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ABSTRACT

In this paper, we introduce the fourth fundamental forms for hypersurfaces in H”*! and space-like hyper-
surfaces in S} +1 and discuss the conformality of the normal Gauss map of the hypersurfaces in H”+! and
Si’“. Particularly, we discuss the surfaces with conformal normal Gauss map in H> and Sl3, and prove a
duality property. We give a Weierstrass representation formula for space-like surfaces in S 13 with conformal
normal Gauss map. We also state the similar results for time-like surfaces in Sf. Some examples of surfaces
in S13 with conformal normal Gauss map are given and a fully nonlinear equation of Monge-Ampére type
for the graphs in Sl3 with conformal normal Gauss map is derived.

Key words: fourth fundamental form, conformal normal Gauss map, generalized Gauss map, duality
property, de Sitter Gauss map, Monge-Ampere equation.

1 INTRODUCTION

It is well known that the classical Gauss map has played an important role in the study of the surface theory
in R? and has been generalized to the submanifold of arbitrary dimension and codimension immersed into
the space forms with constant sectional curvature (see Osserman 1980).

Particularly, for the n-dimensional submanifold x: M — V in space V' with constant sectional cur-
vature, Obata (Obata 1968) introduced the generalized Gauss map which assigns each point p of M to
the totally geodesic n-subspace of V' tangent to x (M) at x(p). He defined the third fundamental form of
the submanifold in constant curvature space as the pullback of the metric of the set of all totally geodesic
n-subspaces in V' under the generalized Gauss map. He derived a relationship among the Ricci tensor of
the immersed submanifold and the first, the second and the third fundamental forms of the immersion.
Meanwhile, Lawson (Lawson 1970) discussed the generalized Gauss map of the immersed surfaces in S°,
and prove a duality property between the minimal surfaces in S and their generalized Gauss map images.

Epstein (Epstein 1986) and Bryant (Bryant 1987) defined the hyperbolic Gauss map for surfaces in H?>,
and Bryant (Bryant 1987) obtained a Weierstrass representation formula for constant mean curvature one
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surfaces with conformal hyperbolic Gauss map. Using the Weierstrass representation formula, Bryant also
studied the properties of constant mean curvature one surfaces. Using the hyperbolic Gauss map, Galvez
and Martinez and Milan (Gélvez et al. 2000) studied the flat surfaces in H> with conformal hyperbolic
Gauss map with respect to the second conformal structure on surfaces (see (Klotz 1963) for the definition),
and obtained a Weierstrass representation formula for such surfaces.

Kokubu (Kokubu 1997) considered the n-dimensional hyperbolic space H" as a Lie group G with a
left-invariant metric, and defined the normal Gauss map of the surfaces which assigns each point of the
surface to the tangent plane left translated to the Lie algebra of G. He also gave a Weierstrass representation
formula for minimal surfaces in H”. On the other hand, Galvez and Martinez (Galvez and Martinez 2000)
studied the properties of the Gauss map of a surface ¥ immersed into the Euclidean 3-space R* by using the
second conformal structure on surface, and obtained a Weierstrass representation formula for surfaces with
prescribed Gauss map. Motivated by their work, the author (Shi 2004) gave a Weierstrass representation
formula for surfaces with prescribed normal Gauss map and Gauss curvature in /> by using the second
conformal structure on surfaces. From this, the surfaces whose normal Gauss maps are conformal have been
found, and the translational surfaces with conformal normal Gauss map locally are given. In (Shi 2006), the
author classified locally the ruled surfaces with conformal normal Gauss map within the Euclidean ruled
surfaces, and studied some global properties of the ruled surfaces and translational surfaces with conformal
normal Gauss map.

Aiyama and Akutagawa (Aiyama and Akutagawa 2000) defined the normal Gauss map for space-like
surfaces in the de Sitter 3-space S>, and gave a Weierstrass representation formula for space-like surfaces
in S13 with prescribed mean curvature and normal Gauss map.

The purpose of this paper is to study the conformality of the normal Gauss map for hypersurfaces in
H"! and space-like hypersurfaces in S} *+1 and to prove a duality property between the surfaces in 4> and
the space-like surfaces in S} with conformal normal Gauss map. The rest of this paper is organized as follows.
In the second section, we describe the generalized definition of the normal Gauss map for hypersurfaces
in H"*! and space-like hypersurfaces in Sf“ (cf. Kokubu 1997, Aiyama and Akutagawa 2000). The
third section introduces the fourth fundamental forms for hypersurfaces in H"*! and Si’“, and obtains a
relation among the first, the second, the third and the fourth fundamental forms of the hypersurfaces. As an
application, we discuss the conformality of the normal Gauss map for hypersurfaces in H"*! and space-like
hypersurfaces in SI’H. By means of the generalized Gauss map of the surfaces in H* and S;, the fourth
one proves a duality property between the surfaces in H> and the space-like surfaces in S; with conformal
normal Gauss map. The fifth one gives a Weierstrass representation formula for space-like surfaces in S;
with conformal normal Gauss map, and the sixth one derives the fully nonlinear equation of Monge-Ampeére
type for space-like graphs in Sf with conformal normal Gauss map and classifies locally the translational
surfaces and the Euclidean ruled surfaces in S13 with conformal normal Gauss map. In the last section, we

state the similar results for time-like surfaces in S? with conformal normal Gauss map.

