M oduli space of special Lagrangiansin almost Kahler spaces

LI MA

Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China

Manuscript received on August 30, 2000; accepted for publication on November 28, 2000;
presented by MANFREDO P. Do CARMO

ABSTRACT
In this work we extend the McL ean theorem about the moduli space of special Lagrangian sub-
manifoldsin Calabi-Yau (CY) manifoldsto almost complex manifolds, which are near to the given
CY manifold.
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1 INTRODUCTION

The aim of this work is to generalize the McL ean theorem (1998), which is recalled below, to
specia Lagrangian submanifolds with respect to an admissible family of symplectic manifolds.
Therefore, we have to change the complex structure on a Calabi-Yau manifold and introduce some
new concepts of variations of complex structures.

Recall that, on the one hand, special Lagrangian submanifolds (to be recalled below) in a
Calabi-Yau manifold are important examples in Calibrated Geometry, which was invented by
Harvey and Lawson (1982). In fact, these objects in the complex space C" were first studied by
them. However, these attracted more attention after the recent work of Strominger, Yau and Zaslow
(1996), who proposed an interpretation of mirror symmetry for CY 3-folds M involving fibrations
of M by special Lagrangian 3-tori, allowing singular fibres. On the other hand, R. McLean (1998)
showed that for a smooth specia Lagrangian submanifold L ¢ M, the moduli space of nearby
specia Lagrangian submanifoldsissmooth and of dimension b1 (L), whichisthefirst Betti number
of the manifold L. An interesting question now is whether this result is also true for alarge class
of manifolds? Yes, we can do something in this paper.

Our main result is Theorem 1 in section 3.
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2 CALIBRATED FORM AND SPECIAL LAGRANGIAN GEOMETRY

We begin by introducing a Calabi-Yau (in short, CY) structure on an even dimensional manifold
in areverse way in contrast with the standard way.

L et 2 beanonvani shing complex valued n-formon area 2n-dimensional manifold M. Assume
Q satisfies the following three conditions:

(1) de=0,
(2) Q2 islocaly decomposable,
(3) (—=1)"=D2(j /2" A @ > 0 everywhereon M.

Then, according to Hitchin (1997) (see dso Chern (1979)), 2 determines acomplex structure
J on M for which © isaholomorphic n-form. We will call such  aCY form. If further, we have
a 2-form w, which is a symplectic and positive (1,1) form in the complex structure J above, then
by defintion, we say that (w, ©2) isaCY structure on M. A smooth manifold with a CY structure
will be called aCY manifold. According to Hitchin (1997, 1999) again, on aCY manifold M, the
form w is aKahler form whose associated Riemannian metric is Ricci-flat.

Assumethat M isa CY manifold with afixed Riemannian metric g and the structure (w, 2).
Write Q@ = o + i8, where o and g8 are rea and imaginary parts of the form Q respectively. By
definition, we say that an n-dimensional submanifold L c M is a Lagrangian submanifold of M
if therestriction of w to L is zero. If further, therestriction of 2 to L isthe volumeform, thenL is
called aspecial Lagrangian submanifold of M. Note that McL ean’s theorem iswithin Calabi-Yau
geometry.

We now want to change the complex structure of a Calabi-Yau manifold into almost complex
structures on M. Hence, we have to introduce some new concepts.

DEerINITION 1. We cal M a pseudo-CY manifold if M is a symplectic 2n-dimensional manifold
endowed with an ailmost complex structure and a complex valued n-form €2, whose norm is not
greater than one and which has a closed real part, i.e, d Re2 = 0 and satisfies the condition (3).

DEFINITION 2. Assume M is a pseudo-CY manifold. An n-dimensional submanifold L ¢ M is
called a special Lagrangian submanifold if it is Lagrangian and the restriction to L of the form
isthevolumeformonL.

Note that in our definition, special Lagrangian submanifolds are still Re2-submanifoldsin
the almost complex manifold.

