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Abstract. We consider the construction of a class of numerical methods based on the general
matrix inverse [14] which provides continuous interpolant for dense approximations (output).
Their stability properties are similar to those for Runge-Kutta methods. These methods provide a
unifying scope for many families of traditional methods. They are self-starting, to change stepsize
during integration is not difficult when using them. We exploited these properties by first obtaining
the direct block methods associated with the continuous schemes and then converting the block
methods into uniformly A-stable high order general linear methods that are acceptable for solving
stiff initial value problems. However, we will limit our formulation only for the step numbers
k = 2,3, 4. From our preliminary experiments we present some numerical results of some initial
value problems in ordinary differential equations illustrating various features of the new class of

methods.
Mathematical subject classification: 65L05.
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1 Introduction

General linear methods emerged as a result of the desire to obtain a wider general-
ization of a large family of traditional numerical methods for ordinary differential
equations. They were first introduced by [2] as a unifying theory for studying
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260 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

stability, consistency and convergence for a wide variety of traditional methods.
Their formulations include both the multi-stage nature of Runge-Kutta methods
as well as the multi-value nature of linear multistep methods which also allows
for many generalizations of the traditional methods [4]. General linear meth-
ods, however, have not yet gained the popularity they deserve despite they have
been in existence for over forty years. Their discovery opened up many possi-
bilities of obtaining essentially new methods that were neither Runge-Kutta nor
linear multistep methods which exist practically and have advantages over the
traditional methods. For example “Almost Runge-Kutta” methods [5], two step
Runge-Kutta methods [9, 12] and Hybrid methods [10] etc. Some of the reasons
for their generalizations are:

e Runge-Kutta methods, which are always termed to be the best known
one-step methods, have been regarded as expensive because of their mul-
tistage structure (multiple function calls in each time step [7]). Runge-
Kutta methods use more function evaluations to attain the same accuracy
as compared with the linear multistep methods. The implementation costs
for implicit Runge-Kutta methods (Gauss, Lobatto and Radau) present
obstacle to finding cheap implementation because of the structure of the
coefficient matrix 4 in Butcher’s array, which has a pair of complex con-
jugate eigenvalue. For both explicit and implicit Runge-Kutta methods it
is very difficult to estimate errors for variable stepsize 4 and order p [7].

e Linear multistep methods, on the other hand suffer the disadvantages of
poor stability property as the step number increases with accuracy and
requiring additional starting values with constant step size from other one-
step methods. For the A-stability which is a desirable property for stiff
problems, order is limited by Dahlquist barriers to two.

In this paper we consider some possible generalizations which retains the
Runge-Kutta stability with the general nature of linear multistep methods but
overcome some of the handicaps involved in the two well known traditional
methods with some advantages than the two traditional methods. This could be
done by including an “off-step point” midway between the step numbers which
yields order 2k + 1 [3]. In this way the idea of looking for a starter for a particular
method is avoided, since the general linear method can now be used in a block
form, see [15].
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2 General linear methods

The name “general linear methods” applies to a large family of numerical meth-
ods for ordinary differential equations. Runge-Kutta methods and linear multi-
step methods are examples of these methods. Further, a general linear method
used for the numerical solution of system of initial value problem in ordinary
differential equations of the form

V'=f(x,),y(x0) =3, a<x<b, (1)

is both multistage as the Runge-Kutta methods and multivalue as the linear
multistep methods. In the general linear methods we denote the internal stage
values of step number n by

[n] yln] [n]
VERND SN 4
and the derivatives evaluated at these steps by

Fah, e, L faimy.

At the start of the step number n, r quantities denoted by

[n—1] _ [n—1] -1
Y1 » V2 »---’yr[n ]

are available from approximations computed in step » — 1. Corresponding quan-
tities

[n] _ [n]
yln,yzn,...,y,[”]

are evaluated in the step number #. Introducing the vectors
y f(Y[n]) y[nfl] and y[Vl]

we can write them as follows:

—1
Y][”l] f‘( Yl[n]) y{n ] y][”]
Y["] (Y[”]) y["—l] y[n]
2 . 2 _ 2 2
vl = | 2| prt) = . R N R e
—1
ri Sy yrh i
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262 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

where » denotes quantities as output from each step and input to the next step and
s denotes stage values used in the computation of the step Y’ 1[”], i Yl