2 PRELIMINARIES

Take upper half-space models of hyperbolic space H"*!(—1) and de Sitter space Si’“ )

RIH = {(xl,X2, - ,xn+1) € Rn+l|xn+l > 0}
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with respectively Riemannian metric

ds* = ZL(dxl2 +dx; + - +dxp,)
Xnp
and Lorentz metric
ds* = %(dxlz +dxy + - +dxp —dx;,)
xn+1
(see Aiyama and Akutagawa 2000 or section 4).

Let M be a n-dimensional Riemannian manifold and x: M" — H"*! (resp. x: M" — Sf“) be
an immersed hypersurface (resp. space-like hypersurface) with local coordinates w1, us, ..., u,. In this
paper,we agree with the following ranges of indices: 1 < i, j,k,... <nmand1 < A4,B,C,... <n+1.
The first and the second fundamental forms are given, respectively, by I = g;;du;du; and Il = h;;du;du;.
The unit normal vector (resp. time-like unit normal vector) of x (M) is

0
N = XppiMim— +Xpp 12— + - + Xyt 1041 ,

8X1 8x2 8xn+1
Wheren%—l—n%%—---—i-nﬁ“ =1 (resp. n%+n§+-~+nﬁ—nﬁ+1 =—1).
We have the Weingarten formula
877A 1 8XA : BXA 877A 1 BxA : 8XA
— = — iy — & =) (resp. = = — (o — + &) ).
ouy Xpt1 ouy ou, ouy Xut1 ouy ou;

Identitying H"*! and S{‘“ with Lie group (Kokubu 1997)

1 0 .- 0 logx,i1
0 xp41 -+ O X
G=1q|: =+ -~ C| o Gxas o xag) € RETTE
0 0 - Xy X,
o o -~ 0 1
the multiplication is defined as matrix multiplication and the identity is e = (0, 0, ..., 0, 1). The Rieman-

nian metric of H"*! and the Lorentz metric of S7*! are left-invariant, and

-~ ~ ~ 0
X1 = Xpp1i7—, X2 = X175 Xpg1 = Xpqi
8X1 8x2 8x,,+1

are the left-invariant unit orthonormal vector fields. Now, the unit normal vector (resp. time-like unit
normal vector) field of x (M) can be written as N = n1)~(1 + 772)?2 4+ 4 77,,+1)~(n+1. Left translating N to

Te(RTl), we obtain
N:M— S"(1) C Te(RfrH) (resp. N:M— H' (=1 C Te(Ri“)),
0

8x,,+1

~ d d
N=L-,(N)y=nm—(e) +m—() + -+ 0y (e).
8x1 8XQ

Call N the normal Gauss map of the immersed hypersurface x : M — H"*! (resp. space-like hypersurface
xX: M — S’f“) (Kokubu 1997, Aiyama and Akutagawa 2000).
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3 THE FOURTH FUNDAMENTAL FORM

DEFINITION. Let M be a n-dimensional Riemannian manifold. Call IV = (dﬁ AN ) the fourth funda-
mental form of the immersed hypersurface x : M — H"*! (resp. space-like hypersurface x : M — Sf“),
where the scalar product (-, -) is induced by the Euclidean metric of R"*! (resp. the Lorentz-Minkowski
metric of L"),

THEOREM 3.1. Let M be a n-dimensional Riemannian manifold with Ricci tensor Ric. Letx: M — H"T!
(resp. x: M — Si‘“ ) be an immersed hypersurface (vesp. space-like hypersurface) with mean curvature
H = Ytr(1l). Then

IV =y 1— 29,11+ 11 (3.1
(resp. IV = 171+ 20,11+ 111), (3.2)

where lll = nHIl — (n — 1)I — Ric (resp. Il = nHIl — (n — 1)l + Ric) is Obata’s third fundamental
form of x(M) (see Obata 1968).

PROOF. At first we prove the Theorem for H”"*!. Choose the normal coordinates u,, us, ..., u, near
p € M. By the Weingarten formula, we get

~ o~ ony o
IV = (dN,dN) = 242 gy
8u,~ Bu]
1 3% 4 9 4 3.4 x4 (3.3)
= (M o2 = b ) (st o = ) g '
x,fﬂ <77 au, "auk)<” +18uj j18u1> Hidh;

= (mp18i; — 20nsrhij + hich ji)duidu ;.

I = hiih jrdu;du; is the third fundamental form (Obata 1968) and by the Gauss equation, IIl = n HII —
(n — 1)I — Ric. (3.1) is proved.
Next, similar to the above proof, for S;’“, we have

IV = (02,18 + 20as1hij + high ji)duidu;. (3.4)

Similar to the proof of (3.1), we can prove (3.2).

