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Abstract - A sensor placement approach for the purpose of accurately estimating unknown parameters of a
distributed parameter system is discussed. The idea is to convert the sensor location problem to a classical
experimental design. The technique consists of analysing the extrema values of the sensitivity coefficients
derived from the system and their corresponding spatial positions. This information is used to formulate an
efficient computational optimum experiment design on discrete domains. The scheme studied is verified by a
numerical example regarding the chemical reaction in a tubular reactor for two possible scenarios; stable and
unstable operation conditions. The resulting approach is easy to implement and good estimates for the
parameters of the system are obtained. This study shows that the measurement location plays an essential role
in the parameter estimation procedure.
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INTRODUCTION

An essential problem in parameter estimation is
the selection of the experimental measurement
locations. This problem consists of an arrangement
of a limited number of measurements over the spatial
domain that guarantees the best estimates of the
system parameters.

The allocation of sensors is a task not necessarily
dictated by physical considerations or by intuition and,
therefore, some systematic approaches should still be
developed to reduce the cost of instrumentation and to
increase the efficiency of the parameter estimation
procedures. Although the parameter estimation
accuracy in a distributed parameter system depends
significantly on the selection of sensor positions, only
a few contributions to the experimental designs for
such systems have been reported. The effects of either
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number or spatial allocation of measurements for the
parameter estimation problem were considered by
Kubrusly (1980), Carotenuto and Raiconi (1980),
Kitamura and Taniguchi (1981), Courdesses et al.
(1981), Courdesses and Amouroux (1982), and
Nakagiri (1983).

Le Pourhiet and Le Letty (1976) offered two
algorithms, as an optimal sensor location for
parameter estimation applied to a deterministic
distributed parameter system. The main idea is to
maximise the identification error sensitivity with
respect to the location of a new sensor. The first
algorithm concerns the enhancement in the
sensitivity criterion by adding a new sensor to the set
of all sensors allocated in preceding iterations. The
second takes into account the position of the new
sensor at the previous iteration. Both algorithms stop
when the assignment of a new sensor adds no



628 J.E. Alafa

substantial improvement as far as the identification
error sensitivity is concerned.

Sokollik (1976) considered the number and
position of sensors, as well as the measurement times,
to solve the parameter estimation problem of a
distributed parameter system. The model was
approximated by a lumped system using finite-
differences. In this method both time and space
domains were discretized with invariable sampling
intervals. The optimal set of space-time was given by
minimising the parameter estimate covariance.

Qureshi et al. (1980) presented a technique for
scheming optimal experiments for distributed
parameter system identification with observations
contaminated with noise. The boundary perturbations
were considered. The optimisation criterion to be
maximised was the determinant of the Fisher Index
Matrix (FIM) associated to the parameters to be
identified, which depends on both boundary
perturbations and  spatial  positions of the
measurements. This method was developed for
hyperbolic and parabolic partial differential equations.

Carotenuto and Raiconi (1981) considered the
parameter identification of the one-dimensional
static diffusion equation. The effects of an additional
measurement point in terms of a potential
improvement in the parameter estimate were
analysed, and a criterion for selecting the location
was presented. Rafajlowicz (1981) presented a
method for optimal experiment of a distributed
parameter system identification problem, which
comprises sensor location and determination of
classes of random inputs. A searching of an optimal
probability measure corresponding to the position of
the sensors was studied. This approach is equivalent
to that considered in Qureshi et al. (1980), where the
determinant of the information matrix is maximised.
However, the information matrix was correlated to
the system eigenvalues rather than to the system
parameters. The conditions for optimality of the
experimental design were derived, including an
upper bound for the number of sensors (Rafajlowicz,
1983, Singh and Hahn, 2005, 2006, Zamprohna et al.,
2005, Papadimitriou, 2004).

More recently, a number of computational
approaches were introduced. (Kubrously and
Malebranche 1985, Ucinski 1992, 2000a, 2000Db,
2003, 2005, Ucinski and Bogacka, 2002, Ucinski and
Demetriou, 2004). The central idea is to define a
design criterion to be minimised as a scalar measure of
the FIM associated to the estimated parameters. This is
followed by methods of optimum experimental design
for nonlinear models to solve the sensor location
problem at hand or, alternatively, by employing

standard  nonlinear  programming  procedures.
Olanrewaju and Al-Arfaj (2006) presented a state
estimation scheme based on Kalman filters for reactive
distillation systems without extensively addressing the
sensor selection problem. Nahor et al. (2003)
minimised the ratio of the largest to the smaller
eigenvalue of the FIM to compute optimal temperature
sensor positions for food processes. To the best of our
knowledge, these techniques have not been applied yet
to systems described by partial differential equations,
in spite of their resolute advantages (Ucinski, 1999,
Lohner and Camelli, 2005, Waterhouse et al., 2009,
Vande, 2000, Venkateswarlu and Kumar, 2006,
Punithakumar et al., 2006, Peng, 2005, Cotae et al.,
2008, Balsa-Canto et al., 2008).