If the stepsize is 4 then the quantities imported into and evaluated in step
number 7 are related by the relations

Y™ =h(4® L) f X" + U @ L,)y" ",
YW =hB® L) X"+ (V@ L)y" Y,

where n = 1,2, ..., N; [ is the identity matrix of size equal to the differential
equation system to be solved and m is the dimension of the system. Also & is
the Kronecker product of two matrices. For simplicity, we write the method as:

yl — hAf(Y[n]) + Uy[nfll’

y[n] — th(Y[n]) + Vy["_”, (2)

and the coefficients of the method, that is, the elements of 4, B, U and V as a
partitioned (s + ) X (s 4 ») matrix:

o [2#]

This formulation of general linear methods was introduced by Burrage and
Butcher [1]. The structure of the leading coefficient matrix 4 which is similar
to that of the 4 matrix in Runge-Kutta methods, determines the implementation
cost of these methods. The V' matrix determines the stability of these methods.
The B matrix gives the weights. The U matrix is simply e. The vector y!"! can
have a very general structure. That is to say the quantities could approximate
the solution and the derivatives of various previous points, backward difference
approximations to the derivatives or approximations to a Nordsieck vector, all
of which are common choices in linear multistep methods. In the case of the
Runge-Kutta methods, y" could be an approximation to y, or perturbation of
y, using the generalization to effective order.

Definition 2.1. [8] For a general linear method (A, U, B, V) the ‘stability
matrix’ M (z) is defined by

MGz)=V +zBU —zA)™'U
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and the characteristic polynomial is given by
D (w, z) = det(wl — M(2)).

Definition 2.2. [8] If a general linear method (A, U, B, V) has a stability

function which takes the special form:
®(w,z) = Hw—R(2)

where the rational function R(z) is known as the ‘stability function’ of the method,
then the method is said to have Runge-Kutta stability.

Definition 2.3. [8] 4 general linear method (A, U, B, V') is A-stable if for all
z € C7, I — zA is non-singular and M (z) is a stability matrix.

For methods with this property the step size is never restricted by stability on
linear constant coefficient problems, regardless of the stiffness.

Definition 2.4. [6] A general linear method (A, U, B, V) is L-stable if it is
A-stable and p(M(00)) = 0 or the stronger condition M (co) = 0.

3 Derivation technique

A particularly useful class of discrete methods for the numerical integration
of (1) is the class of linear multistep methods of the form

k k
Yn+k = Z¢jyn+j +h Z d’jfn+j (3)
=0 =0

where k > 0 is the step number, ¢;, j = 0,1,...,t = 1;v;, j =0,1,..,
s — 1 are the coefficients of the discrete scheme, with y,; = y(x,4;), j =
0,1,...,k — 1, h is assumed (for simplicity of the analysis) to be a constant
step-size given by

h=xp11—x;n=0,1,...,N;hAN =b —a;
and a set of equally spaced points on the integration interval also given by
A=X)<X] <+ <Xp <Xpp1] <+ <Xpyp <+ <xy=b.
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264 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

To obtain its continuous formulation, in the sense of [14] which was a gen-
eralization of [13], we consider a polynomial y(x) of degree p = ¢t +s5 — 1,
t >0, s > 0, of the form

t—1 s—1

T =Y ¢ yuss +h YY) (&) V) 4)
j=0 Jj=0
defined over the k-steps , x € {x,, x,+«} such that it satisfies the conditions

y(xn-i-j):yn-i-j? jE{O,l,...,t—l} (5)

where ¢;(x) and ¥, (x) are assumed polynomials of the form:

t+s—1
$;)= > ¢ppx’. jef0. ... t—1) (7
i=0
t+s—1
hyy)=h Y Yuax’, j=012,...s-1, (8)
i=0

X,4; in (5) are t(¢t > 0) arbitrarily chosen interpolation points taken from
{x,, X»4«} and the collocation points x;, j = 0,1,...,s — 1 in (6) also be-
long to {x,, x,1x}. From the interpolation and collocation conditions (5) and
(6), and the expression for y(x) in (4), the following conditions are imposed on