We now study a new one-parameter family of complex valued n-forms {€2,} such that 2o = @
isagiven CY form.

DEerINITION 3. Such afamily is called admissible if the real part Re$2; are closed, the restriction
to L of the real 2-form d/ds|;—ow, is harmonic on L, and the real n-form d/ds|,—oIm(£2;) isa
harmonic n-formon L.
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Note that for s # 0, the n-form Q; need not be closed. Therefore, the associated almost
complex structures, which will be denoted by w,, may be non-integrable and the special Lagrangian
submanifoldisstill minimal with respect tothegiven Riemannianstructureon (M, g, w,, Q) where
s # 0. However, we will keep the form « fixed and perturbate the form g such that Q; = o + B,
and in this case, it is clear that we can consider @ := ReS2 as the calibrated form and the special
lagrangian submanifolds in (M, w, ;) is still minimal. This is a very important example of
one-parameter family of specia pseudo-CY manifolds.

3 MODULI SPACE OF SPECIAL LAGRANGIANS

THEOREM 1. Given a CY manifold (M, w, ) with Riemannian metric g. Suppose ; is an
admissible one-parameter family of pseudo-CY forms on M such that Q;|;—0 = . Then there
exists a small positive constant ¢y such that for any |s| < €, the moduli space of the special
Lagrangian submanifolds near to L is smooth and of dimension b1(L).

REMARK. Before giving aproof of our Theorem, we point out that our result islocal in nature, so
we need to only assume the existence of the admissible one-parameter family of pseudo-CY forms
in asmall neighborhood of L in M.

Proor. We denote N (L) the normal bundle of L and A%(L), A"(L) the spaces of differential
2-forms and n-forms on L respectively. Let expy denote the exponential map which gives a
diffeomorphism of L onto itsimage in the neighborhood of 0. Since the normal bundle of a special
L agrangian submanifoldisisomorphicto the cotangent bundle T* L, we haveanatural identification
of normal vector fieldsto L with differential 1-forms on L. Furthermore, we identify these normal
vector fields with nearby submanifolds.

We now define amap

F:T(N(L)) x R — A%(L) x A™(L)

by

F(V,s) = (expy)*(—wy), (expy) Im(2))
Then the zero set of F isthe moduli space of special Lagrangian submanifolds nearby L in the
amost complex manifold (M, wy, ©2,). To use the implicit function theorem (Aubin 1982), we
compute

F':=dF(0,0)(V,x) =d,|,—05=0F (V, sx)

+ds|t=0,s=0F(tVa 5x),
whichis
(—Lyow|, +xa', LyB + xB').

Here

o' =d/dso|s—o,
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and
IB/ = dslg |t=0,x=0

is the variation of the deformation of the imaginary part of the (n,0)-forms near to 2. By our
assumption, we have that ' is a harmonic 2-form on L and g’ is aharmonic n-formon L. Then
asdonein McLean’swork (1998), we have

F' = (dv+xo,d*v+xB),

where v isthe music dual to the vector field V. We may assume that 8’ is non-trivial. By Hodge
theory we know that F' = O if andonly if dv = 0,d xv = 0, x& = 0,and x8’ = Oon L.
Asin McLean's work (1998) we can see by using the Poincare's duality that F is surjective on
dAYL) + H?(L) +dA"X(L) + H"(L). Therefore, we finish the proof of our result. 0O

Here is another example for one parameter family of CY manifolds. Given aCY manifold
M, w, Q). Let 2, = exp(im), wherem isareal number. Then (M, w, 2,,) are CY manifolds
and the family (M, o, 2,,) is admissible and the theorem above can be applied.
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RESUMO

Neste trabalho, estendemos o teorema de McLean sobre o espago modular de variedades lagrangianas
especiais em variedades de Calabi-Yau (CY) para variedades quasi-complexas que estdo préximas a uma
dada variedade CY.
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