Christofides and Antoniades (2000, 2001, 2002)
presented new approaches to calculate the optimal
actuator/sensor locations of uncertain transport-
reaction systems under control. They established that
the solution to this problem is near-optimal for the
closed-loop infinite-dimensional processes analysed.
Similar and other kinds of techniques have been
reported by Van den Berg et al. (2000) and Harries et
al. (2004). These aspects will be analysed in future
works regarding the optimal measurement positions
for parameter estimation of distributed parameter
systems.

This paper proposes an experimental design for
measurement placement of distributed parameter
systems. This is done by taking into consideration
the spatial locations where the sensitivity coefficients
of the system reached theirs extrema values.

THE SYSTEM GOVERNING AND
SENSITIVITY EQUATIONS

The system considered is a homogeneous tubular
reactor without catalyst packing. An irreversible
first-order chemical reaction A—B takes place and
is described by the concentration rate Cx(t,z) and the
temperature T(t,z). This reaction is exothermic and a
cooling jacket is used to remove heat from the
reactor. A fraction of the products can be recycled, r,
and mixed with the reactants at the inlet of the
reactor (z=0) (Bendersky and Christofides 2000, Li
and Chistofides 2007, Alafia, 2010).

Derived from mass and energy balances, and
under the standard assumptions of constant density
(p), heat capacity of the reacting fluid (cp), and
constant axial fluid wvelocity (v), the dynamic
behaviour of the reactor is described by a set of
partial differential equations defined on a spatial
domain z€(0,1), in dimensionless form,
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In these equations; y,(t,z), y,(t,z) are the state
variables that represent concentration and temperature,
respectively. The control variable u. represents the

cooling water temperature. The terms Pec, Per are
the Peclet numbers of mass and energy flows,
respectively, B¢ is the Damkohler number, y is the
activation energy, Br and [Pt are the parameters
related to heat of reaction and heat transfer,
respectively, and t=(ty,t;), where t, and t; are initial
and final times, respectively. The terms R
correspond to the examples; i=1 stable case with a
recycle r=0.00, and i=2 unstable case with a recycle
=0.50, j stands for the following expression,

t,z
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The boundary and initial conditions are,
a. Stable case; t(0,5)
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b. Unstable case; assuming negligible reaction in the
recycle loop and instantaneous mixing of fresh feed
and recycle feed at the reactor inlet, the boundary

and initial conditions in the interval te (0,25) take

the form,

2=0 288D < pec [y, (L0)- 1=y~ (D)
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w =Per [y, (t,0)—(1-1)y,0 — 1y, (t,1)]

=1 8}]1 (t’ 1) =0

0z
(5b)

Iy, (t.1) _ 0

0z
t=0y,p=yy=uc=0 (50)

The sensitivity coefficients can be calculated
based on the local sensitivity analysis (Morbidelli
and Varma, 1988, Vajda and Rabitz, 1992, Tildem et
al., 1981, Juncu and Floarea, 1995). Indicating any
of the reactor parameters [Pec, Per, Bc, v, Br and Br]
as ¢, the first-order sensitivity coefficient of Y, with
Y being y; and y», is defined as,

oY
s(Y,0)=sy, = % (6)

In this work, to take into account the
pseudoadiabatic behaviour of the system, the
sensitivity coefficients are computed using the direct
method (Bauman et al., 1990, Coste and Aris, 2004).
According to this method, the sensitivity coefficients
can be expressed by the following equations,

Oy, =_aSY1,(P 0 ( 1 82Y1(t,Z)J+

ot 0z 0| Pec  07?