¢;(x) and ¥r; (x):
¢j(xn+,»):8ij, jIO,1,...,Z—l;i:0,1,...,t—1

hj(x,4:) =0, j=0,1,...,s—1i=0,1,...,1—1 C)

and
¢}(>_c,~)=0, j=0,1,...,t—1,i=0,1,...,t—1

hlﬂ]’.()_ci)zﬁij, j=0,1,...,s = 1;i=0,1,...,¢t—1. (10)

Next we write (9)-(10) in a matrix equation of the form

DC=1 (11)
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where / is an identity matrix of appropriate dimension,

1 x, X2 xrs=l )
Uow xRy e iy
D = 1 Xn+t—1 x,%_H_] o xrtzii:} (12)
0o 1 2%, - (t+s—DHxitT?
0 1 2% o (+s—DxE?
and
b0 D11 - G hvon oo hysog)
do2 P2 - o1 Mo - Wi
C= ’ . (13)
¢0,t+s ¢l,t+s e ¢t—l,t+s th,H-S e hws—l,l—ﬁ—s

The matrices D and C are both of dimensions (f + s) x (¢ + s). It follows
from (11) that the columns of C = D! give the continuous coefficients ¢;(x)
and ¥;(x). We now derive the continuous formulation of the general linear
methods following the derivation techniques discussed in Section 3.

4 The class of continuous general linear methods

Here we propose a more elegant and computationally attractive procedure, which
leads to a class of stable general linear methods for both non-stiff and stiff systems
of initial value problems. Although these methods were formulated in terms
of multistep collocation methods, yet they preserve many of the Runge-Kutta
properties, such as being self-starting and of permitting easy change of step
length during implementation and have more advantages than for the traditional
Runge-Kutta methods. In this family for £ = 2, ¢ = (x — x,,), the matrix D
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266 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

in (12) becomes

2 3 4 5
1 x, x; X, X, x;
2 3 4 5
L oXupr X0 X0 X0 X
2 3 4 5
I Xup2 X0 X X X
D= : (14)
- -2 -3 —4
0 1 2X, 3x, 4x;, 5x,,
- —2 —3 —4
0 I 2x,41 3%, 4%, 5X,.

= ) =3 —4
0 1 2x,0 3x,,, 4%, 5%,

Inverting the matrix in (14) once, using computer algebra, for example, Maple
or Matlab software package, give rise to the following continuous scheme

Y(x) = ¢o(xX)yp + I1(X)Yus1 + P2(X) Yuy2

+ [Wox) fu + V1) furt + ¥2(x) fus2], (15)
where
[3¢° — 17he* + 330203 — 230°¢2 4 4h°
$o(x) = 7 ,
r 4—4h 3+4h2 2
b0 = [T }
[—30° + 13he* = 17h°8° + Th*¢?
$o(x) = i 7 :
o) — (% — 6he* 4+ 13h23 — 12h3¢% + 4h*c
0 X - i 4h4 ’
[ —5he* +8h°0° — 4n’¢?
nw = | g],
(¢ —4he* + 5h% — 2h3¢2
v = | C]
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Evaluating the continuous scheme in (15), we first obtain the block method
associated with the continuous scheme and we converted the block method into
uniformly accurate order general linear method:

00 0 0 0]lo o 1
9 -9 -3 11 9 45
m 0 % 0 x| % m
5 2 1 —1 1 31
» 5 58 0 %m0 5
3 9 —9 45 9 11
128 0 32 0 128 128 16 128
1o 4 e 5| 2 -1 | (16)
93 31 93 31 31 31
—1 4 64 5 32 —1
» 0 5 & 5|0 351 3
3 9 9 45 9 11
w9 % 0 R ® 6 s
52 1 1|1 31
| 32 3 8 0 96 32 O 32 |

We plotted the region of absolute stability of the general linear method (16) using
the method used in [9] as shown below:

Irmiz)

0.5 0 0.4 1 15 2
Relz)

Figure 1 — Region of absolute stability of the general linear method (16).
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3, the matrix D in (12) takes the following form:

1 x, x,f x,f xn4 x,f x,‘:’ xZ

1 Xpy1 x,2,+1 x3+1 x2+1 'xr51+1 st er+1
| x3+2 x2+2 x;‘+2 xrf+2 x2+2 x;Z+2
I xu43 x3+3 x3+3 x3+3 x3+3 x2+3 x;Z+3

7)