Next, we consider the applications of these formulas (3.1)—(3.4). In the following of this paper, that
the normal Gauss map is conformal means that the fourth fundamental form is proportional to the second
fundamental form, i.e. IV = pII for some smooth function p on M (Shi 2004, 2006).

THEOREM 3.2. Let M be a n-dimensional Riemannian manifold and x: M — H"™! (resp. x: M —
S;’“ ) be an immersed hypersurface (resp. space-like hypersurface) without umbilics. Then the normal
Gauss map of x(M) is conformal if and only if at each point of M, there exists exactly two distinct
principal curvatures and the sectional curvature R(X NY) = —1 + n? 4 (resp. RIXANY)=1-— n? 1)

where the vectors X and Y belong to different principal direction spaces.

An Acad Bras Cienc (2008) 80 (1)



THE HYPERSURFACES WITH CONFORMAL NORMAL GAUSS MAP IN H”"t1 AND S?'H 7

PROOF. The case of H"*!. For any point p € M, let {e;, ez, ..., e,} be a local frame field so that (hij) is
diagonalized at this point, i.e. /;;(p) = A;6;;. By IV = pll and (3.3), we get, fori = 1,2, ..., n, that

77,3+1 — 201k + A7 = phy, (3.5

1.e.

AT = (0 + 200D + 1y = 0. (3.6)

Because x (M) has no umbilics, the equation (3.6) with respect to A; has exactly two distinct solutions A
and w and Apu = 773+1~ By the Gauss equation, one may prove R(X AY)=—-14+iu=—-1+ 77,21+1.

Conversely, choose the local tangent frame {e;, e,, ..., ¢,} and the dual frame {w;, w,, ..., w,} near
p,such that h;; = 0,i # jand hyy = hyy = -+ = hyy = A #pu = hpypp1 = -+ = hy, at p.
Then 77,%+1 = Au. By (3.3),

IV = (2 =2k + 22) (@} + - + o)
+ (g = 20wt + 1) (@i + -+ @)
= (=201 +2) A (@ e+ )
4 (k= 200 + ) 1 (@R + o+ 0D)

= (A= 2 + p)IL
The sufficiency has been proved for H"+!. Similarly, we can prove Theorem 3.2 for S;’H.

REMARK. By (3.5), we know that the normal Gauss map of all totally umbilical hypersurfaces except
totally geodesic hyperspheres in "+ are conformal. Similarly, for space-like hypersurfaces in Sf“, since
na+1 7 0, the normal Gauss maps of all totally umbilical space-like hypersurfaces except totally geodesic
space-like hypersurfaces are conformal.

For H* and S f, by Theorem 3.2, we immediately get

THEOREM 3.3. Let M be a 2-dimensional Riemannian manifold and x: M — H? (resp. x: M — S;)
be an immersed surface (vesp. space-like surface) without umbilics. Then the normal Gauss map of x (M)
is conformal if and only if the Gauss curvature K = —1 + n% (resp. K =1— 77§)~

REMARK. In (Shi 2004, 2006), we assume that the second fundamental form is positive definite and
induces the conformal structure on the surfaces in /3. Here, the assumption with respect to the positive
definite second fundamental form is dropped.

THEOREM 3.4. Let M be a n-dimensional Einstein manifold and x : M — H"*! (resp. x: M — S;’H) be
an immersed hypersurface (resp. space-like hypersurface) with non-degenerate second fundamental form

and without umbilics. If the normal Gauss map of x(M) is conformal map, i.e. IV = pll, then n = 2 and
p =2(H —n3) (resp. p=2(H +n3)).
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S
PROOF. We only prove the Theorem for H"*!. M is an Einstein manifold, so Ric = —I, where § is
n

the scalar curvature of M. (3.1) becomes

(nﬁﬂ —(n—1)— 5) I+ 0mH — 20,41 — p)1=0.
Because x (M) has no umbilics, we have
nH =2n,.1 + p.
By Theorem 3.2 and its proof, we assume that Ay = --- = A, = A # u =Xy =--- = Ay, then
rh+m—r)u =201+ p.

By (3.6),
A+ =2n,41 + p.

So(r —1)A+ (m —r — 1)u = 0. By Theorem 3.2, A and u have same signature. So» = 1 and n = 2.

Hence p = 2H — 2n;3.

4 ADUALITY FOR THE SURFACES IN /3 AND S% WITH CONFORMAL NORMAL GAUSS MAPS

Let L* be the Minkowski 4-space with canonical coordinates Xy, X, X», X3 and Lorentz-Minkowski scalar
product —X? + X? + X3 + X3. The Minkowski model of H? is given by

H = {(Xo, X1, X2, X3)| — X2+ X3 + X3 + X3 = —1, Xy > 0}

and is identified with the upper half-space model Ri of H? by

(roxmm) = (0 2 :
1, A2, A3 - XO_X37 Xo—XS’ Xo—X3 .