(7)
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ayz Y2.9 | Y1, ) Y2.¢
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The boundary and initial conditions for each case
study are,

a. Stable case,

Os bo)
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b. Unstable case,

0s bl
2=0—% = —(Pec [y (10 ~(1=D)yio ~ i (D))
s (10a)
0s o
o =g (Per 260~ (1=0)y2g ~1y2(6D)])
0s 0s
z=1 129 22 0 (10b)
oz oz
t=0 Sy1.0 = Sys0 =0 (10¢)

Equations (7) — (10) are obtained by differentiating
the model equations (1) — (2), and (4) or (5)
(depending of the case study), with respect to ¢. The
direct approach to obtain the sensitivity coefficients
consists of solving (1) — (2) and (4), together with (7)
— (9) for the stable case, and solving (1) — (2) and (5),
together with (7) — (8) and (10) for the unstable
example. For each case study, a system of fourteen
coupled nonlinear partial differential equations is
formed, with their respective initial and boundary
conditions. This system can be solved using the
Matlab® partial differential equation solver “pdepe”,
which solves initial-boundary value problems for
systems of parabolic and elliptical partial differential
equations in one space variable and time. The solver
converts the partial differential equations to ordinary
differential equations using a second-order accurate
spatial discretization based on a set of nodes
specified by the user. Time integration is then
performed with a multistep variable-order method
based on the numerical differentiation formulae. The
spatial domain was divided into 21 equidistant
intervals, and n time reporting intervals were

considered. The nominal values of the parameter for
the systems studied in this work are shown in Table 1.

Table 1: Nominal values of the parameters

Stable case Unstable case

Pec=10 Bc=10 y=200[Pec=7.0 Bc=0.1 y=10.0
Pe;=1.0 B;r=20 Br=10|Pey=70 By=25 B;=20

In many cases, it can be assumed that some, albeit
rough, a priori value of the parameters vector ¢ is on
hand, e.g., determined from preliminary experiments.
The aim in this work is to select a state sampling
schedule to maximise the expected accuracy of the
parameter estimates to be obtained from data
generated in new experiments. This parameter
should be determined with the lower uncertainties.

SENSITIVITY OF THE OPTIMUM
PARAMETER ¢ WITH RESPECT

TO THE EXPERIMENTAL DATA

A knowledge of how the solution of a system can
vary with respect to small changes in the data or the
parameters can yield insights into the model
behaviour and can assists the modelling process.

Christopher and Fathalla (1999) proposed a new
method to estimate the sensitivity of the state
variables to the parameter estimates and the
sensitivity of the parameter estimates to the
observation. Using a set of analytical and numerical
approaches, they concluded that the sensitivity of the
parameter estimates to the observations is low if the
sensitivity of the state variable to the parameter
estimates is high. Similar results have been reported
by Binder (2007). Next, the demonstration of the
observation mentioned before can be found.

o¢ e

In order to compute _(p’ the sensitivity of the
ij

parameter ¢ to the experimental data uy , the

objective function in the parameter estimation

process has the form,

)= 22 ¥le)- w) oy

3(¢)=3(o,u

This function can be considered to be a smooth
function of ¢ in the vicinity of the optimal

parameter ¢ . Then the first and second derivatives

are,
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In order to minimise the objective function (11), the right hand side of Equation (12) vanishes at ¢ = ¢

(where ¢ =¢(u)),
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At this moment, the left hand side of Equation (14) is a function of (I)(u) and u;

with respect to u;; yields, for k =1,..

L
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If we assume that y(tj,zi,(b) is close to the

observed measured values u:; then the term

ij

(y(tj,zi,(f)(u))—uij) on the left hand side of
Equation (15) can be neglected. Finally, the
sensitivity of the best fit parameter estimate ¢ to the
experimental measurements u;; can be approximated
using the following compact form,
130) 1 R
~ j %o

~[0(9)] s(t;.z.6) (16)

ou

Here s(t,z,§) is a L,x1 vector, given by the

derivatives of the governing equations of the
system with respect to the parameters, and

§=3 3 s(1,00)s

i=l j=1
singular matrix.
A desirable property of the model is that the
sensitivity of the parameter estimate to the

zi,(p) 1s a LxL, non-

experimental measurement, op , should be small in
ij
order to minimise the effect of the noise present in

*y(t;,2.9) %
Opi0@y | Oy

(14

differentiating both sides

1_] >

:sk(tj,zi,(b) (15)
ij

the experimental observation on the parameter
estimation process. Equation (16) suggests that

increasing s(tj,zi,(f)) (the sensitivity of the state

variable with respect to the unknown parameter)
decreases the sensitivity of the parameter estimate to
the experimental measurement. Then it is reasonable
to expect that the best estimation of the parameters
should be obtained when the experimental data are
taken at the locations where the sensitivity
coefficients reach their extrema values (the largest
absolute values). It is our intention to verify here
how useful these observations are to define a set of
measurement locations for parameter estimation
purposes using numerical experimentation.

