(x,y) =y + 1075(y — x)?
subjectto —1<x <1

0<y=<1

Here it is desirable to solve above problem with accuracy more than
e = 1073, Thus we approximate f(x, y) with a piecewise linear function with
global error less than (1073)3. Table 5.2 compares the solution which is obtained
by our proposed approach and exact solution of this problem. It can be shown

that proposed approach is effective to solve the problem with desirable accuracy.

Nonlinear Global Exact Approximated
function error solution solution
f(x,y)=y+1073(y —x)% | 2.6615 x 107! 0 —5.625 x 107°

Table 5.2 — Numerical results of example 5.2.
Example 5.3. In this example we consider a nonlinear non-smooth function as
follows:

Minimize f(x) = |x|e”"!

subjectto x € [—1, 1].

It is desirable to solve with accuracy more than ¢ = 107>

Since objective function is non-smooth function we find the global weak dif-
ferentiation of f(x) = |x|e”!; x € [—1, 1] which is the optimal solution of
the following optimization problem:

1
Minirnizep(_)/ llx|e ™ — |s|le™! — p(s).(x — 5)|dx
-1
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The optimal solution is shown in Figure 2.

441

=l
o ]}
o =]
T T

o
=
T

o
[
T

Global Weak Differentiation of f{(3)

——Global Weak Differentiation of fa=|x|e’™

Figure 2 — Global Weak Differentiation of nonlinear non-smooth function f(x)

Ix|e— ¥,

0.2

0 0z

0.4 0.6

Now we find a piecewise linear approximation for non-smooth function
f(x) = |x|le ! on [—1, 1] with the global error less than (10~>)2. Therefore

number of partitions should be chosen as n > 512. Figure 3 shows f(x)and its

accurate enough piecewise linear approximation with n = 512.

Table 5.3 compares approximated and exact solution of last example. Com-

parison results show the effectiveness of the proposed approach in the presence

of non-smooth functions.

Nonlinear Global Exact Approximated
function error solution solution
f(x) = |xle ™ | 1.7697 x 10712 0 3.8073 x 107°

Table 5.3 — Numerical results of example 5.3.
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& Non-smooth function fog=|x|e ™
—%— Piece-wise linear approximation of f(x} with n=512

=

N

L]
T

=
m
T

f(3) and its piece-wise linear approximation
o [=]
p—y ]
T T

=

f]

m
T

ns 1

Figure 3 — Nonlinear function f(x) = |x|e~"*! and it’s piecewise linear approximation.

6 Conclusion

In this paper we introduce a new approach to solve approximately wide class
of constrained nonlinear programming problems. The main advantage of this
approach is that we obtained an approximation for the optimum solution of the
problem with any desirable accuracy. Also the approach can be extended for
problems with non-smooth dynamics by introducing a novel definition of global
weak differentiation in the sense of L and L, norms. In this paper we assume
f be a non-smooth function, so it may have a finite or infinite points where
the gradient of f does not exist. It is very interesting that we may not know
these point (where are located) and also the set of points where the functions
are non-smooth may be an infinite set.
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