Accordingly, the space-like normal vector of the surface in the Minkowski model of H? is

0 0 d d
N = Np— N — Ny, — Ny——,
axe T Max, T Max T Ve
where
X, X, 1 — Xo(Xo — X3)
Ny = —— - ,
0 XO—X3m+XO—X3n2+ Xo— X5 n3
Ni = m—Xim, Ny =mn — Xons,
X X, 1 — X3(Xo — X3)
Ny = g ,
3 XO_X3721+XO_X3772+ Xo— X, n3
We get
Ny — N-
m=— @.1)
X3 — Xo
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The Minkowski model of the de Sitter 3-space is defined as
St ={(Xo. X1. X0, X3)| - Xg+ X7+ X5+ X3 =1} >~ S* xR
and can be divided into three components as follows (cf. Aiyama and Akutagawa 2000),
S. = {XeS|Xo— X3 <0}~ R’
So = {XeS|Xo—X;=0}~5" xR,
St

{XesS|Xo—X5> 0}~ R

Identify S_ and S with upper half-space model R? of the de Sitter 3-space by (cf. Aiyama and Akutagawa
2000)

(153, x5) = X X, 1
b 1Xo— X3 1 Xo— Xs|” [Xo— X3 )"

For space-like surface X: M — S3,let U_ = X~'(S_) and Uy = X~!(S;), then U_ U U, is the open
dense subset of M. On U_ U U, the time-like unit normal vector is

d 0 0 0
N = No— + Nj— + Ny— + N;—o,
"9 X, Yax, e Y9x5
where
X X, I 4+ Xo(Xo — X3
Ny = —1771 + nm — ( )773,
Xo— X3 Xo — X3 Xo — X3
N1 = m—Xin3, Ny =m — Xons,
X X, 1 4+ X3(Xo — X3
Ny = —lp + mn — ( )773-
Xo—X3 X()—X3 XO_X3
We get
No — N3
Ny = ——. (4.2)
X5 — X

REMARK. In (Aiyama and Akutagawa 2000), the normal Gauss map of the space-like surface X: M —
S? is defined globally on M. Because of the density of U_ and U, in M, in this paper, we may consider
that the normal Gauss map of the space-like surface X: M — S; is defined on U_ and U,.

Let X: M — H3 (resp. X: M — Sf’) be an immersed surface (resp. space-like surface). Parallel
translating the space-like (resp. time-like) unit normal vector N to the origin of L*, one gets the map
N: M — Sf (resp. N: M — H?) which is usually called generalized Gauss map of X: M — H?> (resp.
X: M — S3). The generalized Gauss map image can be considered as the surface in S} (resp. H?>).

THEOREM 4.1. (Kokubu 2005, Prop. 3.5). (1) Let X: M — H? be a 2-dimensional immersed surface.

Then its generalized Gauss map N: M — S} is a branched space-like immersion into S; with branch
K

points where K = —1. And, when K # —1, the curvature of N: M — S} is K* = X1 and the volume

elementisdVy = |K + 1|dVy.
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(2) Let X: M — S? be a 2-dimensional space-like immersed surface. Then its generalized Gauss map
N: M — H? is a branched immersion into H> with branch points where K = 1. And, when K # 1, the

K
curvature of N: M — H3 is K* = T & and the volume element is dVy = |1 — K|d V.

PROOF. In the context of this paper, we prove (2). For any p € M, let {ey, e}, e2, e3} be the orthonormal
frame near p, such that e; = X, eg = N. Let {wy, w1, @, w3} be the dual frame. The connection 1-forms
iswf,a, p=0,1,2,3. The coefficients of the second fundamental form of X: M — S; is given by o =
hijwj, hij = hj;,i,j = 1,2. The induced metric of N: M — H3 is dsf = (dN,dN) = hixhjrwiw;.
Choose the local tangent frame {e;, e;} near p, such that 4;; = A;8;;. Then ds? = )ﬁ(a)l)2 + A%(wz)z.
So, when Ajd, # 0,i.e. K # 1, N(M) is an immersed surface into H>. Its space-like unit normal vector
is X and the second fundamental form is Il = —(dX, dN) = —;(w;)? — A2 (w7)?. By the Gauss equation,

By Theorem 3.3, (4.1), (4.2) and Theorem 4.1, we get the following duality.

THEOREM 4.2. Let M be a connected 2-dimensional manifold. Let X : M — H?> be an immersed surface
with K # —1 and without umbilics and let N: M — S be a space-like surface with K # 1 and without
umbilics. Suppose that N: M — S7 is the generalized Gauss map of X: M — H?> and vice versa. Then,
the normal Gauss map of X: M — H? is conformal if and only if one of N: M — S} is conformal.
No— N3\
And, at this time, dVy = (¥> dVy.
X3 — X
REMARK. Like (Lawson 1970) for minimal surfaces in S°, we call the generalized Gauss map N: M — S;
the polar variety of the immersed surface X: M — H? with conformal normal Gauss map and vice versa.