PARAMETER ESTIMATION

Model calibration consists of finding a set of
parameter values that produces the best model output
which fit the observed data. This calibration is
usually done by the minimisation of the objective
function (17).

Once the sensor locations have been determined,
the parameter estimation problem can be viewed as
matching the model to the real system through the
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minimisation of an error criterion over a set of
admissible parameters. This can be defined as,

J(cp)zi é.[otfZ:(ye(zi’t)_yp(zi’t)fdt a7

where, y,(z;,t) is defined as the predicted response of
the model at location z, and y.(z,t) as the
experimental response at the same location, m is the
number of optimal measurement locations
determined by the different methods studied in this
work. Unfortunately, elements in the vector y,(zt)
are not linear functions of the parameters ¢, and
multiple solutions of (17) are possible.

It is well known that problem (17) is challenging
for numerous reasons. The existence of a solution is
not certain, particularly if the observed data contain
errors or if the model is grossly incorrect. It is
unusual that any parameter set can accurately match
the experimental data used, especially when these
data are contaminated with noise. The presence of
noise can promote difficulties during the
optimisation process, causing spurious local minima
and discontinuities. The gradient-based methods are
the most affected of all. In this work, several
different optimisation techniques (already existing in
the Matlab® library) were used. The method of
Nelder-Mead produced the best results for the
scenarios studied. This can be explained by the fact
that, wusing this technique, poor gradient
approximations are not a problem, and continuity
and differentiability of the objective function are not
required.

Covariance Matrix of Parameter Estimates

When assessing the quality of an identified
dynamic model, the covariance matrix of the
estimated parameters gives an important measure
(Ljung, 1999, Soderstrom and Stoica, 1989). In a
maximum likelihood context, the inverse of the
expected value of the negative of the Hessian
provides the Cramer-Rao lower bound on the
variance-covariance matrix of the parameter
estimates. Large variances imply imprecise
parameter estimates. The arrival of new data, or data
measurement, can lead to substantial change in
parameter estimates if the variance-covariance
matrix is ill-conditioned. So, the goal of the
estimation procedure is to determine unknown
parameters in such a way that the difference between
the sample covariance matrix and the implied
covariance matrix is minimised in a certain sense

(Davidson and MacKinnon, 1980, Sorenson, 1980,
Zhun and Stein, 2005).

Based on the system studied here, the
approximation of the parameter covariance matrix
(Yen and Yoon, 1981) can be approximated by,

-1
. I ot 1 -t
COV((an)z — Iy =y, (18)
Oy, Oy,

where J Vi and J y, represent the Jacobian matrix of

estimated variables; y, and y,, respectively, with
respect to changes in the parameters. nv is the

parameter dimension, and Gﬁ is the variance of the

variable k. In this equation it is easy to view the
influence of field data quality and quantity in
parameter uncertainty. Since these Jacobian matrices
are evaluated at those locations for which
observations are available, any experimental design
should aim at sampling at those locations where the
variables are most sensitive to the estimated
parameters. Such a design is said to provide the
maximum amount of information about the unknown
parameters (Knopman and Voss, 1987).

It is intuitively obvious that the experimental
design objective should be intended to minimise the
norm of the covariance matrix (18), i.e., to make

. T -1 T -1 .
matrices (J w! m) and (J vyJ yz) as small as possible.

The variance terms 63,1 and cf,z are constants, and
can be dropped from the formulation. To measure
the accuracy of the estimates, we prefer to
summarise the information about the variability in
the covariance matrix into a single number. Here we
used the determinant of (18) as the function that
transforms a matrix into a scalar. This is quite
informative since in fact it is related to the volume of
the multidimensional simplex defined by the
column/row vectors of the matrix (Kumar and
Seinfeld, 1978, Rutzler, 1987).

Experimental design for parameter estimation deals
with the problem of defining experimental conditions
that increase the reliability of a simulation model. This
can be formulated by using a measure of the
covariance matrix of the parameter estimates. Among
these, the most widely used design criteria are,
= A-optimality: A design is said to be A-optimal if
it minimises the trace of matrix (18).
= D-optimality: A design is said to be D-optimal if
it minimises the determinant of (18).

» E-optimality: A design is said to be E-optimal if it
minimises the maximal eigenvalue of (18).