0 1 2%, 32 4x  sxboex xS

0 1 2Xnt1 33—‘31+1 4fi+1 Sfiﬂ 6f2+1 7fz6z+l
0 1 2Xn42 3fi+2 4)_631 +2 Sf2+2 6)?2 +2 7_2 +2
0 1 2Xn43 3fi+3 49_5;31+3 5f:+3 69_5;51+3 7f2+3

and we obtain

V(x) = @o(xX)yn + d1(X)Yur1 + G2(X)Yut2 + P3(xX) yuy3

+ [Yo) fo + Y1) g1 + V2 () frgo + Y3 () furz]. (18)

as the continuous scheme, where also

Po(x) =

¢1(x) =

P2 (x) =

P3(x) =

Yo(x) =

10847

(1167 = 129h20+ 602h%¢5 — 1410h3¢4 + 1691443 — 873h5¢2 + 108h6]

[ ¢7 — 10h¢6 + 37h2¢5 — 60R3¢4 + 36h4§3]
an7 ’

4n7

[ —¢7 4+ 11h¢® — 46h2¢5 + 903 ¢* — 81h%¢3 + 27h5§21|

108A7

[ 1127 + 102726 — 359h2¢5 + 600h3¢4 — 476043 + 144h5§2:|

36h°

[ ¢7 — 12h¢6 + 581265 — 144R3¢4 +193h4¢3 — 132h5¢% + 36h6§:|
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e [ ¢7 — 11he® + 47h%¢5 — 9Th3¢* + 96h*¢3 — 36h5¢2
X) = ,
1 h8
) [¢7 — 10h¢6 4 38h2¢5 — 68h3¢* + 5Th*¢3 — 18K5¢2
X) = ,
? hb
) [¢7 — 9he® + 31025 — 51h3¢* + 40h*¢3 — 12452
X) = .
} 3616

269

Evaluating the continuous scheme (18) we obtain the block method first and

then converted the block method into general linear method:

o 0 o0 o0 0 0 o000 o0 o0 1
23 g 0w g =15 g =5 |6l 125 25 4
512 512 512 512 1536 512 512 1536
1S5 768 45 g -l g -3 | 3 5 g 617
1305 1305 1305 1305 1305 783 29 783

3 81 —81 —3 13 243 243 13
;z 0 53 0 353 0 5[ lsz s s s
1 8L 256 81 DI ] 1
405 0 405 405 405 0 405 1 0 1 81
s o I3 o 25 o 25|45 25 15 6l
512 512 512 512 1536 512 512 1536
-39 495 () I35 2304 465 | (783 135 31
3085 3085 3085 3085 3085 617 617 17
-39 495 () I35 2304 465 | 783 135 31
3085 3085 3085 3085 3085 617 617 17
S 9 L o 2 o 25|45 25 15 6l
512 512 512 512 1536 512 512 1536

1 81 256 81 1 —1 1
w 0 ;s ds ows 9 @m|wm 0 1 g
1S5 768 45§ -l g -3 | 3 5 g 617
1305 1305 1305 1305 1305 783 29 783

(19)

We plotted the region of absolute stability of the general linear method (19)

using the method used in [9]:
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Irniz)

Figure 2 — Region of absolute stability of the general linear method (19).
For k = 4, the matrix D in (12) and the polynomial equation in (4) are re-

spectively:

7
Y+l Xui1 Xpar o Yat1r Tntl Ya+1l Tl Ya4l Snt

4 7
Yn+2 Xyio Xppo a2 fpy2 Ypt2 Ynp2 Yat2 g2

2 3 4 5 6 7 8 9
Uoxns Xois Xu3 Y43 %g3 Y43 Yq3 0 Y3 Y43
2 3 4 5 6 7 8 9
UdXntd Xia X4 Yoga o Nugd Yapa Yagd o Yapa Yagd
D= (20)
0 1 2%, 3% 4%, Sxb 6xy xS 8%,  9xd
— ) =3 —4 —5 —6 —7 —8
0 T 23y 3x,4 4%, 5%, 65, 7,4 8,4 9%,
— ) - —4 —5 —6 —7 =
0 1 240 3%,y 940 SX,4p 65,4, 7%, 8, 9%,
— ) =3 —4 _5 —6 —7 —8
0 1 243 3%,,3 4,43 SX,43 6X,,3 7X,,3 8,3 9%, 3
— ) =3 —4 _5 —6 —7 —8
0 1 2xnqa 35,4 404 SX4q OX g TX g 8X, 4y 9%,y
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Y(x) = ¢do(xX)yn + P1(X)Yug1 + G2(X)Vus2 + G3(X) Yny3 + Pa(x) Yuga
+ [Wo (o) fo + Y1 () St + V2 (X) frsz + V3 (X) fugs + Ya(x) fura]  (21)

where

$o(x) =

¢1(x) =

$2(x) =

$3(x) =

$a(x) =

Yo(x) =

Yi(x) =

Comp. Appl.