5 WEIERSTRASS REPRESENTATION FORMULA

In this section, we give a Weierstrass representation formula for space-like surfaces in S} with conformal
normal Gauss map. At first, we describe the normal Gauss map and the de Sitter Gauss map of the space-like
surfaces in S7. Take upper half-space model R} of 7.

The normal Gauss map of the space-like surface x: M — S is given by

_ 0 0 0
N = n—-(e) + m=—~(@) + m3—(e): M — H*(-1) c L.
X1 9x 0x3

By means of the stereographic projection from the north pole (0,0, 1) of H?(—1) to the (x;, x»)-plane

identified with C, we get
s M+ iny
1—n;
which is also called the normal Gauss map of the space-like surface x: M — S; - N can be written as

~ 2Re(g%) 2Im(g5) 1+ g5
N = (- - , .
1g512 -1~ |g57—1" |g5]> -1

M — C U {co]\{lz] = 1},

Next, we describe the definition of the de Sitter Gauss map for space-like surfaces in Sl3 (in (Lee
2005), it is still called hyperbolic Gauss map), which is the analogue of Epstein and Bryant’s hyperbolic
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Gauss map for surfaces in H> (Epstein 1986, Bryant 1987, Shi 2004). The time-like geodesic is either
the Euclidean equilateral half-hyperbola consisting of two branches which is orthonormal to the coordinate
plane {(x1, x2, 0)|(x1, x2) € R?} or the Euclidean straight line which is orthonormal to the above coordinate
plane. For the space-like surface x = (xy, x2, x3): M — S3. at each point x € M, the oriented time-like
geodesic in 513 passing through x with time-like tangent vector N meets {(x1, x2, 0)|(x1, x2) € R*} U {00}
at two points. Since the geodesic is oriented, we may speak of one of the two points as the initial point and
the other one as the final point. Call the final point the image of the de Sitter Gauss map for x (M) at the
point x. Denote the de Sitter Gauss map by GS. On the coordinate plane {(x;, x2, 0)|(x1, x2) € R?}, we
introduce the natural complex coordinate z = x| + ix;. Using the Euclidean geometry, as similar as done
in the Theorem 5.1 of (Shi 2004), we get

G5 = x| +ixy +x38°. 5.1

Let x = (x1, X2, x3): M — H? be an immersed surface with unit normal vector
N = 9 + 9 + 0
= X3 — X3y —— X33 ——
3771a X 3772a - 37738 X3

By the duality given in section 4, the generalized Gauss map of x : M — H? is given, when n3 > 0, by

N = <ﬂx3 —x1, P — 1, x3> M- S, (5.2)
K] K] n3
and when 13 < 0, by
X
N = (xl — mx3, Xy — 2)63, ——3) M — S13 (5.3)
3 K] 3

and in the Minkowski model of the de Sitter 3-space, their time-like unit normal vector is X: M — H>.
Again by the duality given in section 4, a straightforward computation shows us that the normal Gauss map
of N: M — S is given by

~ 772 8 1 )
N=——() ()-I———(e) M — H*(—1).
N3 0x 3 0x2 n3 0
So,
i n +in
gS — 13 1’73 — :_gH’ (54)
1 —-— ns—1

n3
where gf/: M — C U {00} is exactly the normal Gauss map of x: M — H?3 (Kokubu 1997, Shi 2004,
2006). From this, we also prove the Theorem 4.2.
By (5.1)—(5.4) and the Theorem 5.1 of (Shi 2004), we get that when 73 > 0, i.e. |g5] > 1,

G5 = -G, (5.5
and when 73 < 0, ie. |g5] < I,

G5 =GH, (5.6)
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where G* is exactly the hyperbolic Gauss map of x: M — H?3 (Epstein 1986, Bryant 1987, Shi 2004).
In the following, we write respectively g5 and G¥ as g and G.
By (5.2)(5.6) and the Weierstrass representation for surfaces in H* with conformal normal Gauss
map (Shi 2004), we get the Weierstrass representation formula for space-like surfaces in S; with conformal

normal Gauss map.

THEOREM 5.1. Let M be a simply connected Riemann surface. Given the map G: M — C U {oo} and the

nonconstant conformal map g: M — C U {oo}\{|z| = 1}.

(1) When the holomorphic map g: M — C U {oo}\{|z| = 1} satisfies |g| > 1 and

G:

2z 20, (5.7)
8-
1g*1Gz| > |G|, (5.8)
g lgl*gg:
Gzt ————=G. — G: =0, 5.9
(Igl* = Dg lgl* — 1
put
1 2
% = Re{G— + el Gz}, (5.10)
88:
1 2
X, = Im{G— + lgl GZ}, (5.11)
g8
1 2
o= G (5.12)
lgl°g:

Then x = (x1,x2,x3): M — Sf is a space-like surface with de Sitter Gauss map G and holomorphic
1-+]g|>
lgl?—1
on M is induced by the negative definite second fundamental form. Conversely, any surfacex: M — S}
with /1 — K = %(z n3) can be given by (5.10), (5.11), (5.12), and the de Sitter Gauss map G
and the normal Gauss map g must satisfy (5.7), (5.8), (5.9), where the conformal structure on M is

normal Gauss map g and Gauss curvature K satisfying /1 — K = . And the conformal structure

induced by the negative definite second fundamental form.