Brazilian Journal of Chemical Engineering



Optimal Measurement Locations for Parameter Estimation of Non Linear Distributed Parameter Systems 633

Using different norms leads to slightly different
conclusions regarding the optimal design. The D-
optimality criterion minimises the volume of the
hyper-ellipsoid in the parameter space, which makes
no consideration of the relationship between the
ellipsoid’s axes lengths, which are in turn
proportional to the square root of the covariance
matrix eigenvalues.

In general, it can be shown that, under some
assumptions of regularity and for a sufficiently large

sample size N, the vector ((@(N) _(pj (with ¢ denoting
the ‘true’ but unknown value of the parameters and
Q(n) the least square parameter estimates) has
approximately a normal distribution with zero mean

and covariance matrix,

@ e
NM (é@j (19)

where o denotes the standard deviation of the
errors in the model, & represent a design experiment

(including the measurement locations) and M(&,(p)

is the FIM, defined by,
[ oy(ziete) oy (zto) |
Zy,t, Zy,t,
M|gg|=| D AR 00 (20)
k=1 a(pl 6@1 =0

In principle, the covariance matrix is a measure
for the precision of the least square estimator for the

*

unknown parameter ¢ and a ‘smaller’ matrix yields
more precise estimates. For example, the i™ diagonal

1

2 *
element of (19) will be denoted by %M_l(ﬁ, (pj

and is an approximation of the variance or mean
squared error for the i component ®; (ny of the least

squared estimator (f)(N). An approximate confidence

interval for the i™ component @, of the vector ¢ is
given by,

A 6u1_ 2 -1 * A
PNy —Ta/ M (éﬂp)“ Py Tt

1

6u1—a/2 af, "
—= M "
N (& tpj

2]

u

where u;_,; denotes the 1-o/2 quantile of the

standard normal distribution and &° is an estimate
of the unknown variance of the error. For most cases,
it was shown that, for moderate sample sizes N, the
sampling variances of the parameter estimates are
well approximated.

The precision of the estimates can always be
decreased by increasing the sample size N, which
yields a ‘smaller’ covariance matrix and smaller
variances of the least square estimates. However, in
practice the sample size is usually fixed, due to cost
considerations of each additional experiment. To
improve the quality of the estimates or, from a
different point of view, to reduce the number of
experimental measurements needed to obtain the
estimates with a given accuracy, we note that the
variances of the estimates ¢; , and the covariance

matrix of the vector ¢y, also depend on the given

design, &, which determines the relative proportion
of total observations to be taken at the experimental
locations.

It is advisable to check that the confidence
interval magnitude agrees with the sensitivity
analysis, where the parameter that has the largest
sensitivity coefficient should have the smallest
confidence interval. Because of the consideration of
the measurement error only, if the FIM is well-
defined, the confidence intervals may result in very
small values. Grimstadt and Mannseth (1998)
indicate that the use of such an approximation of the
confidence intervals was almost always justified,
even for the highly nonlinear model they analysed.

NUMERICAL RESULTS

The spatial variability of sensitivities has a
significant impact on parameter estimation and
sampling design for studies of distributed parameter
systems. Information about a physical parameter will
be most accurately gained at points in space with a
high sensitivity to the parameter.

The set of partial differential equations described
above was solved using nominal values for the
parameters and random noise with zero mean,
N(O,GZ), was added to the outputs, the variance, o,
was manipulated in order to produce up to £15% of
stochastic deviation from the outputs. For each case
10 replications of the digital experiment were
collected.

Data set averaging is used to reduce the effect of
random noise in the measurements, which typically
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arises from the data acquisition system. In practice,
this implies that several data sets of the same signal,
in response to identical perturbations, have been
taken. Data set averaging may be obtained as,

. 1 nt
Y(ti)=n_tzyj(ti)
=1

i=1,.,Ng (22)

where nt is the number of data sets and Ng is the
number of observations per set. The effects of the
random noise tend to cancel when several sets of
data are averaged. However, the noise can only be

reduced to a certain degree and not totally eliminated.

In this work, only minimal improvements were
achieved by averaging together more than ten sets of
data. In addition to averaging, the output can be low
pass filtered to remove the residual random noise and
the systematic noise.

The average of the resulting ten responses was
then treated as experimental data and was used in the
minimisation of the objective function (17). The
calculated parameters were compared with their
corresponding nominal values.