[ 2509 — 494h¢8 + 413027 — 1898043¢6 + 52025h%¢S

— 85862h3¢* + 80620h5¢3 — 349201772 + 3456h°
3456h° ’

[ 509 — 92k 4+ 701127 — 2846h3C0 + 657203
— 8456h°¢* + 5376h°¢3 — 1152h7¢2
1084° ’

';8——16h§74—102h2§6—-328h3§54—553h4§4——456h5§34—144h6§2}
1648 ’

—5¢% 4 88h¢® — 637h%¢7 + 2446h3¢% — 5356h¢°
+6664h°¢* — 43521003 4+ 1152h7¢2
1087° ’

2509 4+ 406h¢® — 2722h%¢7 + 9748h3¢6 — 20089445

+23758h5¢% — 148924603 + 381647¢2
3456h° ’

¢ —20he8 4+ 170h%¢7 — 800h3¢0 4 2273h*c> — 3980h°¢*
+4180h5¢3 — 24004772 + 576h8¢
576h8 ’

2% — 19he® 4+ 151h2%¢7 — 649h3¢° + 1624043

—2356h¢* + 1824h%¢% — 576h7 2
36h8 ’

Math., Vol. 31, N. 2,2012



272 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

¢% —18hed 4+ 134n%¢7 — 532h3¢0 + 120943
— 1562h°¢% 4+ 1056h°¢3 — 288h7¢?
Yo (x) = At ,
¢ — 17he® + 119827 — 443136 4 944h% e
B — 1148h°¢% 4+ 736h°¢3 — 192472
V3(x) = 3658 ,
2% — 16he® + 106h%c7 — 376130 + 769K
. —904h°¢* + 564h0¢3 — 144h7¢?

Evaluating the continuous scheme in (21) we obtain the block method which was
converted to general linear method:

1225 0 —1225 0 =3675 0 —245 0 —175 | 4675 1519 1225 1225 45325
32768 2048 8192 2048 32768 [ 196608 6144 4096 6144 196608
741 9216 —111 0 =963 0 =363 0 —381 481 145 108 0 10399
9488 20755 593 2372 2965 66416 | 18976 593 593 18976

75 0 225 0 —=2025 0 —75 0 —45 411 175 2025 825 725

32768 2048 8192 2048 32768 | 65536 2048 4096 2048 65536
1 g 2L 256 3 o =l - 5 -1 g 1712 113
5184 108 405 16 324 2880 3456 324 1728 10368
45 0 75 0 2025 0 =225 0 =75 725 825 2025 175 411
32768 2048 8192 2048 32768 | 65536 2048 4096 2048 65536
3o =l o 8L 1024 21 o 1l | =113 4 18 1 -
8560 1 428 1605 107 5136 10272 107 321

3 3
. (22)
175 0 245 0 3675 0 1225 0 —1225| 45325 1225 1225 1519 4
32768 | 196608 6144 4096 6144 196608

—762 0 616 0 —=7704 0 —3552 294912 1482 0 18976 —3456 —4640 —481
10399 363965 10399 10399 10399 10399 10399

—762 0 616 0 —=7704 0 —3552 294912 1482 0 18976 —3456 —4640 —481
10399 363965 10399 10399 10399 10399 10399

9
175 0 24 0 3675 0 1225 0 —1225| 45325 1225 1225 1519 _4675
2048 32768 | 196608 6144 4096 6144 196608

108 1 -5
8560 0 321 0 28 71605 107 0 513 10272 0 107 321 3424

| 2 256 3 5
0 o3 305 16 9 34 O 30| 76 34

5184 1728 10368
741 9216 —111 ( =963 ( =363 ( =38 | 481 145 108 (10399
0488 20755 393 372 2965 66416 | 18976 393 393 18976
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5 Numerical illustrations

In order to test the methods of section 4 we present some numerical results. The
absolute errors of the results obtained from computed and exact solutions at some
selected mesh points are shown in Tables.