(2) When the antiholomorphic map g: M — C U {oo}\{|z] = 1} without holomorphic points satisfies

lgl < 1 and
G:
0. (5.13)
lgl*g:
2
G.
|g||c|'| 1 (5.14)
g lgl*gg:
G:t —2—G:— G, =0, 5.15
T lgf -0z 7 T gl -1 (5.15)
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put
1 2
X = Re{G— + el Gg}, (5.16)
88z
1 2
Xy = Im{G— +lgl G;}, (5.17)
88z
1 2
X3 = ﬁc;g. (5.18)
|g|*g:z

Then x = (x1,x2,x3): M — 513 is a space-like surface with de Sitter Gauss map G and antiholomor-

phic normal Gauss map g and Gauss curvature K satisfying /1 — K = t“:i E And the conformal
structure on M is induced by the negative definite second fundamental form. Conversely, any surface
x: M — Sf with /1 — K = }f:i; (= —n3) can be given by (5.16), (5.17), (5.18), and the de Sitter
Gauss map G and the normal Gauss map g must satisfy (5.13), (5.14), (5.15), where the conformal

structure on M is induced by the negative definite second fundamental form.

6 GRAPHS AND EXAMPLES

In this section,we give the examples of surfaces in Sl3 with conformal normal Gauss map within the trans-
lational surfaces and the Euclidean ruled surfaces.

In H?, the graph (u, v, f (u, v)) with conformal normal Gauss map satisfies the following fully nonlinear
equation of Monge-Ampeére type (Shi 2004, 2006)

f(](uufvv - fuzv) + [(1 + fvz)fuu - 2fufvfuv + (1 + ](MZ)va] = 0. (61)

Take upper half-space model of S;. Consider the space-like graph (u, v, f(u,v)) in S; with f2+
f? < 1. Its Gauss curvature is given by

_ P Uato = fi) = FIO = ) fuw & 2 fofow + (U= f) foo] + (L= S = )

K=1
(1— 1212

So K = 1 — n3 is equivalent to

f(fuufvv - qu) - [(1 - fvz)fuu + 2fufvfuv + (1 - fuz)fvv] = 0’ (6-2)

where f2+ f2 < 1. This is the fully nonlinear equation of Monge-Ampére type which the space-like graph
in S13 with K =1 — n% must satisfy.

REMARK. There exists a nice duality between the solutions of minimal surface equation

in R* and the ones of maximal surface equation
(1 - fu2)fuu + qufvfuv + (1 - fuz)fvv =0
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in Lorentz-Minkowski 3-space L* (Alias and Palmer 2001). Here, by the duality given by (5.2) (or (5.3)), we
know that if f'(u, v) is a solution of (6.1), then the local graph of the space-like surface (— ff, —u, — ff, —
v, [T+ 2+ f2) (or (ffu+u, ffo+v, £/1+ f2+ f2))in S} satisfies (6.2). Conversely, if f(u, v) is
asolution of (6.2) with f2+ f2 < 1, then the local graph of the surface (ff, —u, ff, —v, f/1 — f2 — f2)
(or ( — ffusv— ffo, /1 — f2— f2)) in H? satisfies (6.1).

Next, as similar as done in section 6 of (Shi 2004), we get the following Theorem.

THEOREM 6.1. The nontrivial translational space-like surfaces with form f(u,v) = ¢(u) + ¥ (v) in S13
with conformal normal Gauss map are given, up to a linear translation of variables, by

fu,v) = Va2 4+ u? £ /b + 12 (6.3)

with >+ f2 < 1, where a and b are nonzero constants. The parameter form of these translational surfaces

are locally given by
x(u,v) = (asinhu, bsinh v, a coshu + b coshv). (6.4)

REMARK. We may check that the isometric transformation
(x1,x2,x3) = (x1c086 — x28in60 + a, x; sin 6 + x; cos O + b, x3) (6.5)

preserves the concept of the ruled surfaces and the conformality of the normal Gauss map of the space-like
surface in S7.

Considered as surfaces in 3-dimensional Minkowski space L3, the space-like ruled surfaces in S;
can be represented as x (u, v) = a(v) + uB(w): D — S13, where D(C R?) is a parameter domain and
a(v) and B(v) are two vector valued functions into L3 corresponding to two curves in L3. When B is
locally nonconstant, without loss of generality we can assume that either (8, 8) = 1, (8', 8’) = +£1, and
(a,B)y=0o0r (B, B)=1,(B,B') =0,and («’, B) = 0, where (-, -) is the scalar product in L3. As similar
as done in Theorem 2 of (Shi 2006), we have

THEOREM 6.2. Up to an isometric transformation (6.5) in Sf, every space-like ruled surface in Sl3 with

conformal normal Gauss map is locally a part of one of the following,

(1) ordinary Euclidean space-like planes in S3,
(2) (ucoshuw, c-sinhwv, usinhv), for a constant ¢ # 0,

(3) (¢zsinhv + u coshv, ¢ sinh v, ¢; cosh v + u sinh v), for constants ¢; # 0 and c; # 0.