The analysis of the sensitivity coefficients and of
the determinant of the FIM reveals the most
appropriate sensor locations for the estimation of the
unknown parameters (Storch et al, 2007). It is well

Sensitivity coefficient SyQ,PET

SyZF’eT
=
|

Sensitivity coefficient S

vZ,BC

0B -

SVZ,BC

04 b

02 -

0z I I L L L I L L I
1]

known that sensitivity analysis quantifies the
dependence of the system behaviour on the
parameters that affect the process dynamics. Prasad
and Vlachos (2010) presented results that show that
high values of the FIM are correlated with large
normalised sensitivity coefficients. These results can
be very helpful to reinforce the analysis carried out
here.

Figures 1 and 2 show the results of the sensitivity
coefficients obtained for the stable tubular reactor
case, i=1. From these figures the positions where the
extrema values are reached can be extracted easily.

The extrema values of the sensitivity coefficients
for temperature are located at 0.00, 0.45, and 1.00
and at 0.00, 0.30, and 1.00 for concentration. The
parameter showing the lowest absolute sensitivity
coefficient is y, which implies that more sampling
effort would be required to estimate this parameter.
These measurement locations were considered and
their effects on the parameter estimation procedure
were verified. The minimum of the determinant of
the covariance matrix, Equation (18) was used to
measure the quality of the parameter estimates
considering the spatial positions established by the
extrema analysis of the sensitivity coefficients. Table
2 shows the scenarios considered for the parameter
estimation of the stable example.
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Figure 1: Sensitivity coefficients behaviour in the spatial domain, stable case.
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Figure 2: Sensitivity coefficients behaviour in the spatial domain, stable case.
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It is our intention to consider the spatial locations
where the sensitivity coefficients show extrema
values to verify the accuracy of the parameter
estimates using experimental data contaminated with
noise. At these positions it would be logical to expect
that the confidence intervals for each parameter
should be small, according to Equation (21).

Matrix ©(¢) in Equation (16) resembles the FIM,

and Equation (20), the inverse of (16) can be
considered as an approximation of the inverse of the
FIM, which is a lower bound on the parameter
covariance matrix. Even though Christopher and
Fathalla (1999) derived their conclusions for
purposes other than sensor location for parameter
estimation, it is our intent to use their results to
reinforce our hypothesis that a tentative set of
optimal measurement positions could be defined
considering the spatial locations of the extrema
values of the sensitivity coefficients, which should
result in small confidence intervals for the parameter
estimates.

The procedure followed in this work resembles
the conventional D-optimal experimental design. In
the D-optimal design, the sensors are allocated by
the minimisation of the determinant of the parameter
covariance matrix. In our approach, the measurement
positions are defined by a mere extrema analysis of
the sensitivity coefficients, which can be defined as a
locally optimal design, with a further evaluation of
the determinant of the parameter covariance matrix
to verify the quality of the parameter estimates. Both

approaches need a previous estimate of the
parameters.

Table 3 shows the values of the parameters
estimated taking the experimental data at the
locations mentioned in Table 2. The data estimated
from the model at these same positions are used to
minimise the objective function (17). The initial
guess used corresponds to 50% of the nominal values.
During each iteration the sensitivity coefficients
were calculated using (7) and (8) together with (9)
and/or (10). The values obtained for each case
studied are shown in Tables 3 and 5. Finally, the
parameters calculated were compared with their
nominal values.

It can be seen in Table 3 that the parameter with
the highest deviation was y in most cases. The best
estimation is obtained when the experimental
measurements are taken at the locations where the
sensitivity coefficients reached the extrema values
for each wvariable of the system. The sampling
scheme experienced a significant reduction from the
original process, consisting of 21xn measurement
locations for each state variable, to 3xn (based on the
positions where the sensitivity coefficients reached
extrema values). This reduction represents 86% of
the original spatial domain.

For the tubular reactor with recycle operating
under unstable conditions, Figures 3 and 4 show the
behaviour of the sensitivity coefficients in the spatial
domain for temperature and concentration,
respectively.

Table 2: Locations considered for each variable, stable case

Case Concentration locations Temperature locations
A Whole domain Whole domain
B 0.00, 0.15, 1.00 0.00, 0.15, 1.00
C 0.00, 0.15, 0.95, 1.00 0.00, 0.15, 0.95, 1.00
D* 0.00, 0.30, 1.00 0.00, 0.45, 1.00
Based on the extrema values of the sensitivity coefficients and considering the largest absolute value
Table 3: Parameters estimated, stable case
Case Pec Pet B¢ Bt Y Br SSE det[Cov]
1.0030 1.0035 0.9954 2.0039 20.0085 0.9992 3
A 0.30% 0.35% 0.46% 0.20% 0.04% 0.08% 1.33¢-8 6-32x10
0.9841 0.9964 1.0301 1.9905 6.8791 0.9780 2
B 1.59% 0.36% 3.01% 048% | 65.61% 2.20% 0.0034 81.27x10
0.9910 1.0073 1.0317 1.9849 7.2747 0.9740 P
C 0.90% 0.73% 3.17% 0.76% 63.63% 2.60% 0.0042 73.33x10
1.0099 0.9984 1.0107 1.9688 19.0229 0.9982 5
D 0.99% 0.16% 1.07% 1.56% 4.89% 0.18% 2.15¢-4 4.06x10

Numbers in bold represent the deviation of the parameter from the nominal value.