1 1
Problem 5.1: y =20x*—20y+2x, y(0)= 3 y(x) =x%+ geZOx

Mesh | Block Adams- | New General Linear

values | Moulton [15] Method (19)
0.1 | 1.0629 x 1072 1.5230 x 107
0.2 | 5.3890 x 1073 1.2075 x 1073
0.3 | 1.2320 x 1072 1.6286 x 10~*
0.4 | 1.3008 x 103 2.1996 x 10~
0.5 | 4.1148 x 10~* 3.0206 x 107°
0.6 | 3.9430 x 10~* 8.8700 x 10~
0.7 | 4.0724 x 107 1.1990 x 10~
0.8 | 1.3629 x 107 1.6357 x 1078
0.9 | 13672 x 107 3.6327 x 107
1.0 | 1.4145%x107° |  4.8996 x 10710

Table 1 — Absolute errors of numerical solutions of Problem 5.1 with, 2 = 0.1.

Problem 52: y' = -y,

y(0) =1,

yx)=e"

X

Mesh | Block Adams- | New General Linear

values | Moulton [15] Method (22)
0.1 | 2.1541 x 1077 2.5817 x 1013
0.2 | 6.9544 x 1078 2.3105 x 10~13
0.3 | 2.8062 x 1077 7.4733 x 10713
0.4 | 4.1350 x 1077 1.2390 x 10°13
0.5 | 2.8127 x 1077 1.1002 x 10°13
0.6 | 4.1578 x 1077 1.1066 x 10~ 13
0.7 | 4.9444 x 1077 4.1514 x 10714
0.8 | 3.7858 x 10~ 3.6091 x 10~14
0.9 | 4.6203 x 10~ 1.2298 x 10~13
1.0 | 5.0564 x 1077 6.3784 x 10~13

Table 2 — Absolute errors of numerical solutions of Problem 5.2, with, 2 = 0.1.
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274 A SPECIAL CLASS OF CONTINUOUS GENERAL LINEAR METHODS

Problem 53: y' = —iy, yp0)=1, p0)=e ™
Mesh | Block Adams- | New General Linear
values | Moulton [15] Method(16)

0.1 | 7.4622 x 1072 6.3759 x 1073
0.2 | 9.7739 x 1072 4.6451 x 1073
0.3 | 2.2659 x 10~* 3.8855 x 1074
0.4 | 1.0870 x 1072 8.4175 x 1073
0.5 | 7.7732 x 107 6.9921 x 10~°
0.6 | 1.1401 x 1073 1.1690 x 10~°
0.7 | 8.8455 x 107° 9.6903 x 10~8
0.8 | 1.1914 x 1074 1.4728 x 10~8
0.9 | 8.8900 x 10~ 1.2197 x 107°
1.0 | 1.2448 x 107 1.7723 x 10~10

Table 3 — Absolute errors of numerical solutions of Problem 5.3, with stiffness ratio, A = 10000.

The fourth problem is a system of standard test problem with the exact solutions
for easy comparison purposes:

yi==81+7y;, »0)=1
vy =42y —43y;, 1(0) =8
The coefficient matrix of this problem has two eigenvalues, A.; = —1 and A, =

—50. The stiffness ratio is R = 50. This is a mildly stiff linear problem with the
exact solutions as:

y1(x) = 2exp(—x) — exp(—50x)

m(x) = 2exp(—x) + 6 exp(—50x)

This problem shows that to solve stiff equations the stability of a good method
should impose no limitation on the step size, and hence it requires a large stability
region. From the plots of Figure 3, it is indicated that both the block Adams-
Moulton methods(BAMMSs)and the GLMs are good methods for stiff equations.
Though, for the BAMM as k increases the method becomes less stable (see
Table 4). For the GLMs the numerical results in Table 4 show that the new
GLMs are very promising and the implementation is reasonably efficient. Their
performances are no doubt very excellent.
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Solution of problem 4.4 using BAMM £k = 2, with nfe = 100
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Solution of problem 4.4 using BAMM k = 3, with nfe = 100
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Solution of problem 4.4 using BAMM k& = 4, with nfe = 100
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Figure 3 — Computed solutions of the system of equations in (4.4) using BAMMs [15]
and the GMLs with the same number of functions evaluations (nfe).
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Solution of problem 4.4 using GLM (16), with nfe = 100
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Solution of problem 4.4 using GLM (19), with nfe = 100
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Solution of problem 4.4 using GLM (22), with nfe = 100
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Figure 3 (continuation) — Computed solutions of the system of equations in (4.4) using