We should note that in the proof of Theorem 6.2, only when (8’, 8’) = —1, we may get the nontrivial
cases (2) and (3).

Locally, the ruled surfaces (2) and (3) in Theorem 6.2 can be represented as the graph (u, v, f(u, v))
as follows,
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cicy +uv
Ja 4 v?

REMARK. In H?, the translational surfaces

COROLLARY. f(u,v) = =% is a solution of equation (6.2), where ¢y # 0 and ¢, are constants.

(acosu,bcosv,asinu + bsinv) (6.6)
and the ruled surfaces
(ucosv, c-sinv, usinv) (6.7)
and
(—cysinv +ucosv, ¢y - SInv, ¢; COSV + u sin v) (6.8)

with conformal normal Gauss map have been obtained (Shi 2004, 2006), where a, b, ¢, ¢; and ¢, are nonzero
constants. Using (5.2) (or (5.3)) and Theorem 4.2, we may check that up to a isometric transformation (6.5)
in S13 (6 = £7%), (6.4) in Theorem 6.1 and (2) and (3) in Theorem 6.2 are, respectively, the polar varieties
of (6.6), (6.7) and (6.8) and vice versa.

REMARK. Every geodesic of H?, corresponding respectively to u = 0, u = 7, v = 0 and v = 7 on
surfaces (6.6) and to v = 7 on surfaces (6.7) and to v = £7 on surfaces (6.8) follow which K = —1 is
mapped to a single point in Sy by the generalized Gauss map.

7 TIME-LIKE SURFACES IN Sl3 WITH CONFORMAL NORMAL GAUSS MAP

In this section, we state the similar results as above for time-like surfaces in Sf without proofs.
Take upper-half space model of S13. Let M be a 2-dimensional Lorentz surface and x: M — Sl3 be the
time-like immersion with local coordinates u;, u,. The first and the second fundamental forms are given,

respectively, by I = g;;du;du; and Il = h;;du;du ;. The space-like unit normal vector is

N 0 n 0 n d
= X — X — X —,
3M ax 372 %2 313 s

where n? + n3 — n3 = 1. We have the Weingarten formula

an 1 dax oo 0x
— = — (773—A _g]lhkl_A) :
ouy X3 u;

Left-translating N to 7, (Ri), we obtain
N 2 3 ~ d B 9
N: M — S§i(1) C T.(R}), N = L,-,(N) = m7—(e) + m—(e) + m—(e),
3X1 8x2 8)(?3

which is called the normal Gauss map of time-like surface x: M — S; (Aiyama and Akutagawa 2000).
CalllV = (d N,dN ) the fourth fundamental form of the time-like surface x: M — S13. We have

IV = (nigi; — 2n3hyj + g hixhyji)du;du;.
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Of course, we may also define the high-dimensional version of the fourth fundamental form for time-like
hypersurfaces in ST (1).

THEOREM 7.1. Let M be a 2-dimensional Lorentz surface and x : M — 513 be a time-like immersed surface

without umbilics. Then the normal Gauss map of x (M) is conformal if and only if the Gauss curvature
K=1+n;i.

In the Minkowski model of the de Sitter 3-space S13, the generalized Gauss map N: M — S; of the
time-like surface X: M — S is a branched time-like immersion with branch points where K = 1.

THEOREM 7.2. Let M be a connected 2-dimensional Lorentz surface. Let X: M — S} be a time-like
surface with K # 1 and without umbilics. If the normal Gauss map of X: M — S} is conformal, then the
normal Gauss map of its generalized Gauss map N : M — S; is also conformal and vice versa.

The time-like graph (u, v, f'(u, v)) in Sl3 with conformal normal Gauss map also satisfies the fully

nonlinear equation of Monge-Ampére type (6.2) with f2 + f2 > 1.

THEOREM 7.3. The nontrivial translational time-like surfaces with form f(u, v) = ¢(u)+ v (v) in S13 with
conformal normal Gauss map are given, up to a linear translation of variables, by

(1) fu,v) = Vu2+a?+ Vo2 + b2

) fu,v) =Vu?—a?+ /o2 —b

(3) f(u,v) = Vu? +a®> £ Vv - b2

4) fu,v) =Vu2—a?— Vo2 +b%

(5) Flaherty’s time-like surfaces in S; (Milnor 1987) f(u,v) = fu + ¥ (v) and f(u,v) = v + @(u),
where a and b are nonzero constants and ' (v) # 0 and ¢'(u) # 0.

REMARK. We may check that the isometric transformation (6.5) preserves the concept of the ruled surfaces
and the conformality of the normal Gauss map of the time-like surfaces in S5.