Brazilian Journal of Chemical Engineering



SvZ,FeC

SyQ‘ET

Yo

Spe

Optimal Measurement Locations for Parameter Estimation of Non Linear Distributed Parameter Systems

Sensitivity coefficient S

¥z PeC

025 T T T T T T

01t o — — =000 [
T T --—-=500 |
oosF— — — 100
=150
1 T —+— =200 H
F-—- T e =250 |
005

01

-0.15

02 L I T L L L L L L
o

01 0.2 0.3 0.4 0s 0B 07 08 [uk:] 1

Z
Sensitivity coefficient SvQ‘EIT

o 01 0z 03 04 05 0B 07 og 0g 1

z
Sensitivity coefficient Svlv

Sensitivity coefficient S

y2 PeT
0.01 T T T T T T T

-0.01

-0.02

-0.03

SyZPeT

-0.04

0.05

-0.08

007 L I I L L L I T 1
o 01 0z 03 04 05 0B o7y 0§ 08 1

z
Sensitivity coefficient vac
100 T : : : : : - - -

Spe

-100

-150 L L L L L L L L L
o o1 02 03 0.4 06 0B o7 08 09 1

z
Sensitivity coefficient S

¥2.BT
8 T T T T T T T

SVZ‘pT

Figure 3: Sensitivity coefficients behaviour in the spatial domain, unstable case.

o5t e — _ 1
o-_ ]
05k . e S
P e |
&l — —=0.00
— - — =500
Sl — — =100
——t=150
2 ——t=200
=250

a5 . ; . . . .
01 02 03 04 05 0B 07 08 09 1

z
Sensitivity coefficient vac
100 ! - - - - - - - -

a0,

-100

-150 L L L L L L L L L

Sensitivity coefficient ‘3w "

Brazilian Journal of Chemical Engineering Vol. 27, No. 04, pp. 627 - 642, October - December, 2010

637



638

Sensitivity coefficient Sw.ﬁT

SV‘\ £

, . \ \ . . \ \ n
[u] 01 0.2 0.3 04 0& 0.6 0.7 0g 0s 1
z
Sensitivity coefficient SyZFeT
o0.m T T T

Sy2,PeT

J.E. Alaia

Sensitivity coefficient Sy1 Pec
0.15

nosf

SyLF’eC

nosk e

1 - il =250 ||
L
o W

015 b

02 I L I I L I L I I
o o1 0z 03 04 0& 06 07 0&s 0% 1

z
Sensitivity coefficient S

y2 BT

Spet
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Examining these figures, the variety of extrema
for different values of time can be seen. The largest
absolute values for temperature are located at 0.15,
0.20, and 0.30 and at 0.15, 030, and 0.35 for
concentration. The parameter showing the lowest
absolute sensitivity coefficient is Per. This system is
very unstable, showing numerous extrema values in
the whole spectrum of constant time lines, as can be
seen in Figures 3 and 4. Even though that is not

shown here, a quantification of the most recurrent
extrema was carried out, which are resumed as Case
D in Table 4. This table shows the cases considered
to analyse the parameter estimation procedure for the
unstable case.

The parameters estimated, taking the experimental
measurements at the locations mentioned in Table 4
and following the procedure explained above, are
shown in Table 5.