BAMMs [15] and the GMLs with the same number of functions evaluations (nfe).
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Mesh | BAMM BAMM BAMM GLM GLM GLM
values [15] [15] [15] (16) (19) (22)
10.0 [2.05x 1074 | 5.15x 107> | 9.82x 107> | 5.77x 1075 | 1.14x 10717 | 1.04 x 102
200 |273x107% | 6.94x 1077 | 8.05x 1077 | 1.51 x 10710 | 492 x 10733 | 3.81 x 1073
30.0 | 7.94x1072 | 6.65x 1077 | 7.04 x 1077 [ 2.75 x 10724 | 2.12 x 10750 | 1.34 x 10~5
40.0 [ 2.24x1078 | 8.62x 10711 | 871 x 1077 | 1.90 x 10733 | 9.18 x 10700 | 4.74 x 10~°
50.0 |2.57x1078 | 1.63x 10710 [ 989 x 1077 | 1.31 x 1072 | 3.96 x 10783 | 1.67 x 1078
60.0 | 2.80 x 1078 | 1.78 x 10710 | 1.07 x 1076 | 9.05 x 10752 | 1.71 x 107100 | 5.90 x 10~°
70.0 | 2.96x 1078 | 1.88 x 10710 | 1.13 x 1070 | 6.24 x 10761 | 7.40 x 107116 | 2.08 x 10~ 1!
80.0 | 3.06x1078|1.95x10710 | 1.17x 1070 | 431 x 10770 | 3.19 x 107133 | 7.33 x 1012
90.0 |3.12x 1078 | 1.98 x 10710 | 1.20 x 1070 | 2.97 x 10779 | 1.38 x 107130 | 2.58 x 10~14
100 |3.14x 1078 [ 1.99 x 10710 | 1.20 x 1070 | 2.05 x 10738 | 5.96 x 107166 | 9.12 x 10~15

Table 4 — Absolute errors of numerical solutions of the systems of equations.

Solution of example 4.5 using BAMM k = 2, with nfe = 100
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Figure 4 — Computed solutions of the system of equations in (4.5) using BAMMs [15]

and the GLMs with indicated number of functions evaluations (nfe).
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Figure 4 (continuation) — Computed solutions of the system of equations in (4.5) using
BAMMs [15] and the GLMs with indicated number of functions evaluations (nfe).
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Solution of example 4.5 using GLM (22), with nfe = 100
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Figure 4 (continuation) — Computed solutions of the system of equations in (4.5) using
BAMMs [15] and the GLMs with indicated number of functions evaluations (nfe).

In Figure 4 we report the graphical plots of the Euler equation of motion for a
rigid body without external forces which is one of the standard test problems of
the DETest set, see Hull et al. (1972):

Yy = »nys, »1(0) =0
Yy = =1y, »(0) =1
Yy ==51y1y, »3(0)=1
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Our graphical plots confirm that all the derived methods are promising in solv-
ing higher order equation written in form of first order system of initial value
problems. Hence for fair comparison all the methods are comparable with the
ode solvers as we can see from Figure 4.

6 Conclusion

The new feature considered in this paper is the use of matrix inversion procedure
which extends some conventional multistep collocation at the step points. In this
way acceptable stability for stiff problems as for the Runge-Kutta methods [3]
is retained. All the derived methods obtained through this approach performed
remarkably well in both stiff and non-stiff systems of initial value problem in
ordinary differential equations (see Tables 1, 2, 3 and 4). The plots of the fourth
test problem are system of differential equations written as first order initial value
problems. We plotted these solutions and compare them with the exact values,
we found out that it is difficult to distinguish between the computed solutions and
the exact values on the interval of integration and there is remarkable agreement
over very much longer intervals (see Fig. 3). Similarly the solutions of the fifth
problem were compared with ODE solvers (see Fig. 4).

Acknowledgements. The first author wishes to record his thanks to the referee
for his/her constructive suggestions and comments that have led to a number of
improvements to this paper.
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