We may prove that the normal Gauss map of the time-like surfaces (2) and (3) in Theorem 6.2 are also
conformal. In addition, for the time-like ruled surface x (u, v) = «(v) + uB(v) in S3, we may also assume
the remained four cases:

(i) (B,B)=—1,(B".p") =1,and (&', ') = 0,
(i) B is constant null vector,
(iii) B is constant and (B, B) = —1, {(a’, B) =0,
(iv) (B,B) =0,(B,B)=1,and («’, B') = 0, where (-, -) is the scalar product in L*. Hence, we have

THEOREM 7.4. Up to an isometric transformation (6.5) in Sf, every time-like ruled surface in Sl3 with

conformal normal Gauss map is locally a part of one of the following,
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(1) ordinary Euclidean time-like planes in S5,

(2) ordinary Euclidean generalized cylinder x(u,v) = a(v) + uB, where 8 = (0,0, 1) and a(v) is

arbitrary curve in L* with (o', o) > 0 and (o, B) = 0,
(3) (ucoshw, ¢ -sinhv, usinhv), for a constant ¢ # 0,
(4) (cysinhv 4 u cosh v, ¢; sinh v, ¢; cosh v 4 u sinh v), for constants ¢y # 0 and ¢, # 0,
(5) (usinhwv, ¢ - coshv, u coshwv), for a constant ¢ # 0,
(6) (czcoshv + usinhv, ¢ cosh v, ¢; sinh v 4 u cosh v), for constants ¢; # 0 and c; # 0,

(7) Flaherty’s time-like surfaces in Sl3 (Milnor 1987), x (u, v) = a(v) +uf, where 8 = (1,0, 1) and a(v)
is arbitrary curve in L* with (o, B) # 0.

We should note that in the proof of Theorem 7.4, only for case (i) and (ii), we may get the surfaces (5),
(6), (7) in Theorem 7.4. For case (iv), we may assume S(v) = (p(v) cos6(v), p(v) sinf(v), p(v)) with
p?(6")* = 1. Next, we get a contradictory system of equations.

Locally, the ruled surfaces (5) and (6) in Theorem 7.4 can be represented as the graph (u, v, f(u, v))

as follows,
C1C — UV . . .
COROLLARY. f(u,v) = +————— is a solution of equation (6.2), where c|; # 0 and c, are constants.
2 _ 2
v2—c
1

REMARK. The totally umbilical time-like surfaces in 513 given by (x; —a)?> + (x — b)* — (x3 —¢)?> = R?,
where constants ¢ # 0 and R > 0, are Euclidean ruled surfaces but K # 1 + n%. Their normal Gauss maps

are also conformal.

REMARK. Up to a isometric transformation (6.5) in S; (6 = +7), the time-like surfaces (3) and (4) in
Theorem 7.4 are, respectively, the polar varieties of the time-like surfaces (5) and (6) in Theorem 7.4 and
vice versa. The similar result also holds for the time-like surfaces in Theorem 7.3. Generally, if f(u, v)
is a solution of (6.2) with f? + f2? > 1, then the local graph of the time-like surface (ff, — u, ff, —

v, 2+ 2= (or (u— ffu,v— ffo [V 2+ f2—1))in S} also satisfies (6.2).

REMARK. When we do not assume that f* > 0, (6.3) and

c1Cc +uv

Vet +v?

with ¥/(v) # 0 and ¢’ (1) # 0 are all nontrivial entire solutions of the equation (6.2) defined on R?. In
addition, the cone f(u, v) = ~/u? + v? is also the special solution of the equation (6.2), but its graph is
the light-like surface. By Omori-Yau’s Maximum Principle (Omori 1967, Yau 1975), there exist no entire
solution f(u, v) of (6.2) satisfying f> + f> > 1 and f > 0 on R?. Does there exist nontrivial entire
solutions of equation (6.2) defined on R? satisfying /> + f2 < 1 and f > 0?

fu,v)y== and f(u,v) =du+yY@) and f(u,v)=xv+ ¢u)
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RESUMO

Neste artigo, introduzimos a quarta forma fundamental de uma hipersuperficie em H”*! de uma hipersuperficie tipo-
espago em S{"H , € discutimos a conformalidade da aplicacdo normal de Gauss de tais hipersuperficies. Em particular,
investigamos o caso de superficies com aplicagio normal de Gauss conforme em H° e S13, € provamos um teorema
de dualidade. Apresentamos uma representagdo de Weierstrass para superficies tipo-espago em Sf com aplicagdo de
Gauss conforme. Enunciamos também resultados semelhantes para superficies tipo-tempo em Sf. Sdo dados alguns
exemplos de superficies em 513 com aplicagdes de Gauss conformes, e ¢ deduzida uma equagao totalmente nao-linear

do tipo Monge-Ampére para graficos em 513 com aplicagdes de Gauss conformes.

Palavras-chave: quarta forma fundamental, aplicacdo normal de Gauss conforme, aplicacdo de Gauss generalizada,

propriedade de dualidade, aplicagdo de Gauss de Sitter, equacdo de Monge-Ampere.
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