Table 4: Locations considered for each variable, unstable case

Case Concentration locations Temperature locations
A Whole domain Whole domain
B 0.050.10 ... 0.65 0.70 0.050.10 ... 0.65 0.70
C 0.150.30 0.350.45 0.150.20 030 0.40
D* 0.150.300.35 0.150.20 0.30
“Based on the extrema values of the sensitivity coefficients and considering the largest absolute value
Table 5: Parameter estimated, unstable case
Case Pec Pey Bc B v Br 10°*SSE det[Cov]
7.2560 6.3010 0.1005 2.4799 9.9243 2.0068 7
A 3.66% 9.997% 0.50% 0.80% 0.76% 0.34% 3.049 2.10x10
7.5560 6.0010 0.0974 2.4480 10.2121 2.0799 4
B 7.93% 14.27% 2.60% 2.08% 2.12% 3.40% 15.008 7.95x10
7.7381 4.6780 0.1026 2.3040 10.2191 1.9354 1
C 1054% | 33.17% 2.60% 7.84% 2.19% 3.23% 19.482 45.38x10
7.2279 6.1370 0.0998 2.5233 10.0330 2.0231 7
L 326% | 1233% 0.20% 0.93% 033% 1.16% 3.098 3-89x10

Bold numbers represent the deviation of the parameter from the nominal value.
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Due to the complex nature of this example, not
even considering the whole experimental data in the
spatial domain, the nominal values of the parameters
are reproduced. Per is the parameter showing the
highest deviation from its nominal value. This gives
another motivation for using sensor placement
strategies based on the extrema evaluation of the
predominant sensitivity functions showing the
largest absolute value. Thus, not only the uncertainty
in parameter estimation was reduced (see the
deviation from the nominal values, number in
parentheses, shown in Tables 3 and 5), but also the
cost associated with such measures was reduced as
well, which can be significant, especially in
situations where experimental measurements are
very expensive. Information about a physical
parameter may be most accurately gained at points in
space with a high sensitivity to the parameter.
Taking observations at locations showing high
sensitivity to the parameter tends to yield relatively
low variance, as can be seen in Tables 3 and 5. Level
of noise, above the ones considered here, affect
considerably the parameter estimates.

The parameters with the lowest absolute sensitivity
coefficients are the most difficult to estimate,
especially if the experimental measurements are taken
far from the optimal locations. When at least one
parameter shows a very low absolute sensitivity, an
optimisation algorithm based on the gradient and/or
Hessian matrix generally gets stuck in a local
minimum, distant from the optimal solution.
Considering the measurement locations where the
sensitivity coefficients show extrema values provided
very good parameter estimates.

Taking into account the largest absolute
sensitivity coefficients of the parameter of interest
through a careful choice of observation points in a
sampling design will lower the variance of the
parameter estimate. This is the motivation for
examining the behaviour of sensitivities in the
system when refinement of parameter estimates is an
objective of field sampling.

CONCLUSIONS

A sensor placement strategy to estimate parameters
is presented. The spatial location selection is essential
in the parameter estimation procedure. To optimally
estimate the parameters of the system, the
measurements can be taken where the extrema values
of the sensitivity coefficients are reached in the spatial
domain. The parameters determined with the highest
deviation from the nominal values are usually the ones

showing the lowest absolute sensitivity coefficients.
To improve this estimation, it is advisable to measure
at the locations where the sensitivity functions reach
their extrema. The results are strongly affected by the
presence of noise in the system, but this can be partly
solved by using common filtering techniques. Not only
the uncertainty in parameter estimation can be reduced
by using these sensor locations, but cost is decreased
also, which is significant, especially in situations
where experimental observations are expensive.

NOMENCLATURE

Ca(t,z)  Concentration
T(t,z) Temperature

y,(t,z)  Dimensionless concentration
y,(t,z) Dimensionless temperature
r Recycle to reactor
zZ Spatial variable
Per Temperature Peclet number
Pec Concentration Peclet number
B¢ Damkohler number
¥ Activation energy
Br Heat of reaction
Br Heat transfer
t Time variable
to Initial time
tr Final time
) A vector parameter of the system
Y Output of the system
s(Y,9) Local sensitivity of Y with respect
arameter
or Sy, p ¢
op Sensitivity of the parameter ¢ to the
du; experimental data u;
u; Experimental data

J(¢) or Objective function
(

s( ,z,q)) Vector of local sensitivities

t
0(¢) Non-singular matrix

* the ‘true’ but unknown value of the
¢ parameters

) the least square parameter estimates
£ the design experiment (including the

measurement locations)
*\ Fisher Index Matrix
M| &0

Cov ((an ) Parameter covariance matrix
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random noise with zero mean and
variance 6~
Ui_g2 the 1-0/2 quantile of the standard normal

N(0,6%)

distribution

1 Jacobian of the variable y
1 Variance of the variable k

k
SSE Sum of square errors
yp(zit)  Predicted response at location z;
ve(z,t)  Experimental response at location z;
3 (ti ) Averaged data
m Optimal number of spatial locations
nt Number of data sets
Ns Number of observations per data set
Acronyms

FIM Fisher Index Matrix
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